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Introduction and objectives 



General relativity is the theory that describes gravity which is currently accep- 
ted in the frame of modern physics. It fits all the phenomenology previously 
observed and successfully predicted a plethora of experimental results. Not only 
has it been experimentally tested a number of times but its application has been 
instrumental in leading to day-to-day modern technology as, for instance, the 
Global Positioning System (GPS). The theory basically consists of a geometric 
description of gravity: mass and energy move in a curved spacetime and the 
spacetime is curved by the presence of mass and energy. However, it is far from 
being complete. General relativity allows ill-defined objects such as singularities, 
and in the presence of a singularity it loses its predictive power. These prob- 
lems are strongly related with the classicality of the theory: general relativity is 
classical and close to a singularity the energies and distances involved reach the 
Planck scale. A quantum description of gravity is still to appear, being one of the 
most important (if not the most) challenges of modern theoretical physics. In 
the absence of a full quantum theory for gravity, quantum field theory in curved 
spacetimes, which describe the interaction of quantum fields with this classical 
(but relativistic) gravity, is the most complete theory so far. 

Quantum information theory, on the other hand, deals with problems in in- 
formation theory when the information is stored in and managed with quantum 
systems. Quantum mechanics allows us to carry out tasks that were considered 
impossible in the classical world: we can use quantum simulators to find solutions 
to quantum dynamical problems that would take too long for classical computers; 
we can store a large amount of information in quantum memories taking advant- 
age of the superposition principle; we can implement completely secure commu- 
nication using quantum key distribution protocols (quantum cryptography) and 
much more. Arguably, the most important of these achievements is being able 
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to construct and implement quantum algorithms that transform quantum mech- 
anical systems into quantum computers that can, for instance, factorise prime 
numbers in a time that grows polynomially with their lengths |TJ or find elements 
in a non-indexed list in a time that grows as the square root of the number of 
elements |j2). Again, this is one of the challenges of modern physics: to tame 
the laws of quantum mechanics and use this new quantum physics knowledge 
to build new technology and solve problems which are practically unsolvable 
otherwise. 

Despite their apparently separated application areas, general relativity and 
quantum information are not disjoint research fields. On the contrary, following 
the pioneering work of Alsing and Milburn |3| a wealth of works considered 
different situations in which entanglement was studied in a general relativistic 
setting, for instance, quantum information tasks influenced by black holes |[4]-[7], 
entanglement in an expanding universe ||8]|9] and entanglement with non-inertial 
partners pO|-[T5|. 



Even though many of the systems used in the implementation of quantum 
information involve relativistic systems such as photons, the vast majority of in- 
vestigations on entanglement assume that the Universe is flat and non-relativistic. 
Understanding entanglement in general spacetimes is ultimately necessary be- 
cause the world is fundamentally relativistic. Moreover, entanglement plays a 



prominent role in black hole thermodynamics p4] - |2T] and in the information 
loss problem |[6 22-25}. 

Entanglement behaviour in non-inertial frames was first considered in |[3| 
where the fidelity of teleportation between relative accelerated partners was ana- 
lysed. After this, occupation number entanglement degradation of scalar |[TOj and 
Dirac |[TT] fields due to Unruh effect was shown. 



In particular, the Unruh effect p6| - [29) -which consists in the emergence of 
noise when an accelerated observer is describing Minkowski vacuum from his 
proper frame- affects the possible entanglement that an accelerated observer 
Rob would share with an inertial observer Alice. 

To analyse quantum correlations in non-inertial settings it is necessary to 
combine knowledge from different branches of physics; quantum field theory in 
curved spacetimes and quantum information theory. This combination of discip- 
lines became known as relativistic quantum information, which is developing at 
an accelerated pace. It also provides novel tools for the analysis of the Unruh and 
Hawking effects p6l[28| - |5T] allowing us to study the behaviour of the correlations 
shared between non-inertial observers. 
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Recently, there has been increased interest in understanding entanglement 
and quantum communication in black hole spacetimes | [52| - [54{ and in using quan- 
tum information techniques to address questions in gravity p5p6) . Studies on re- 
lativistic entanglement show the emergence of conceptually important qualitative 
differences to a non-relativistic treatment. For instance, entanglement was found 
to be an observer-dependent property that is degraded from the perspective of 
accelerated observers moving in flat spacetime |7][T0][TT]|37|. These results show 
that entanglement in curved spacetime might not be an invariant concept. Relativ- 
isitic quantum information theory uses well-known tools coming from quantum 
information and quantum optics to study quantum effects provoked by gravity to 
learn information about the spacetime. We can take advantage of our knowledge 
about quantum correlations and effects produced by the gravitational interaction 
to set the basis for experimental proposals ultimately aiming at finding correc- 
tions due to quantum gravity effects, too mild to be directly observed. 

The differences found between bosonic flO^ and fermionic pT| entanglement 
leave an open question about the origin of this distinct behaviour. How can 
it be possible that bosonic entanglement quickly dies as the acceleration of a 
non-inertial observer increases while some amount of fermionic entanglement 
survives even in the limit of infinite acceleration?. 

First answers given in the literature by the pioneers who discovered the phe- 
nomenon pointed at the difference in the dimension of each system Hilbert space 
as a possible responsible for these discrepancies, but the question remained open. 
In this thesis we will demonstrate the strong relationship between statistics and 
entanglement in non-inertial frames. We will prove that the huge differences 
between bosonic and fermionic non-inertial entanglement behaviour are related 
to the counting statistics of the field and have little to do with the Hilbert space 
dimension for each field mode. This result banishes previous ideas, that were 
extended in the literature, about the origin of those differences. 

Entanglement behaviour in the presence of black holes had not been thor- 
oughly analysed previously. The few studies about entanglement degradation 
focused on the asymptotically flat region of Schwarzschild spacetime. It would 
be much more interesting to have results about entanglement behaviour in the 
proximities of the event horizon. In this thesis we will present the way to export 
the results obtained in the frame of uniformly accelerated observers to proper 
curved space times and black holes scenarios with event horizons. We will also 
develop a formalism to account for the behaviour of entanglement as a function 
of the observer's distance to the event horizon of a black hole, going beyond 
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the analysis in the asymptotically flat region of Schwarzschild spacetime made 
in previous literature. Here we will provide a rigorous study about what happens 
when entangled pairs are at small distances from the event horizon. 

Almost all the previous work on field entanglement in non-inertial settings 
made use of what is known as 'single mode approximation'. This approximation 
has allowed pioneering studies of correlations for non inertial observers, but it is 
based on misleading assumptions about the change of basis between inertial and 
uniformly accelerated observers and it is partially flawed. In this thesis, we will 
discuss how this approximation has been misinterpreted since its inception 



and thereafter in all the subsequent works. We will see the proper physical 
meaning of such an approximation and will learn to what extent it is valid and 
how to relax it. We will show that going beyond the single mode approximation 
will allows us to reach a better understanding of the phenomenon of fermionic 
entanglement survival in the limit of infinite acceleration and find that the 
Unruh effect can amplify entanglement and not only destroy it as it was thought 
before. 

There are very few works on field entanglement in general relativistic scen- 
arios for non-stationary spacetimes. Only for bosonic fields and expanding uni- 
verses some work exists [|8j. As a part of this thesis we will analyse the behaviour 
of entanglement in non-stationary scenarios. The objective is to prove that the 
gravitational interaction induces non-classical effects in quantum fields that can 
be useful in a dual sense: account for quantum effects of the gravitational in- 
teraction and provide a basis to obtain information about the nature of gravity 
in real and analog gravity systems. In simple words, we will analyse how the 
vacuum state of a field evolves -under the gravitational interaction- to states that 
present quantum entanglement. Once again we will see that huge differences be- 
tween fermions and bosons appear in a very relevant way in this context. We will 
prove that fermions are more useful in order to experimentally account for this 
entanglement and suggest how one can take advantage of these differences to 
extract information about the underlying background geometry in analog gravity 
experiments or in cosmology. 

Last but not least, using the knowledge gained from other disciplines (in par- 
ticular tools coming from quantum optics and solid state physics) we will confront 
the problem of directly measuring the Unruh effect. Experimental detection of 
the Unruh effect |29 39j required accelerations of order lO^^g where g is the 
surface gravity of the Earth. We prove that a detector moving in a flat spacetime 
acquires a global geometric phase, which is the same for any inertial detector but 
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differs, due to the Unruh effect, for accelerated ones. Taking advantage of this 
phenomenon we will propose a general experimental setting to detect this effect 
where the accelerations needed are 10^ times smaller than previous proposals, 
sustained only for a few nanoseconds' time. 

Structure of the thesis 

• The first section of this thesis (Preliminaries) intends to serve as a brief and 
notational introduction to the formalism of quantum information theory (chapter 
[l| and quantum field theory in curved spacetimes (chapter |2|. In these two 
chapters we present the basic concepts that serve as building blocks for the 
rest of the original content presented in this thesis. We will also present in 
this section the problem of the single mode approximation used in previous 
literature. 

The research presented here is structured in three blocks that conform the three 
parts of this thesis: 

• Part [TJ The relationship between statistics and entanglement in non-inertial 
frames is studied, disproving the previous idea that the dimensionality of the 
Hilbert space controls entanglement behaviour and obtaining universal laws 
(only dependent on statistics) for non-inertial entanglement. This part consists 
of a brief discussion about previous results and the following 7 chapters: 

- In chapter [3] we investigate the Unruh effect on entanglement taking into 
account the spin degree of freedom of the Dirac field. Previous works only 
explored spinless fermionic field^ We go beyond earlier results and we 
also analyse spin Bell states, obtaining their entanglement dependence on 
the acceleration of one of the partners. Then, we consider simple analogs 
to the occupation number entangled state |00) + 111) but with spin quantum 
numbers for |11). We show that entanglement degradation in terms of the 
acceleration happens to be the same for both cases and, furthermore, it 
coincides with that of the spinless fermionic field despite the different Hil- 
bert space dimension in each case. This is a first hint against the idea that 
dimension rules entanglement behaviour. We also introduce a procedure 
to consistently erase the spin information from our setting, being able to 

^See Grassmann scalar fields in Appendix [a1 
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account for correlations present only in the occupation number degree of 
freedom. 

- In Chapter [4] we introduce an explicitly multimode formalism considering 
an arbitrary number of accessible modes when analysing bipartite entan- 
glement degradation due to Unruh effect. A single frequency mode of a 
fermion field only has a few accessible levels due to Pauli exclusion prin- 
ciple, conversely to bosonic fields which had an infinite number of excitable 
levels. This was argued to justify fermionic entanglement survival in the in- 
finite acceleration limit. Here we consider entangled states that mix different 
frequency modes. Hence, the dimension of the Hilbert space in the acceler- 
ated observer basis can grow unboundedly, even for a fermion field. We will 
prove that, despite this analogy with the bosonic case, entanglement loss is 
limited. We will show that this comes from fermionic statistics through the 
characteristic structure it imposes on the system's density matrix regardless 
of its dimension. The surviving entanglement is shown to be independent 
of the specific maximally entangled state chosen, the kind of fermionic field 
analysed, and the number of accessible modes considered. 

- In Chapter |5] we disclose the behaviour of quantum and classical correlations 
among all the different spatial-temporal regions of a spacetime with apparent 
horizons, comparing fermionic with bosonic fields. We show the emergence 
of conservation laws for entanglement and classical correlations, pointing out 
the crucial role that statistics plays in the information exchange (and more 
specifically, the entanglement tradeoff) across the horizon. 

- In Chapter |6] we analyse the effect of bounding the occupation number of 
bosonic field modes on the correlations among inertial and non-inertial ob- 
servers in a spacetime with apparent horizons. We show that the behaviour 
of finite-dimensional bosonic fields is qualitatively similar to standard bo- 
sonic fields and not to fermionic fields. This completely banishes the notion 
that dimension rules entanglement behaviour. We show that the main dif- 
ferences between bosonic fields and fermionic fields are still there even if 
we impose the same dimension for both: for bosonic fields no entanglement 
is created in the physical subsystems whatever the values of the dimension 
bound and the acceleration. Moreover, entanglement is very quickly lost as 
acceleration increases for both finite and infinite dimension. We study in 
detail the mutual information conservation law found before for bosons and 
fermions. We will show that for bosons this law stems from classical correla- 
tions while for fermions it has a quantum origin. Finally, we will also discuss 
the entanglement across the causally disconnected regions comparing the 
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fermionic cases with their finite occupation number bosonic analogs. 

- In Chapter |7] we analyse the entanglement degradation provoked by the 
Hawking effect in a bipartite system Alice-Rob when Rob is in the proximities 
of a Schwarzschild black hole while Alice is free-falling into it. As a result, 
we will be able to determine the degree of entanglement as a function of 
the distance of Rob to the event horizon, the mass of the black hole, and 
the frequency of Rob's entangled modes. By means of this analysis we will 
show that all the interesting phenomena occur in the vicinity of the event 
horizon and that, in fact, Rob has to be very close to the the black hole to 
see appreciable effects. The universality of the phenomenon is presented: 
there are not fundamental differences for different masses when working 
in the natural unit system adapted to each black hole. We also discuss some 
aspects of the localization of Alice and Rob states. 

• Part |TTj We explore the so-called single mode approximation, finding its appro- 
priate physical interpretation and correcting previous statements and uses of 
such an approximation in the literature. We will see how one can go beyond it, 
obtaining striking results: on the one hand, we will gain a deeper understand- 
ing about the strange entanglement behaviour of fermionic fields in the infinite 
acceleration limit and on the other hand we will see how to implement tech- 
niques to amplify entanglement by means of the Unruh and Hawking effects. 
This part consists of the following 3 chapters: 

- In Chapter |8] we address the validity of the single-mode approximation that 
is commonly invoked in the analysis of entanglement in non-inertial frames 
and in other relativistic quantum information scenarios. We show that the 
single-mode approximation is not valid for arbitrary states, finding correc- 
tions to previous studies beyond such an approximation in the bosonic and 
fermionic cases. We also exhibit a class of wave packets for which the single- 
mode approximation is justified subject to the peaking constraints set by an 
appropriate Fourier transform. This will give us the proper physical frame 
of such an approximation. 

- In Chapter |9] we show that going beyond the single mode approximation 
allows us to analyse the entanglement tradeoff between particle and anti- 
particle modes of a Dirac field from the perspective of inertial and uni- 
formly accelerated observers. Our results show that a redistribution of en- 
tanglement between particle and anti-particle modes plays a key role in the 
survival of fermionic field entanglement in the infinite acceleration limit. 
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- In Chapter [TO] going beyond the single mode approximation we show that 
the Unruh effect can create net quantum entanglement between inertial and 
accelerated observers, depending on the choice of the inertial state. For the 
first time, it is shown that the Unruh effect not only destroys entanglement 
but may also create it. This opens a new and unexpected resource for finding 
experimental evidence of the Unruh and Hawking effects. 



Part|nij In this last part we study entanglement creation due to the gravitational 
interaction in two dynamical physically interesting scenarios: the formation of 
a black hole due to stellar collapse and the expansion of the Universe. We 
end this thesis presenting a proposal of dectection of the Unruh and Hawking 
effect by means of the geometric phase acquired by moving detectors. This 
part consists of the following 3 chapters: 

- Chapter [11] shows that a field in the vacuum state, which is in principle sep- 
arable, can evolve to an entangled state induced by a gravitational collapse. 
We will study, quantify, and discuss the origin of this entanglement, showing 
that it could even reach the maximal entanglement limit for low frequencies 
or very small black holes, with consequences in micro-black hole form- 
ation and the final stages of evaporating black holes. This entanglement 
provides quantum information resources between the modes that escape to 
the asymptotic future (thermal Hawking radiation) and those which fall into 
the event horizon. We will also show that fermions are more sensitive than 
bosons to this quantum entanglement generation. This fact could be helpful 
in finding experimental evidence of the genuine quantum Hawking effect in 
analog models. 



- In chapter [12| we study the entanglement generated between Dirac modes in 
a 2-dimensional conformally flat Robertson-Walker universe showing that 
inflation-like expansion generates quantum entanglement. We find radical 
qualitative differences between the bosonic and fermionic entanglement gen- 
erated by the expansion. The particular way in which fermionic fields be- 
come entangled encodes more information about the underlying spacetime 
than in the bosonic case, thereby allowing us to reconstruct the history of the 
expansion. This highlights, once again, the importance of bosonic/fermionic 
statistics to account for relativistic effects on the entanglement of quantum 
fields. 



- In chapter [T3| we show that a detector acquires a Berry phase due to its 
motion in spacetime. The phase is different for the inertial and accelerated 
detectors as a direct consequence of the Unruh effect. We exploit this fact to 
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design a novel method to measure the Unruh effect. Surprisingly, the effect 
is detectable for accelerations 10^ times smaller than previous proposals, 
sustained only for times of nanoseconds. 

The main results of this thesis are summarised in the conclusions section. 

In appendix |A] we present the standard formalism of Klein-Gordon and Dirac 
equation in curved spacetimes. 
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Chapter 1 

Quantum entanglement and mutual 
information 



This chapter is intended as a very brief presentation (almost merely notational) 
to the concept of quantum entanglement. The motivation for this section is to 
introduce the concept and to present two state functionals that we will use to 
measure the 'amount' of entanglement and correlations of a bipartite quantum 
system. Nevertheless, the matter of entanglement is not a simple topic. Its study 
is itself a huge, and still open, discipline. For a more detailed view there are many 
other sources where a much more thorough study can be found, for instance (40) . 



1.1 Quantum entanglement and entanglement mea- 
sures 



Quantum entanglement is a feature of some multipartite quantum systems which 
is strongly related with non-locality. Basically, to describe entangled fe-partite 
systems in quantum mechanics it is not enough with the description of the k 
individual quantum states for each subsystem, even if the subsystems are spatially 
separated. This means that carrying out measurements on one of the subsystems 
we can gather information about the result of future measurements on any of the 
rest of the subsystems without directly acting on them beyond the limits imposed 
by classical physics | |4T] . 

Quantum entanglement was central in the debate about the non-locality and 
completeness of quantum mechanics ||42j which ended up with the banishing of 
local hidden-variable theories |[43|. More important, quantum entanglement is the 
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principal resource for quantum information tasks such as quantum teleportation 
[44} and quantum computing [|40) and, as we will discuss in this thesis, can be 
used to obtain information about quantum effects provoked by gravity. 

In the case of pure states, if we have two quantum systems A and B and 
the Hilbert spaces for the states of these systems are %a and %b respectively, 
the Hilbert space of the composite system is the tensor product SFCa ® 9^b- A 
bipartite state |^)ab is entangled when it is not possible to express |^)ar as the 
tensor product of states for the individual subsystems 



I'I')ab f I</>)a ® I</>)b ^ I'I')ab Entangled. 



(1.1.1) 



In other words, if {1/)^} and {Ik)^} are respectively bases of SFCa and %b the most 
general bipartite state in %a ® 9^b has the form 



The state is separable when 
yielding 



_ A B 



i 

|c/>)b = E^'I^)b 



I^)ab = I</>)a ® I</>)b 



(1.1.2) 



(1.1.3) 



(1.1.4) 



If condition (1.1.3i does not hold the state is entangled. 



For mixed states the general definition is slightly more complicated. A general 
state is entangled if, and only if, it cannot be expressed as a probability distribution 
of the uncorrelated individual states. In other words, given a set of positive 
numbers {pj such that YliPi ^ ^ then 



PAB f ^Pipf ®pf o Par Entangled. 



(1.1.5) 



Although determining if a state is entangled or not is conceptually simple, 
computationally speaking is a very hard problem for general states of arbitrary 
dimension. Actually there is no such thing as a unique measure of entanglement. 
Instead, a measure of entanglement is any positive function of the state E{p) which 
satisfy the following axioms 



• Must be maximum for maximally entangled states (Bell states) 
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• Must be zero for separable states. 

• Must be non-zero for all non-separable states. 

• Must not grow under LOCC (Local Operations -i- Classical Communication) 

For pure states the entanglement entropy (entropy of the reduced states of A 
or B) is a natural measure of entanglement which have also a well understood 
physical interpretation, but it does not fulfill the previous axioms for non-pure 
states. 

To account for the entanglement of general states let us introduce the partial 
transpose density matrix. For a general density matrix of a bipartite system AB 

PAB = Y^Pmi IOa I7)b (^Ia ('Ib ' 

ijkl 

the partial transpose is defined as 

ijkl 

or, equivalently for our purposes, as 

pIb = T.P^m\k)A\j)B{i\A{l\B- (1-1-8) 

ijkl 

There is a theorem for the lower dimensional cases, for bipartite systems of 
dimension 2x2 (two-qubit states) and 3x2 (qutrit-qubit states) the well-known 
Peres criterion [45| guarantees that a state is non-separable (and therefore, en- 
tangled) if, and only if, the partial transposed density matrix has, at least, one 
negative eigenvalue. 

Unfortunately, for higher dimension the condition is no longer necessary and 
sufficient, but only sufficient due to the existence of bound entanglement: there 
are states which are entangled, but no pure entangled states can be obtained 
from them by means of local operations and classical communication (LOCC). 



Such states are called bound entangled states j46| and its entanglement is of 
no utility to quantum information tasks. Peres criterion only accounts for the 
existence of entanglement that can be distilled and therefore useful to perform 
quantum information tasks. In this thesis we will only be interested in distillable 
entanglement so in principle we will not need to worry about the existence or 
not of bound entanglement. 
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Based on Peres criterion a number of entanglement measures have been in- 
troduced. In this thesis we have used negativity (Jf) to account for the quantum 
correlations between the different bipartitions of the system |j47j. It is an entan- 
glement monotone sensitive to distillable entanglement defined as the sum of the 
negative eigenvalues of the partial transpose density matrix, in other words, if cf, 
are the eigenvalues of any p^g then 

t (Ji<0 

The minimum value of negativity is zero (for states with no distillable entangle- 
ment) and its maximum (reached for maximally entangled states) depends on the 
dimension of the maximally entangled state. Specifically, for qubits J^™b^ = 1/2. 

1.2 Mutual information 

The mutual information of two random variables (X, V) is a function of these 
two variables that measures how much uncertainty about one of the variables 
is reduced by our knowledge about the other. It accounts for the correlations 
between the two variables. 

Given two random variables (X, V) the mutual information Ixv is defined as 

7(X, V) = H(X) + H{V) - H(X, V), (1.2.1) 

where H{X),H{V) are the marginal Shanon entropies and H(X, V) the joint en- 
tropy defined as 

H(X, V) = -J^Pix, y) log2 [P(x, y)] , (1.2.2) 

x,j; 

H(X) = - ^ P(x) logs [P(x)] , (1-2.3) 

X 

H{V) = -Y,P{y)log,[P{y)], (1.2.4) 
y 

where P{x,y) is the joint probability distribution of the random variables X, V 
and 

p{x) = Y]P{x,y), p{y) = Y]P{x,y) (1.2.5) 

y X 

are the marginal probability distributions for X and V. 
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For a quantum bipartite system of density matrix Pab the quantum mutual 
information is expressed in terms of the Von Neumann Entropy 



and the partial systems are Pa = Tre (Pab), Pb = TrA (pab)- 

Mutual information accounts for both, classical and quantum correlations, so 
that it can be used together with an entanglement measure to distinguish the be- 
haviour of classical correlations: in a system which has no quantum correlations, 
mutual information accounts exclusively for classical correlations. 



'The log2 is chosen to be base 2 because in quantum information it is common to work with 
qubits, but any other basis can be chosen instead. 
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^AB - Sa + Sb - SaB/ 



(1.2.6) 



where the Von Neumann entropies are[^ 




-TrAB (pABlog2PAB) , 

-TrA(pAlog2PA)< 
- Tre (pb logs Pb), 



(1.2.7) 
(1.2.8) 
(1.2.9) 



Chapter 2 



Introduction to quantum field 
theorj; in curved spacetimes 



This section of the preliminars pursuits a double objective. First, it aims to give 
a brief introduction to the tools and the background of quantum field theory in 
curved spacetimes necessary to understand and to present the results obtained 
during the development of this thesis. Of course this is only a very brief intro- 
duction to a very complex and extense discipline, more thorough approaches to 



these topics can be found in many textbooks |21 48 491 



Second, in section |2.6| we analyse a problem present in most of the previous 
literature, the use of the 'single mode approximation' introduced in |[3j[38| based 
on misleading assumptions. In this section we will introduce new material which 
will be necessary in order to discuss the new work presented in part [T] in the 
context of previous results in the literature, giving a correct interpretation for 
this approximation. However, it will be in chapter |8] when this topic will be 
thoroughly dealt with when we expose the new results obtained when going 
beyond such approximation. 



2.1 Scalar field quantisation in Minkowski spacetime 

In this section I present a brief review of the standard canonical quantisation pro- 
cedure of a field in Minkowski spacetime. The aim of this section is to introduce 
the concepts and notation that are going to be used throughout the following 
sections. Therefore, for the sake of simplicity, we will focus on a real massless 
scalar field. 
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Let us consider an inertial observer (Alice) of the flat spacetime whose proper 
coordinates are the Minkowskian coordinates {t,x,y,z). She wants to build a 
quantum field theory for a free masless scalar field. 

The equation of motion for this field is the well-known Klein-Gordon equation 
in Minkowski coordinates 

(□ - m^)<i> = 0. (2.1.1) 

As it is commonplace, we can expand an arbitrary solution 4>(x, f) to this equa- 
tion as a sum of 'positive frequency' and 'negative frequency' solutions. One could 
innocently ask what is the definition of positive and negative frequency solutions, 
but the answer is somewhat trivial if we work with the Minkowski spacetime as 
background. The Minkowski spacetime admits a global timelike Killing vector 



df. A positive frequency solution of (2.1.1 1 Uk{x,t) satisfies, therefore. 



dtUk{x,t) = -i(x)kUk{x,t), (2.1.2) 

and this criterion would be the same if instead of t we use the proper time of 
any inertial observer. Hence, we will express 4>(x, f) as a combination of positive 
Ui(x, t) and negative u*(x, t) frequency solutions of ( 2.1. 1| with respect to Alice's 



proper tim^and her definition will agree with the definition of any other inertial 
observer. 

$(x, t) = Y] + a*u*(x, t)] . (2.1.3) 

i 

The solutions Ui(x, t) can be chosen to form an orthonormal basis of solutions 
with respect to the Klein-Gordon scalar product defined, through the continuity 
equation, as 

(uy, Uk) = ~^ j i^i^^tul - uldtUj) , (2.1.4) 

which on the space of positive energy solutions happens to be positive definite. 
Note that, obviously, the modes Uj satisfy the orthonormality relations 

{Uj,Uk) = 6jk = -{u*,ul), {Uj,ul) = 0. (2.1.5) 

We can now construct a Fock space following the standard canonical field quant- 
isation scheme. 



^For notational convenience we are using the sum symbol meaning integration over 
quencies. Note that in free spac 

delta instead of Kronecker's delta 



frequencies. Note that in free space y., f°° and the modes are normalised to Dirac's 
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First we promote the classical Klein-Gordon field to a quantum field operator 
satisfying the equal time commutation relations 

[^{x,t),n{x',t)] = i6[x -x'), 

(2.1.6) 

[<i>(x, t),<P{x', t)] = [n{x, t),n{x', t)] = 0, 

where n(x, t) = 5f<i>(x, t) is the canonical conjugate momentum associated with 
the variable <J>. 

This promotion means that we have to replace the complex amplitudes a; and 
a* by annihilation and creation operators a; and aj who inherit the following 
commutation relations 

[ai,aU = (Ui,uy) = Sij, 

(2.1.7) 

[ai,aj] = [a[,a|] = 0. 

Now we can construct the standard Fock space, first we characterise the va- 
cuum state of the field (minimum energy state) as the state which is annihilated 
by all the operators a, 

Qf |0) = 0. (2.1.8) 

Then we define the one-particle Hilbert space by applying the creation oper- 
ators aj on the vacuum state 

|1/) = af|0), (2.1.9) 
and so on and so forth we construct the complete Fock space 

K'< <) = , „ I, {a\f{a\f...{a\f\^). (2.1.10) 



Note that this quantisation procedure is independent of the particular choice 
of the inertial observer Alice. Any other choice of time t is related to this one via 
Poincare transformations which do not modify what we would label as positive 
and negative frequency modes. As a consequence, the expansion ( 2.1.5 i can be 
performed equivalently for any inertial reference frame and the splitting between 
positive and negative frequency modes is invariant. Hence, the vacuum state is 
also Poincare invariant and the construction of the Fock space is equivalent for 
any inertial observer. This will not happen for a general spacetime, as we will 
see in the following sections. 
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2.2 Field quantisation in curved spacetimes 

For general spacetimes we cannot assume that we have global Poincare sym- 
metry and we will run into many difficulties when trying to construct quantum 
fields. 

Let us continue with the scalar field case for the sake of simplicity. First of 
all we generalise equation ( 2.1. 1| by means of the covariant D'Alambert operator, 
obtained promoting the partial derivatives to the covariant derivatives □ = d^d^ 



VpV^ so that equation!^ ( |2.1.1 1 now reads 

V.Vc/) = 0. (2.2.1) 



To extend the Klein-Gordon product (2.1.4 1 to curved spacetime we need a 
complete set of initial data, in other words, a Cauchy hypersurface E over which 
we have to extend the integral^ 

(u,-, Uk) = -i J dE (u,a^u* - u*a^u,) , (2.2.2) 

where dE is the volume element and is a future directed timelike unit vector 
which is orthogonal to E. 

Whether the spacetime is stationary or not will be determinant in order to 
build a quantum field theory in it. For non-stationary spacetimes we run into diffi- 
culties to classify field modes as positive or negative frequency. These spacetimes 
do not have a global timelike Killing vector}^ and, therefore, there is no natural 
way to distinguish positive and negative frequency solutions of the Klein-Gordon 
equation. 

In the absence of this metric symmetry there is an ambiguity when it comes 
to define particle states: without a natural way to split modes in positive and 
negative frequencies there is no objective way to construct a Fock space, starting 
form the fact that there is no unique notion of a vacuum state. However we will 



see in section 2.5 that we can still find an 'approximated' particle interpretation 



when the spacetime posses asymptotically stationary regions. 



^There are some subtleties that should not be overlooked: first of all, we are assuming that 
there is no coupling of the field with the scalar curvature (minimal coupling). Second of all, if 
the field had internal spin degrees of freedom one must be careful with the covariant derivative 
definition (See Appendix [a| 

^It can be shown, using Gauss theorem, that the product is independent of the choice of the 
Cauchy hypersurface E 

Killing vector field ^'^ is an isometry of the metric tensor, which is to say, the Lie derivative 
of the metric tensor with respect to is zero: X^dtiv = ^n^v + ^v^n = 
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Conversely, if the spacetime has a timelike Killing vector field we have a 
natural way to define positive frequency modes {Uj) in an analogous way as we 



did for the flat spacetime in (2.1.2i 



eV^u,- = -ia)jUj, (2.2.3) 

where a»y > 0. 

Of course we can construct a local set of coordinates whose timelike coordin- 
ate is the Killing time t associated to the isometry ^'^ such that it satisfies that 
^^V^T = 1. For the flat spacetime, a particular case of stationary spacetime, the 
role of T is played by the coordinate f. 

Therefore for stationary spacetimes we can readily generalise the field quant- 
isation procedure explained in the previous section. 



2.3 Inerfial and accelerated observers of quantum 
fields in flat spacetime: Bogoliubov transform- 
ations 

Even for the simple case of the flat Minkowski spacetime, there are non-trivial 
differences between observers of a quantum field in different kinematic states. 
This is because the field quantisation procedure is different for different observ- 
ers. Specifically, a completely new phenomenology appears when accelerated 
observers observe the inertial vacuum state of the field. 

In this section we show this phenomenon in a spacetime as simple as the flat 
spacetime but for two different class of observers of a quantum field, inertial and 
constantly accelerated. 



2.3.1 Accelerated observers: Rindler coordinates 

To describe the point of view of an accelerated observer we introduce the so- 



called Rindler coordinates (t, ^) j50, which are the proper coordinates of an 
accelerated observer moving with a fixed acceleration a. The correspondence 
between the Minkowskian coordinates (f,x) and the accelerated frame ones (t, ^) 
is 

cf = ^sinh(^), x = ^cosh(^), (2.3.1) 
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where, we have made c explicilj^ 



ct 



Rob 



Alice 



Figure 2.1: Flat spacetime. Trajectories of an inertial (Alice) and accelerated (Rob) observer 



Directly from ( 2.5.1 1 we see that for constant ^ these coordinates describe 
hyperbolic trajectories in the spacetime whose asymptote is the light cone (as 
the observer accelerates his velocity tends to the speed of light, (i.e cf x). This 
means that a constantly accelerated observer follows trajectories such that ^ = 
const, in the Rindler frame. However the observer for which these coordinates 
are his proper coordinates follows a particular trajectory: To find its specific 
Rindler position we will use that all the Rindler observers are instantaneously 
at rest at time f = in the inertial frame, and at this time a Rindler observer 
with proper acceleration a and, therefore, proper coordinates (^, t) will be at 
Minkowskian position x = c^/a. On the other hand, in this point f = ^ ^ = x 
instantaneously so, consequently, the constant Rindler position for this trajectory 
is ^ = c^/a. 



^Note that we are not using the conformal Rindler coordinates t = ca"^e°?''^'^ sinh (^) and 
X = c^a"'e°^''^^ cosh (^) (quite common in the literature) but the proper coordinates of an 
accelerated observer of acceleration a such that the proper lengths and times measured in these 
units corresponds directly with physical distances and time intervals. 
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One can see that for accelerated observers an acceleration horizon appears: 
Any accelerated observer would be restricted to either region I or II of the 
spacetime. We will see in chapter [7] that this horizon is locally very similar to an 
event horizon. The appearance of acceleration horizons is responsible for the 
Unruh effect ||30j, as we will see in chapter 2.4 



A quick inspection reveals that the Rindler coodinates defined in (2.3.1 1 do not 
cover the whole Minkowski spacetime. Actually, these coordinates only cover 
the right wedge of the spacetime (Region I in Figure 2A\ . This is so because 



an eternally accelerated observer is always restricted to either region I or II 
depending if he is accelerating or decelerating with respect to the Minkowskian 
origin. 

In fact to map the complete Minkowski spacetime we need three more sets 
of Rindler coordinates, 

at = -^sinh , X = -^cosh , (2.3.2) 

for region II, corresponding to an observer decelerating with respect to the 
Minkowskian origin, and 

ct = db^cosh , X = i^sinh (2.3.3) 

for regions F and P. 

Notice that for both relevant regions (I and II), the coordinates (^, t) take 
values in the whole domain (-oo, +oo). Therefore, they admit completely inde- 
pendent canonical field quantisation procedures. 



2.3.2 Field quantisation in Minkowski and Rindler coordinates 

For simplicity, imagine first an inertial observer (Alice) in a flat spacetime whose 
proper coordinates are the Minkowskian coordinates (x, t). She wants to build a 
quantum field theory for a free massless scalar field. 



As explained in section |2.1| to build her Fock space she needs to find an 
orthonormal basis of solutions of the free massless Klein-Gordon equation in 
Minkowski coordinates. Of course, she can always use the positive energy plane 
wave solutions of the Klein-Gordon equation in her proper coordinates to build 
a complete set of solutions of this equation. 

In this fashion the states = ciI,m |0)m ^^^^ massless scalar field 

modes, in other words, solutions of positive frequency 6j (with respect to the 
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Minkowski timelike Killing vector df) of the free Klein-Gordon equation: 



1 



(2.3.4) 



where only the time dependence has been made explicit. The label M just means 
that these states are expressed in the Minkowskian Fock space basis. 



The field expanded in these modes takes the usual form ( 2.1.3 1 



(2.3.5) 



where we have eliminated redundant notation and M denotes that and a^,. m 
are Minkowskian modes and operators. 

An accelerated observer can also define his vacuum and excited states of the 
field. Actually, there are two natural vacuum states associated with the positive 
frequency modes in regions I and II of Rindler spacetime. These are 10)j and |0)jp 
and subsequently we can define the field excitations using Rindler coordinates 
(e, t) as 



= |0)i = uloc 



1 



lc.)„ = alj^ 10)ii = ui; cx 



^2a) 
1 



2w 



(2.3.6) 



These modes are related by a spacetime reflection and only have support in 
regions I and II of the Rindler spacetime respectively. 



We can now expand the field ( 2.3.5 1 in terms of this complete set of solutions 
of the Klein-gordon equation in Rindler coordinates 



(2.3.7) 



Expressions ( 2.3.5 1 and |2.3.7| are exactly equal and therefore Minkowskian 
modes can be expressed as function of Rindler modes by means of the Klein- 
Gordon scalar product ( 2.1.4| 



Notice that we have taken into account the properties (2.1.51, and one has to be 
very careful with the signs given that {u*,uj) = -Sij. 

If we now define Bogoliubov coefficients as 



(2.3.9) 
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where E can take the values I and II, we have that 



(2.3.10) 



We would like to know how the creation and annihilation operators in the Min- 
kowski basis are related to operators in the Rindler bases. Since we know that 
O-UiM = {4>' u^i)' if we write (j) in Rindler basis (2.3.7 1 we can readily obtain 



(2.3.11) 

Using the properties of the KG product 

(Ui,U2) = (U2,Ui)* {ul,U*^) = -(U2,Ui) (2.3.12) 

we can write ( 2.3.11t in terms of the Bogoliubov coefficients ( 2.3.9 1 as 

a^,M = («y - + - i3"*«ln) • (2.3.13) 



A completely analogous reasoning can be followed for the case of a Dirac 
field, with some differences that will be deeply analysed in chapter |8] of this 



thesis. Where we will also go through the computation of the coefficients (2.3.9 1 



For now and for the sake of this introduction let us say that the vacuum 
state in the Minkowskian basis can be expressed as a two mode squeezed state 



in the Rindler basis ||10j|2l]|28]. Namely, for the scalar case considered in this 
introduction 



n=0 



whereE] 



rb,w = atanh 



exp - 



7TC(jO 

a 



(2.3.14) 



(2.3.15) 



2.4 The Unruh effect 

In the 70s Fulling, Davies and Unruh realised that the impossibility to map the 
whole Minkowski spacetime with only one set of Rindler coordinates has strong 
implications when accelerated and inertial observers describe states of a quantum 



^The label b stands for 'bosonlc', this parameter has a different definition for fermlonlc and 



bosonlc fields as we will see In section 2.6 
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field. Namely, the description of the vacuum state of the field in the inertial basis 
as seen by accelerated observers has a non-zero particle content. 

In very plain words, the Unruh effect is the fact that while inertial observers 
'see' the vacuum state of the field, an accelerated observer would 'see' a thermal 
bath whose temperature is proportional to his acceleration. 

Different approaches to this well-known effect can be found in multiple text- 



books (let us cite [21}|48||49| as a token). However, in this section, we will provide 
a not so common but rather simple derivation of the effect in a way that will 
be useful in order to clearly present a feature of spacetime with horizons which 
turns out to be relevant when it comes to study entanglement. 

Imagine that an inertial observer, Alice, is observing the vacuum state of a 
scalar field. Now imagine an accelerated observer, called Rob, who wants to 
describe the same quantum field state by means of his proper Fock basis. The 
first step we need to take is to change the vacuum state from the Fock basis build 
from solutions to the Klein-Gordon equation in Minkowskian coordinates ( 2.5.4| 



to the Fock basis build from solutions of the KG equations in Rindler coordinates 



(2.5.61. This gives us equation ( 2.5.14 1 which we presented in the section above. 



The state |2.5.14 | is a pure state. However, the accelerated observer is re- 



stricted to either region I or II of the spacetime due to the appearance of an 



acceleration horizon (as shown in Figure |2JJ, and, since both regions are caus- 
ally disconnected, Rob has no access to the modes which have support in the 
opposite wedge of the spacetime. This is a key point to analyse information 
matters. 

This means that the quantum state accessible for Rob is no longer pure, 

pn = Tr„ (|0)(0|) = ^ (fe|„ |0)^ (0^ \k),, . (2.4.1) 

k 

Substituting |0) by its Rindler basis expression |2.5.14| we have that 

PR = — j4 X]X]^^"h-^"^b-(^lnl")i 1^)11 1^)11 ' (2.4.2) 

cosn rb,a, ^ „ j„ 

which leads to 

PR = —2 J]tanh2"r|n)i(n|i, (2.4.5) 

cosh rb,a, „ 

which is a thermal state. 

Indeed, if we compute the particle counting statistics that the accelerated ob- 
server would see we obtain 



= Tr, (pnal,a^,) = (2.4.4) 
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which is a Bose-Einstein distribution with temperature 

which is nothing but the Unruh temperature. 

Rob observes a thermal state|^ because he cannot see modes with support in 
region II due to the presence of an acceleration horizon. This is a very important 
point that will play a fundamental role in some of the results presented in this 
thesis. 

As we will see in chapters |7] and [11] this effect is closely related with the 
Hawking effect and the Hawking radiation emitted in a stellar collapse process. 



2.5 Bogoliubov transformations in non-stationary 
scenarios 

We have mentioned in previous sections the difficulty of carrying out the field 
quantisation when the spacetime is not stationary. However, there are some 
very interesting scenarios in which the spacetime is not stationary but posses 
stationary asymptotic regions. This is the case of some models of expansion of 
the Universe (51) or the stellar collapse and formation of black holes ||21j. As 
part of the thesis deals with quantum information problems in such scenarios, 
an introduction to field quantisation in this context is in order. 

Consider a spacetime which has asymptotic stationary regions in the past and 
in the future. We will call them 'in' and 'out' respectively. 

The existence of these regions can be used to give a particle interpretation to 
the solutions of the field equations. Namely, we can build two different complete 
sets of solutions of the Klein-Gordon equation, the first one fuJPJ made of modes 
that have positive frequency (h^ with respect to the inertial time in the asymptotic 
past. The second set {u°"'} would consist of modes that have positive frequency 
a>/ with respect to the inertial time in the future. 

In this fashion we can now expand the quantum field in terms of either the 
first or the second complete set of modes 

</) = X] («^.inuS + aI^,„ujP*) = X] (a-.outur + a:^,„„,ur*) • (2.5.1) 

i i 

^Note that thermal noise is only observed in the 1 + 1 dimensional case. In higher dimension 
Rob would observe a noisy distribution, very similar to a thermal one, but with different prefactors 
(281. This is called the Rindler noise. 
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Moreover, since both set of modes are complete, one can also expand one set 
of modes in terms of the other by means of the Klein-Gordon scalar product 

(2.5.2) 
(2.5.3) 



I 



Let us define Bogoliubov coefficients as 



a,- 



(ur,us) 



Pi 



out ,,in*\ 



then, using the properties ( 2.3.12t we can rewrite ( 2.5.2 



as 



(2.5.4) 

(2.5.5) 
(2.5.6) 



Now, we can expand the particle operators associated with one basis in terms 
of operators of the other basis. To do this we use the fact that a^-^in = {4>, u^^.) 
and a„.,out = (</>/ W^^), after some trivial computations and use of the properties 
of the scalar product we obtain 



(2.5.7) 
(2.5.8) 



i 



out I ' 



Now let us consider the vacuum state in the asymptotic past region which 
fulfils a^,.jn |0)in foJ^ <^i- One could ask how that state evolves subject exclusively 
to the gravitational interaction, in other words, we want to know the form of the 
state |0)jj^ in the basis of solutions of the KG equation in the asymptotic future. 

To do this we will take advantage of the fact that a^,.,in |0)jj^ = 0, if we substitute 



a^,.,in in terms of out operators using equation (2.5.7 1 we obtain that 

E («;^ac.,.,ouf + Pnal.^ut) |0)in = 0. 



(2.5.9) 



We can assume a general form for the state |0)jj^ in terms of the out Fock 
basis as a sum of its n-particle amplitudes 



(2.5.10) 
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where each component has the form 

C'^ l^n),, = E "°i..out • • • aI^,out |0)out • (2.5.11) 

h in 



Substituting the ansatz ( 2.5.10 1 in ( 2.5.9 1 we obtain an infinite set of conditions 
for the coefficients C" First of all, for C we see that the zero particle com- 



ponent of equation ( 2.5.9 1 can only be obtained from the annihilator acting on 



the 1-particle component of (2.5.10 state this gives the condition 



o^d = 0. 



(2.5.12) 



Now, the n-particle component (n > 0) of equation |2.5.9| is obtained by the 



annihilator acting on the n + 1 particle component of (2.5.101 and the creator 



acting on the n - 1 particle component of ( |2.5.10| , therefore we know that the 
coefficients C" can be written as functions of the coefficients C* * allow- 
ing us to find a recurrence rule to write all the coefficients as funcions of C (the 
vacuum coefficient). 



This, together with ( |2.5.12| , means that the 'in' vacuum evolves to a state in the 
asymptotic future that does not have components of an odd number of particles 



and that the coefficients of even components in (2.5.10 1 are related pairwise 



To find the form of this coefficients we take advantage of the invertibility of 
the Bogoliubov coefficient matrix ay and therefore given arbitrary Q and Dj the 
following identity holds 



(2.5.13) 



After some basic but lengthy algebra we obtain that the vacuum state in the 
asymptotic past is expressed in the basis of modes in the asymptotic future as 

|0L = Cexp 1^-^ |_;jSr,a,"^^a:,,„„,a;,„„, j |0)„„, . (2.5.14) 

C is obtained imposing the normalisation of the state. 

This proves that if jSy is different from zero one would observe particle pro- 
duction as a consequence of time evolution under the interaction with the grav- 
itational field. 
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2.6 The problem of field excifafions00 

Most of the work regarding field entanglement in non-inertial frames before 
this thesis has made use of what was called the "single mode approximation" 
|[5)[58J in order to build the excited states of the field and transform them to the 
Rindler basis. As part of the results presented in this thesis we will see that such 
approximation was flawed and cannot be used as it was first presented. However, 
this does not mean that the previous works are wrong and not useful, but that 
they need reinterpretation. 



It is obvious from ( 2.3.10 1 that a single frequency Minkowski mode does not 
correspond to a monochromatic mode when it is transformed into the Rindler 
basis. In other words, a monochromatic field excitation in the Minkowskian basis 
transforms to a non-monochromatic field excitation from the perspective of an 
accelerated observer. 

However, until 2010, all the previous studies analysing entanglement in a 
general relativisitc context employed the so-called single mode approximation. 
This approximation, which was introduced in ||3][38), has been extensively used 
in the literature not only in discussions concerning entanglement but also in 
other relativistic quantum information scenarios, for example, among many oth- 



ers [Tg[TT]|52}fO). 

Such approximation invokes that a single Minkowski mode transforms to 
a peaked distribution of Rindler modes and, therefore, one can approximate a 
single Minkowski mode by means of a single Rindler mode; but this assumption 
is wrong. As we have mentioned above, the distribution of Rindler modes that 
corresponds to a single frequency Minkowski mode is not peaked, but highly 
non-monochromatic. 

But there are specific bases which have the property of having diagonal 
Bogoliubov coefficient matrices. We will see that if we work in one of these 
bases we obtain results that are are computationally equivalent to those made 
under the single mode approximation. Now we proceed to build such a basis. 

There exist an infinite number of orthonormal bases that define the same 
vacuum state, namely the Minkowski vacuum 10)^^, which can be used to expand 
the solutions of the Klein-Gordon equation. 

More explicitly, since the modes have positive frequency, any complete 



^E. Martin-Martinez, L.J. Garay, J. Leon. Phys. Rev. D 82, 064006 (2010) 

^D. BruschiJ. Louko,E. Martm-Martmez, A. Dragan,L Fuentes, Phys. Rev. A 82,042332 (2010) 
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set made out of independent linear combinations of these modes only (without 
including the negative frequency ones u^*) will define the same vacuum |0)p^. 

Specifically, as described in e.g. Refs. j28 30j49| and explicitly constructed in 



chapter Sj there exists an orthonormal basis {'^^.,'^'^} determined by certain 
linear combinations of monochromatic positive frequency modes u^: 



i i 

such that the Bogoliubov coefficients that relate this basis {V^JJ., } and the Rind- 
ler basis fu[,.,u".} have the following form: 



«l; = (V^",.'"Lj = COShrb,.,, (5;y, 

?I ^,;,U „I* 



A" = - <:) = sinh rb,.,. c5y , (2.6.2) 



and analogously for d-J" and jS-j" interchanging the labels I and II in the formulas 
above. In this expressions 

tanhrb,wi = exp(-7rc6>i/a), (2.6.3) 

and the label s in rb,wi has been introduced to indicate that we are dealing with a 
scalar field. 

In this fashion a mode (or a mode ip'^.) expands only in terms of mode 
of frequency a>; in Rindler regions I and II and for this reason we have labeled 
ip^, and xp'^, with the frequency (x)j of the corresponding Rindler modes. In other 
words, we can express a given monochromatic Rindler mode of frequency a>; 
as a linear superposition of the single Minkowski modes and xp'^^* or as a 
polychromatic combination of the positive frequency Minkowski modes and 



their conjugates. These modes (2.6.1 1 are nothing but a specific choice of the 



so-called Unruh modes ||2T]|48]|49|. We will study this in detail in section [SZ 

Let us denote aa,,,u and a^, u the annihilation and creation operators associ- 
ated with modes xp}^. (analogously we denote a'^.^u and a'^.^^ the ones associated 
with modes xp'd^.). The Minkowski vacuum \0)^, which is annihilated by all the 
Minkowskian operators a^,.jvi/ is also annihilated by all the operators a^^. u and 
a^. u/ as we already mentioned. This comes out because any combination of 
Minkowski annihilation operators annihilates the Minkowskian vacuum. 
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Due to the Bogoliubov relationships ( 2.6.2 1 being diagonal, each annihilation 



operator a^. can be expressed as a combination of Rindler particle operators of 
only one Rindler frequency Wj: 

aa,.,u = coshrb,a,i a^.j - sinhrb,^,^ aj^. „, (2.6.4) 

and analogously for a'^. interchanging the labels I and II. 

An analogous procedure can be carried out for fermionic fields (e.g. Dirac 
fields). We can use linear combinations of monochromatic solutions of the Dirac 
equation ip^. ^ and ^JJ. ^ (and their primed versions) built in the same fashion as 
for scalar fields: 

I I 
= E ^ii <.-M' ^'la = E ^ii "^.<^.M' (2.6.5) 

where ^^ f^ and u^.^ ^^ are respectively monochromatic solutions of positive 
(particle) and negative (antiparticle) frequency ±(0; of the massless Dirac equation 
with respect to the Minkowski Killing time. The label cf accounts for the possible 
spin degree of freedom of the fermionic fielcf^ 

The coefficients of these combinations are such that for the modes xpi^.,a and 
xl)coi,a the annihilation operators are related with the Rindler ones by means of 
the following Bogoliubov transformations: 

Coji.a.v = COS rf,„. Coji,a,i - sin rf,„. d^. „^ n, 
dl,a,u = cosrf,^.d^.<,ii + sinrf 

,(i>i Coj.^-cr,!/ (2.6.6) 

and analogously for c^. ^ and d'^. ^ interchanging the labels I and II, where 

tanrf,^,^ = exp(-7rca>j/a). (2.6.7) 

Here Ci^.^a, d^^^a represent the annihilation operators of modes i/jJJ. and 
particles and antiparticles respectively. The label d in rf,„. has been introduced to 
indicate Dirac field. The specific form for and z/jJJ. as a linear combination 



11 



of monochromatic solutions of the Dirac equation is given later in section [8~4) and 

^"Throughout this work we will consider that the spin of each mode is in the acceleration 
direction and, hence, spin will not undergo Thomas precession due to instant Wigner rotations 
(TT][61]. 

"Although convenient, the notation for the parameters r^^^. and rb,^, can sometimes be excess- 
ive in the long and complex expressions that will appear throughout this thesis. Consequently, we 
will drop the labels b,f or o); to ease notation whenever there can be no ambiguity or confusion. 
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can be also seen, for instance, in |j6T][62] among many other references. Notice 
again that, although we are denotating aa,,,u/ Ca,i,cf,U/ dwi,(j,u the operators associated 
with Minkowskian Unruh modes, those modes are not monochromatic, but a 



linear combination of monochromatic modes given by (2.6.1 1 and ( 2.6.5 



To discuss fundamental issues and not an specific experiment, there is no 
reason to adhere to a specific basis. Specifically, if we work in the bases (2.6.11 
and ( 2.6.5 1 for Minkowskian modes we do not need to carry out the single mode 
approximation. 

We will work in this basis in part |T] of this thesis. This will be useful to extend 
and compare some of the results obtained here with previous works that made 
use of the single mode approximation. In part [TT] we will discuss the problems of 
the single mode approximations and how to relax it, presenting the most general 
way to work with Unruh modes and the new and interesting results that appear 
when we go beyond a specific choice of Unruh modes. 
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Entanglement Statistics and the 
Unruh-Hawking Effect 



43 



Previous results on field entanglement dimension and statistics 



Discussion: Previous results on field entanglement, 
dimension and statistics 

From the pioneering works that started the analysis of field entanglement be- 
haviour in non-inertial frames it has been shown 1 10 TT] that the Unruh effect 



degrades the entanglement between accelerated partners, affecting all the quan- 
tum information tasks that they could perform. 

Fundamental differences were found in these first works between field entan- 
glement of a scalar field |fT0l| and a spinless fermionic field (Grassmann scalar) 
pT] . Specifically, it was discovered that, as an observer of an entangled state of the 
field accelerates, entanglement is completely degraded for the scalar case and, 
conversely, some degree of entanglement survives (even in the limit of infinite 
acceleration) for the spinless fermionic fielcf^ 

Let us highlight the main result in [11 1. This work presented two observers 
(Alice and Rob), one of them inertial and the other one undergoing a constant 
acceleration a. Alice and Rob are the observers of a bipartite quantum state of 
a spinless fermion field which is maximally entangled for the inertial observer, 
namely a state of the form 

^(|0a0r) + |1a1r)). (2.6.8) 

As Rob accelerates the Unruh effect will introduce degradation in the state as seen 
by Rob, impeding all the quantum information tasks between both observers. 



If we quantify this entanglement by means of negativity K (see section 1.1 1 
following that worl^ one obtains that the dependence of the negativity with the 
acceleration gets the simple expression 

K = ^cos'^ru, (2.6.9) 

where 

tanrf,i = exp{-7TC(x)i/a). (2.6.10) 

Here is the frequency of the mode considered. Notice that in the limit a ^ oo 
(which means infinite Unruh temperature), Jsf ^ |, implying that some fermionic 
entanglement survives the infinite acceleration limit. This was a very unexpected 



^^In literature prior to this thesis only Grassmann scalar fields were considered, this is to say, 
formal spinless Dirac fields, see Appendix [A| 

'^In the authors use logarithmic negativity (See |63|) instead of negativity. Both entangle- 
ment measures are equally valid and are, in fact, very simply related: Lx = log^iZM" + 1). 
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fact, above all taking into account that for the same scenario but considering a 
bosonic field entanglement is rapidly lost as the accelerated observer increases 
his acceleration, so that in the limit in which the accelerated observer would 
observe an infinite Unruh temperature thermal bath[^ all entanglement vanishes 



|10|. 



These previous studies stated that this different behaviour was caused for the 
difference in the Hilbert space dimension for the different fields. Every different 
frequency mode for a bosonic field can be excited to an unbounded number 
of levels, in other words, the dimension of the Fock space for each mode is 
not bounded. The Fock basis in the fermionic field is, however, limited due to 
Pauli exclusion principle. For instance, for a spinless fermion field (as the ones 
considered in these previous works), every frequency is either in the vacuum 
state or in the excited state, double excitations are forbidden. For a spin 1/2 
we can have for each frequency one particle or two particles with opposite spin 
projection quantum numbers, so occupation number is bounded by 2. 

As one can intuitively associate the Unruh effect with the observation of 
thermal noise, it was argued in works prior to this thesis that bosonic fields 
have a broader margin for the Unruh noise to stochastically excite more levels 
and degrade entanglement (similar to a decoherence process) while the smaller 
dimension of the fermionic fields protected them from these random excitations. 

In this first part of the thesis we will study the relationship between field 
statistics and entanglement behaviour. We will gain knowledge about the strong 
relationship between statistics and entanglement degradation step by step. First 
we will study for the first time spin 1/2 fermionic fields. This will allow us to 
study new kinds of entangled states. We will see that the Dirac field entanglement 
behaves in exactly the same entanglement degradation that the Grassmann scalar 
case analysed in previous literature pT] . 

Then, by means of a multimode analysis we will prove this behaviour of fer- 
mionic fields is universal. Namely, it is independent of i) the spin of the fermionic 
field, ii) the kind of maximally entangled state from which we start, and iii) the 
dimension of the Fock space of the field for every mode. 

We will discover more fundamental differences between fermions and bosons 
and we will disprove both ways of the statement: fermionic survival is not de- 
pendent on dimension and bosonic entanglement disappearance happens even 
in bosonic settings with a finite dimensional Fock space. 



^^When observing the inertial vacuum state of the field, see section 2.4 
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These results together banish the sensible, yet incorrect, argument that linked 
Fock space dimension with entanglement behaviour in non-inertial frames. 

The final chapter of this part I of the thesis will deal with a related but very 
different topic. The only known work |[64| previous to this thesis that studies en- 
tanglement degradation in the background of a Schwarzschild black hole did not 
analyse the dependence with the distance to the black hole horizon. Instead the 
entanglement degradation for observers placed in the asymptotically flat region 
of spacetime was dealt with. 

A more interesting scenario would be to consider observers very close to the 
event horizon where the gravitational field is strong and the loss of information 
due to the presence of the horizon is much more intense, so that we can analyse 
entanglement and correlations as a function of the distance to the horizon. 

At the end of this part I, we will rigorously show that tools coming from the 
constantly accelerated case can be used to study a setting where correlated pairs 
are shared by observers free-falling into a Schwarzschild black hole and observ- 
ers resisting the gravitational pull at a finite distance from the event horizon. 
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Spin 1/2 fields and fermionic 
entanglement in non-inertial 
framesE 

Previous work |[TI] on Unruh effect for Dirac field mode entanglement does not 
consider the spin of the parties. This work considered an effective 'Grassmann 
field' where only two occupation numbers n = (0, 1) are allowed for each mode. 
Higher values of n are forbidden by Pauli exclusion principle. However, address- 
ing the effect of Unruh decoherence on spin entanglement can only be done by 
incorporating the spin of the parties in the framework from the very beginning. 
As a consequence, occupation number n = 2 is also allowed. This fact will af- 
fect occupation number entanglement which has to be reconsidered in this new 
setting. For this purpose, we will study here the case of two parties (Alice and 
Rob) sharing a general superposition of Dirac vacuum and all the possible one 
particle spin states for both Alice and Rob. Alice is in an inertial frame while 
Rob undergoes a constant acceleration a. 

We will show that Rob -when he is accelerated respect to an inertial observer 
of the Dirac vacuum- would observe a thermal distribution of fermionic spin 1/2 
particles due to Unruh effect [30|. Next, we will consider that Alice and Rob share 
spin Bell states in a Minkowski frame. Then, the case in which Alice and Rob 
share a superposition of the Dirac vacuum and a specific one particle state in a 
maximally entangled combination. In both cases we analyse the entanglement 
and mutual information in terms of Rob's acceleration a. 

Finally, we will study the case when the information about spin is erased from 
ij. Leon, E. Martm-Martmez. Phys. Rev. A, 80, 012314 (2009). 
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our setting. For this we implement a method to consistently erase such inform- 
ation, keeping only the occupation number information. Here, entanglement is 
more degraded than in [llj as we are erasing part of the correlations from our 
system. 

We show that, even in the limit of a — » 00, some degree of entanglement is 
preserved due to Pauli exclusion principle. Then we analyse Unruh effect on a 
completely different class of maximally entangled states (like |00) + |ss') where s 
and s' are z component of spin labels) comparing it with the spin Bell states. In 
section |5.4| we show that the erasure of spin information, in order to investigate 
occupation number entanglement alone, requires considering total spin states for 
the bipartite system. 



3.1 The setting 

We consider a free massless Dirac field in a Minkowski frame expanded in terms 
of the positive (particle) and the negative (antiparticle) energy solutions of Dirac 
equation in Minkowskian coordinates, denoted ^ and u^^sm I'espectively: 

s 

Here, the subscript o) denotes Minkowskian frequency and labels the modes of 
the same energy and s = ff, is the spin label that indicates spin-up or spin-down 
along the quantisation axis. c^,,sjvi and d^,,sjvi SLve respectively the annihilation 
operators for particles and antiparticles, and satisfy the usual anticommutation 
relations. 

For each mode of frequency o) and spin s the positive and negative energy 
modes have the form 

<sM = -^vt{k)e^-'^'--''^ (3.1.2) 

where v^- (to) is a spinor satisfying the usual normalisation relations. 

The modes are classified as particle or antiparticle respect to dt (Minkowski 
Killing vector directed to the future). The Minkowski vacuum state is defined by 
the tensor product of each frequency mode vacuum 

|0)m = (g) |0^)m |0^)m (3-1-3) 
such that it is annihilated by c^,,s,m and ds),sM ^^r all values of s. 
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We will consider the spin structure for each mode, and hence, the maximum 
occupation number is two. This introduces the following notation 

cL,mcL',m |0) = \ss'^)m ^s.~s'. (3.1.4) 

If s = s' the two particles state is not allowed due to Pauli exclusion principle, so 
our allowed Minkowski states for each mode of particle/antiparticle are 

(3.1.5) 

where \po))'l^ = cI^,im^I),im denotes the spin pair of frequency o). 



To build Rob's field excitations we will work in the basis (2.6.5 of solutions 



of the Dirac equation in Minkowski coordinates, whose particularities were ex- 



plained in section |2.6| and such that they correspond to a monochromatic mode 
when transformed into the Rindler basis. The reason of this is double, on the 
one hand as we are looking for fundamental behaviour and not the results of 
a specific experiment there is no reason to adhere to a specific basis, and on 
the other hand, it is in this basis when we recover the so-called single mode 
approximation, allowing us to compare our results with previous literature. 

Particles and antiparticles will be classified with respect to the future-directed 
timelike Killing vector in each region. In region I the future-directed Killing 
vector is 

dt dx 

a[ = —dt + —djc = a{xdt + td^), (3.1.6) 
or or 

whereas in region II the future-directed Killing vector is = -9^. 

Let us denote [Cu,sx,c^(^,s,i) ^he particle annihilation and creation operators in 
region I and (dto,s,i/d^s j) the corresponding antiparticle operators. Analogously 
we define [c^^s.ii- c^,^ siv ^(^.sM- ^^i^ siil ^he particle/antiparticle operators in region II. 

These operators satisfy the usual anticommutation relations {Ccj,s,t,'cL s' t.') = 
(5j:5:'(5a,w'(5ss' where the label E denotes the Rindler region of the operator E = 
{I, II}. All other anticommutators are zero. That includes the anticommutators 
between operators in different regions of the Rindler spacetime. 

We can relate Minkowskian Unruh modes = and Rindler creation and anni- 
hilation operators by taking appropriate inner products pTp8][49||61| as explained 



in section 2.6 We recall the Bogoliubov coefficients expression (2.6.6 



Ccoi.a.v = COS ra,i c„.,<j,i - sin ra,i dl.^_^j^, 

dlt,a,v = cosrd,idi^.,<jji sinrd,iCc,,.,-<j,i, (3.1.7) 
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and analogously for c^. and dl^ interchanging the labels I and II, where 

tanrd,j = exp(-7rc(x>i/a). (3.1.8) 



Notice from Bogoliubov transformations ( |2.6.6| that the Unruh mode particle 
annihilator Ccoi,a,i] transforms into a Rindler particle annihilator of frequency (Of 
and spin s in region I and an antiparticle creator of frequency tO; and spin -a in 
region II. 



3.1.1 Unruh effect for fermion fields of spin 1/2 

Now that we have the relationships between the creation and annihilation op- 
erators in the Minkowski and Rindler bases, we can obtain the expression of 
the Minkowski vacuum state for each mode 10^,)^^ in the Rindler Fock basis. For 
notation simplicity, we will drop the o) and o) label in operators/states when it does 
not give any relevant information, but we will continue writing the spin label. 

Let us introduce some notation for our states. We will denote with a subscript 
outside the kets if the mode state is referred to region I or II of the Rindler 
spacetime. The ± label of particle/antiparticle will be omitted throughout the 
chapter because, for the cases considered, a ket referred to Minkowski spacetime 
or Rindler's region I will always denote particle states and a ket referred to region 
II will always denote antiparticle states. 

Note that here, and in the whole part I of this thesis we will only make use of 
the 'unprimed' particle sector of the Hilbert space in the Minkowskian basis (see 



section 2.6 1, this means that Minkowski excitations will always be particles and 
Rindler excitations will be always particles in the Region I basis and antiparticles 
in the Region II basis (due to the time reversal anti-symmetry of both regions). 
From now on and for all this part we drop the label ± notating particles and anti- 
particles in the kets. The complete analysis of the antiparticle sector behaviour 
is dealt with in section 18.41 

Inside the ket we will write the spin state of the modes as follows 

\s\=cl\0\, |s)„ = <„|0)„, (3.1.9) 

which will denote a particle state in region I and an antiparticle state in region II 
respectively, both with spin s. 

We will use the following definitions for the kets associated to particle pairs 

|p)i = cjic{i|0)i = -c{ic|i|0)i, 

|p)„ = 4„d[„ |0)„ = -d[„4„ |0)„ , (3.1.10) 
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and, being consistent with the anticommutation relations for different Rindler 
wedges, 

\s\ \s\ = cldlj, |0), |0)„ = -4, „cl, |0), |0)„ , 

<n|s)i|0)„ = -|s)i|s%. (3.1.11) 

The Bogoliubov transformation |2.6.6| is a fermionic two-modes squeezing 
transformation for each W;, indeed 

= s( "J"''^'' ) s^ (3.1.12) 

where 

S = exp ' ^ - p - -^1' 




r [cL>,s,i dc.,.,-s,ii + c^^,s,i <.,-s,n j J • (3.1.13) 

Note that, for notational convenience given the length and complexity of the 
expressions, we will drop the labels tO; and d from r when the distinction between 
different frequencies and fermions and bosons is not required to be explicitly 
shown. 



Now, given ( 3.1. 12| and analogously to | 10][TT |, it is reasonable to postulate that 



for every a*; the Minkowski vacuum is a Rindler two-mode particles/antiparticles 
squeezed state with opposite spin and momentum states in I and II. 

Considering that the modes have spin, occupation number is allowed to be 2 
for each frequency, being higher occupation numbers forbidden by Pauli exclu- 
sion principle. We need to compute the coefficients of the squeezed state|^ 

10) = V |0)j 10)„ + A IT), |i)„ + B\i), |T)„ + C |p), |p)„ . (3.1.14) 

To obtain the values of the coefficients V,A,B,C we demand that the Min- 
kowski vacuum is annihilated by the particle annihilator, Ccb.s.u \0) = for all 
frequencies. As Unruh modes are purely positive frequency combination of 
Minkowskian modes, this is equivalent to demand that the vacuum is annihilated 



by all the particle annihilators of Unruh modes (2.6.1 1: c^^s u |0) = 0. Translating 
this into the Rindler basis we have 

cos rc,,i - sinr d^„] [V \0), |0)„ + A |T)i |i)„ + B |T)„ + C \p), |p)„] = 0. 

(3.1.15) 



^One must be careful with the tensor product structure of the fermionic vacuum. Here 
we present only the 'unprimed sector' of the vacuum state. While this is simpler and perfectly 
valid for the particular choice of inertial Unruh modes presented here, the whole vacuum must 
be considered in more general scenarios when we consider modes that combine 'primed' and 



'unprimed' Unruh modes. This fact and its consequences are thoroughly analysed in section 8.4 
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This equation gives 4 conditions (two for each value of s), although only 3 of 
them are independent: 



(3.1.16) 



To fix V we impose the normalisation relation for each field mode (0|0) = 1 
IV|^ = 1 - |A|^ - \Bf - |C|^, this yields the values of the vacuum coefficients: 

V = cos^ r, 
A = sinr cosr, 
B = sinr cosr. 



A cosr 


- Vsinr 


= 




Ccosr 


- B sin r 


= 


A = B = Vtanr 


Bcosr 


- Vsinr 


= 


" ^ C = Vtan^r 


Ccosr 


- A sin r 


= 





(3.1.17) 



sm r. 



So, finally, the Minkowski vacuum state in the Rindler basis reads as follows 

10) = cos^r |0), |0)ji + sinr cosr (|T)i |i)„ + |i)i |T)„) + sin^r |p), |p)„ , (3.1.18) 

where, to simplify notation, we drop the label M for the Minkowski vacuum 
which is annihilated by both Unruh and monochromatic Minkowskian modes 
particle and antiparticle annihilators. 

Now we have to know how the excited states (of spin s) look like in the Rind- 
ler basis. This can be readily obtained by applying the Unruh particle creation 
operator to the vacuum state \s)^ = u |0), and translating it into the Rindler 
basis: 

Is)u = [cos rcj,! - sinrd_s,ii] [cos^r [0)1 [0)11 + sinr cosr (lT)i U)„ + U)i |T)ii) 
+ sin2r|p),lp)„], (3.1.19) 

which gives 



|T)u = cosr|T)JO)„ + e'<fsinr|p)jT)ii. 
= cosr|i)JO)„-e'<^'sinr|p)Ji)„. 



(3.1.20) 



Now, since Rob is experiencing a uniform acceleration, he will not be able 
to access to field modes in the causally disconnected region II, hence, Rob must 
trace over that unobservable region. Specifically, when Rob is in region I of 
Rindler spacetime and Alice observes the vacuum state, Rob can only observe a 
non-pure partial state given by pu = Trn (jO) {0\), which yields 

PR = cosS I0)/0| + sin^r cos^r (|T)/TI + \i)U\) + sinS Ip),(pI • (3.1.21) 



Doctoral Thesis 



54 



Eduardo Martin Martinez 



3.2. Spin entanglement with an accelerated partner 



Thus, while Alice would observe the vacuum state of mode k, Rob would observe 
a certain statistical distribution of particles. The expected value of Rob's number 
operator on the Minkowski vacuum state is given by 



{Nn) = (0 \Nn\ 0) = Tvui {Nn |0)(0|) = Tr^ (NrPr) = Tr^ 

Substituting the expression ( 5.1.21| we obtain 

(Nr) = 2sin^r, 



CtVtI + CjiCii 1 PR 



which, using (3.1.8 1, reads 

(JV) = 2- 



1 



where kB is the Boltzmann's constant and 

_ ha 



= 2 



1 



27XkBC ' 



(3.1.22) 
(3.1.23) 

(3.1.24) 

(3.1.25) 



is the Unruh temperature. 

Equation ( 3.1.24| is an alternative derivation of the well known Unruh effect |26 



|0J for a fermionic field. We have shown that an uniformly accelerated observer 
in region I detects a thermal Fermi-Dirac distribution when he observes the 
Minkowski vacuum. The factor 2 appears due to the degeneracy factor 2S + 1. 



3.2 Spin entanglement with an accelerated partner 

In previous works pO)[Tl| it was studied how Unruh decoherence affects occupa- 
tion number entanglement in bipartite states of the typ^ 

m = ^(|0)|0) + |l)Jl)J (3.2.1) 

of a Grassmann scalar field, barring any reference to the spin of the field modes. 
The figures inside the kets represent occupation number of Alice and Rob modes 
respectively. 

Here, where we have included the spin structure of each mode in our setting 
from the very beginning, it is possible to study the effects of acceleration in spin 

^Since Alice is an inertial observer, it is not relevant if Alice's excitations are monochromatic 
or 'unprimed' Unruh modes. In either case all the results are exactly the same. To keep the 
notation as simple as possible we will label Alice's mode with the label 'U' used for Unruh modes 
in this Part I of the thesis. See chapter l8| for further details. 
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entanglement degradation, which is different from the mere occupation number 
entanglement. 

Specifically, with this setting we are able to study how acceleration affects 
the entanglement of spin Bell states when Alice and Rob share a maximally en- 
tangled spin state and Rob accelerates. In the Minkowski basis, these 4 maximally 
entangled states take the form 

\^)" = ^ [ITa)u liR)u ± liA)u ' \UU = ^ [ITa)u ITr)u ± liA)u ' ■ 

(3.2.2) 

First of all, we build a general bipartite state that could be somehow analogous 
to state (3.2.1 1 studied in ijTlJ. This state will be a superposition of the vacuum 



and all the possible 1-particle bipartite states for Alice and Rob. 

1^) = ^x |0) |0) + a |T)u |T)u li)u + r Ii)u lT)u + ^ li)u li)u ' (3-2-3) 

with ^l = v^l - |a|2 - |jg|2 - |7|2 _ |(5|2. 

This state generalises the Bell spin states (for instance, we have \4>'^) choosing 
a = S = ilV2) or a occupation number entangled state (for instance choosing a = 
jLi = 1/v^). We will be able to deal with two different and interesting problems: 
1. Studying the Unruh effect on spin entangled states and 2. Investigating the 
impact of considering the spin structure of the fermion on the occupation number 
entanglement and its Unruh entanglement degradation. 



The density matrix in the Minkowskian Unruh basis for the state (3.2.3 1 is 



= |oo)(oo| + ^la* |oo)(tt| + nP* |oo)(n| + ^17* |oo)(iT| + ^l6* |oo)(ii| 
+ \ccf |TT)(TT| + ajS* |TT)(n| + ar* |TT)(iT| + aS* |TT)(ii| + \pf lUKUl 
+ Pr* in)(iTI \n){ii\ + \7f liT)(iTI + 7S* |iT)(iiI + \sf + (H.c 

(3.2.4) 



non- ' 
diag. 



where (H.c.)non-diag. means non-diagonal Hermitian conjugate, and represents the 
Hermitian conjugate only for the non-diagonal elements. 

Again, as Rob can only carry out measurements in his accessible Fock basis 



(made of only region I modes) we need to compute each term of ( 3.2.4 1 in the 
Rindler basis and trace over the unobserved region II. 

Computing the density matrix, taking into account that Rob is constrained to 
region I of Rindler spacetime, requires to rewrite Rob's mode in the Rindler basis 
and to trace over the unobservable Rindler's region II. It is useful to compute 



Doctoral Thesis 



56 



Eduardo Martin Martinez 



3.2. Spin entanglement with an accelerated partner 



first the trace over II on all the operators that compose ( 3.2.4 1. Using equation 
15.1. 18| we have 

100)(00| = |0a) [cos2 r |0)i |0)„ +sin r cos r (|T)i + |T)„) H-sin^ r \p\ |p)„] ®H.c., 

(3.2.5) 

where the label A indicates Alice's subsystem. Tracing over II: 

Trii|00)(00| = cos^r |00)(00|+sin2r cos^ r (|0 t)(0 T| + |0 i)(0 i|) +sin^r |0p)(0p| , 

(3.2.6) 

where notation is different in each side of the equality: bras and kets in l.h.s. are 
in the Minkowskian basis \ss') = |su) \s[j) and in the r.h.s. they are referred to 
Alice's mode in the Minkowskian basis and Rob's mode in the Rindler's region I 
Fock basis \ss') = |su) \s'^)i. 

In the same way, using expressions ( 3.1. 18| , ( |3.1.20| we have 

m{ss'\ = |0a) [cos^r |0)i |0)„ + sinr cosr (|T)i |i)„ + \i\ |T)„) + sin^r |p)i |p)„] 
(sa| (cosr (s'Ii (0|ii + e sinr (p|i (s'lu) , (3.2.7) 

where e = 1 if s =| and e = -1 if s =i. Now, tracing over II 

Tr„|00)(ss'| = cos^r |00)(ss'| + sin^ r cosr (4't 10 i)(spl - |0 T)(sp|) , (3.2.8) 



with the same notation used in (3.2.6 . 



Similarly, using expression |3.1.20| we get 

|siS2)(s3S4| = |sia) [cosr |s2)i |0)ii + ege-^'^sinr |p)i |s2)ii] (s3a| [cosr (s4|i(0|ii 

+ £4 sin r (p1i(s4|ii] , (3.2.9) 



and tracing over II gives 

Trii |SiS2)(S3S4| = COS^r |SiS2)(S3S4| + (5s2S4Sin^^' |sip)(s3p| 



(3.2.10) 



Again, notation here is the same than in (3.2.6 1. 

Using |3.2.6 |, ( 3.2.8 1, ( 3.2.10 1 we can easily compute the density matrix for Alice 
and Rob from |3.2.4| since Par = Trn Pm, resulting in the long expression 



Par=P- 



cos^ r |00)(00| +sin2 r cos^ r (|0t)(0t| + 10i)(0i|) + sin^ r |0p)(0p| 



+/I cos r 



a* |oo)(TTI +r |oo)(n| + r* |oo)(iT| +6* |oo)(ii| 



+/isin rcosr 



a*|Oi)(Tp| 



-jS*10T)(Tp| + r*|0i)ap|-c5*|0T)ap| 



+ COS r 



|ann)(TT|+aj3*|TT)(U|+ar* 



X |TT)(iT| +ac5* |TT)(U| + |n)(ni +jSr* in)(iT| +jSc5* |n)(U| + Irl' liDUTI 



+ r^*liT)(UI + |c5nU)(UI 

x|ip)ap| + (ar*+jS6*)|T 



+ sin r 



|a|2 + |jg|2)|tp)(Tp| + (|rl' + |c5| 



P)(i Pl + (H.C.)non- 
J diag. 



(3.2.11) 
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Here the notation is the same than in the r.h.s. of ( 5.2.6 1. We see that the state, 
which in the Minkowski basis is pure, becomes mixed when the observer Rob 
is accelerated due to the causal disconnection of the accelerated observer with 
part of the spacetime. 

Equation ( 5.2.1 If will be our starting point, from which we will study different 
entanglement settings and how Unruh effect affects them. 

We will now compute how acceleration affects the entanglement of spin Bell 
states |5.2.2 | when Alice and Rob share a maximally entangled spin state and 
Rob accelerates. A specific choice of coefficients in ( 5.2.5 1 gives us these states, 
namely 

1 

/2 
1 

/2 

and all the other coefficients equal to zero. For such states in the Minkowski 
basis, the density matrix of Alice and Rob when he undergoes an acceleration a 
is obtained from ( |5.2.11| : 

^± 1 



|(/,±)^a = +6 = 



(5.2.12) 
(5.2.15) 



Par = 



Par = 



cos^r 



cos^r 



ITT)(TTI±ITT)(UI±IU)(TTMU)(UI j +sin^r (^|Tp)(Tp| + |ip)aP 

(5.2.14) 

in)(ni±in)aTi±iiT)(nMiT)aTi)+sin2r(iTp)(Tpi+iiP)api)". 

(5.2.15) 

Notice that, in this case, Rob has a qutrit, since for his mode he could have 
three different possible orthogonal states: particle spin-up, particle spin-down and 
particle pair. This is an important difference with the spinless case: the Hilbert 
space dimension of the accelerated observer increases when he is accelerating, 
what was a qubit in the Minkowskian basis is now a qutrit in the Rindler basis 
for Rob. 

To characterise its entanglement we will use the negativity |1.1.9 l. To compute 
it we need the partial transpose density matrices (defined in ( 1.1.7 i) of the states 
(5j2l4) and |5.2.15t 

ir o ^|||)(|||±|||)mi±m)(i4|+m)(m )+sin-r 



<t>-pT 

Par ■- 



cos^ r 



pIr = 



cos^ r 



p)(Tpi+iiP)ap 

(5.2.16) 

in)mi±lTT)(Ul±|U)(TTMiT)aTI )+sin^r(|Tp)(Tpl + |ip)ap|)" 

(5.2.17) 
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We can write pj^"^ matricially in the basis {|tT) . iTi) . lit) < lii) < IT P) , |i P)i and 
pJrP^ in the basis {|Ti) , |TT) > \U) . lit) - IT P) - |i P) }• Both have the same expres- 
sion 





/ cos^r 

















\ 










± cos^ r 













1 





± cos^ r 
















2 











cos^r 
























sin^ r 









I 














sin^r 


/ 



(3.2.18) 



Therefore the four Bell states will have the same eigenvalues. The only negative 
eigenvalue is 

1 
2 



cos^r. 



(3.2.19) 



Since r = arctan (e"^^) a ^ ^ r ^ and a ^ oo ^ r ^ 7x1 A so that Ae is 
negative for all values of the acceleration. This implies, using Peres criterion f45], 
that the spin Bell states will be always entangled even in the limit of infinite 
acceleration. 



We can readily evaluate the entanglement at the limits a ^ and a 
we compute the negativity for these states, which have the trivial form 



oo if 



K{r) = - cos^r. 



(3.2.20) 



1 



we obtain = 2 ^'^^^'^ expected result since a 



is 



In the limit a 
the inertial limit. 

However, in the limit a ^ 00 we obtain K = \, which implies that spin 
entanglement degrades due to the Unruh effect up to a certain limit. 

In ijTl] it is discussed (for occupation number entangled states of a spinless 
fermion field) that Pauli exclusion principle protects the occupation number en- 
tanglement from degrading, and some degree of entanglement is preserved even 
at the limit a ^ 00. The striking result is that here we have obtained a math- 
ematically identical result for the spin Bell states. We will discuss later how this 
result, along with many others presented in this thesis, will disprove the statement 
that the finite dimension of the Fock space is responsible for this entanglement 
survival in the a ^ 00 limit. 
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3.3 Vacuum and 1-parficle entangled superpositions 



Next, we will study the case in which Alice and Rob share a different class of 
maximally entangled state, we consider that in the Minkowski Unruh basis we 
have 



1 

71 



(|OA)|OR) + |TA)uliR)u)' 



(3.3.1) 



which is a maximally entangled state that includes occupation number entangle- 
ment along with spin. We study this kind of states as a first analog to the state 
considered in previous literature |3.2.1 1. This state corresponds to the choice 

1 



P = fi 



a = 7 = (5 = 



(3.3.2) 



(3.3.3) 



in equation ( |3.2.11t . The density matrix of such a state is 
1 



P = 



cos^r |00)(00| +sin2rcos2r (|0t)(0t| + |0i)(0i|) + sin^ r |0p)(0p| 



+ cos3r(|00)(n| + |n)(00|) -sin2rcosr(|0T)(Tp| + |Tp)(OTl) + cos^ r |n)(ni 



+ sin2r|Tp)(Tp| 



(3.3.4) 



Notice the significant difference from the Bell spin states; considering that Rob 
accelerates means that, this time, Alice has a qubit and Rob has a four dimensional 
quantum system. Since in Rindler coordinates the state ( 3.3.4| is qualitatively 



very different from the Minkowski Bell states (3.2.141, (3.2.15, it is therefore 



worthwhile to study its entanglement degradation as Rob accelerates. 

is 



The partial transpose of (3.3.4 



pP^ = 



1 



cos^r |00)(00| + sin^rcos^r (|0 t)(0 Tl + |0 i)(0 i|) + sin^ r |0p)(0p| 



+ cos3r(|0i)(T0| + |TO)(Oi|) -sin^r cosr (|Op)(TT| + |TT)(Op|) H-cos^ r |n)(n| 



+ sin2r|Tp)(Tp| 



(3.3.5) 



which is a 8 X 8 block-diagonal matrix. It has two non-positive eigenvalues 



sin^ r cos^ r 



\/sin^ r cos^ r -1- 4 cos^ r 



A2 = - I sin 



^ r - Vsin^ r -I- 4 sin^ r cos^ r 



(3.3.6) 



As we can see, A2 is non-positive and Ai is negative for all values of a, therefore 
the state will always preserve some degree of distillable entanglement. If we 
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calculate the negativity we will obtain 



K{r) = ^cos^r, (3.3.7) 



which means that for this case, distillable entanglement behaves exactly as in the 
previous case. In other words, no matter if the entangled state is a spin Bell state 



or a superposition like ( 3.3.1 1, entanglement degrades the same. To conclude this 
section we stress that the same results will be obtained if the state |tA)u liA)u 
|3.3.1 1 is replaced by any other 1 particle bipartite spin state Iss')^. 



3.4 Non-inerfial occupation number entanglement 
for spin 1/2 fermions 



The previous work j 11 1 on occupation number entanglement between accelerated 



partners ignored the spin structure of the Dirac field modes. It is not possible to 



straightforwardly translate a state like ( 3.2.3 1 into mere occupation number states. 



This comes about because for a state like ( 3.2.3 1 the bipartite vacuum component 



does not have individual spin degrees of freedom as the other components do. 



In other words, by including the vacuum state in the superposition (3.2.3 1, the 
Hilbert space ceases to be factorable in terms of individual spin times particle 
occupation number subspaces. 

On the other hand, the bipartite vacuum is a well defined total spin singlet. 
Hence, the Hilbert space is factorable with respect to the total spin of the system 
A-R and the occupation number subspaces. Accordingly, to reduce the spin in- 
formation in the general density matrix ( 3.2.11| we will be forced to consider a 



factorisation of the Hilbert space as the product of the total spin and occupation 
number subspaces. 

Taking this tensor product structure into account we can now formally con- 
sider that we are not able to access to the information of the total spin of the 
system A-R and then, we should trace over total spin degree of freedom. 

The equivalence between the standard basis (occupation number-individual 
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spin) and the new basis (occupation number-total spin) i^ 

|00) = |00)|S) |0p) = |02)|S), 
|0T) = |01)|D+) |0,i) = |01)|D„), 



|T0) = |10)|D,) |iO) = |10)|D_), (3.4.1) 
|Tp) = |12)1D,) |ip) = |12)|D„), 



(3.4.2) 



ITT) = 111 


)\T. 


) lU) 


= lll)IT 


iTi) = 

IIS'/ 


1 

" V2 


11) ro) 


+ \S)], 


liT) = 


1 

" V2 


ll)[|To) 


-IS)], 


where we are using the basis | 


Ha Hr) \J,h) 


and the 


singlet are denoted as 








IT.) = 


\J 


= 1 Jz = 


1)< 


|T_) = 


\J 


= 1,/z = 


-1)< 


\To) = 


1/ 


= IJz = 


0), 


\D,) = 


1/ 


= 1/2, L 


= 1/2), 


ID-) = 


1/ 


= 1/2, L 


= -1/2) 


|5) = 


1/ 


= o,h = 


0). 



(3.4.3) 

Rewriting the general state |3.2.3 i in this basis we obtain 



\W) = n |00) IS) + a 111) IT,) + ^ 111) |To) + ^ |11) |S) + 6 |11) |T„) (3.4.4) 

Considering the acceleration of Rob, the general state |3.2.11| in terms of this 
new basis after reducing the information on the total spin by tracing over this 
degree of freedom is 

JJz 

Which results in a state in the occupation number basis whose entanglement 
degradation incorporates the effect of the spin structure. This can be studied and 
compared with the results in reference 1^1] in which spin existence is ignored. 

cos^r |00)(00| + 2sin^r cos^ r |01)(01| + sin^ r |02)(02| 



Par = 



+ 11 cos^ r 



X 



V2 V2 



|00)(ll| + ^^-=^ |11)(00| ) +(1 -fi^) cos^r |ll)(ll|+sin^r |12)(12| 



-.2. ^ lA A \/ A A I p ^;»,2 



(3.4.6) 



^The pair state in the same mode can only be a singlet of total spin due to anticommutation 
relations of fermionic fields. 
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We can readily compute the partial transpose 



X I'^^loiKioiH- 



cos^r |00)(001 +2sin2r cos^ r |01)(011 + sin^ r |02)(02| 



+ p. COS r 



|10)(01| ) +(1 -Ai^) cos^r |ll)(ll|+sin2r |12)(12| 
v2 / 



(3.4.7) 



which only has a negative egigenvalue. The negativity is, in this case, 
>r = cos^ r 



2-2 / 9 • 4 o 1)3 - rP 

jLi sm r-p\ n^sm r + cos'^r — 



(3.4.8) 



which depends on the proportion of singlet |jS - 7|/-v/2 of the component in 



the state ( 3.2.3 1. When there is no singlet component (jS = 7) the negativity is 



zero. Indeed in the limit a ^ (Minkowskian limit) 

1 



(3.4.9) 



which shows that the maximally entangled Minkowski occupation number state 
(Negativity = 1/2) arises tracing over total spin when the starting state is 



= |oo)±^[in)-iiT)], 



or, in the occupation number-total spin basis 



(3.4.10) 



1^) 



1 

71 



|00)|S)±|11)|S) 



(3.4.11) 



This means that, for occupation number entanglement, the only way to have an 
entangled state of the bipartite vacuum |00) and the one particle state |11) of a 
Dirac field is through the singlet component of total spin for the |11) component. 

On the contrary, the state 



1^) 



V2 



|00)lS)±|ll)|To,±)] 



(3.4.12) 



will become separable after tracing over total spin due to the orthonormality of 



the basis (3.4.1 , (3.4.2 



We have established that the Minkowski maximally entangled state for occu- 
pation number arises after tracing over total spin in a state as ( 3.4.10| . Now we 
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will compute the limit of the negativity when the acceleration goes to 00 in order 
to see its Unruh decoherence and to compare it with the results for occupation 
number entanglement from pT| . 

Taking a — * 00 ^ r — > 7r/4 in |5.4.8| l 

1 

4 



Therefore, for the maximally Minkowski entangled state we have ji 
|jS - 7I = 1 and the negativity in the limit is 

v^- 1 



hC = 



8 



(3.4.13) 

= 1/v^, 

(3.4.14) 




0.05 



0.1 0.2 0.3 0.4 0.5 0.6 0.7 
r=atan[exp(-7i co c/a)] 



Figure 3.1: (Blue solid) Negativity In the occupation number degree of freedom as a function of 
the acceleration of Rob when A and R share an occupation number maximally entangled state 
3.4.10 In the Minkowski basis after tracing over total spin. (Red dashed) Negativity a as a function 
of the acceleration of Rob when A and R share spin Bell states and the state (|00) + \ss')) (both 
cases coincide). 



This result shows that when we reduce the total spin information, looking at 
the occupation number entanglement alone, we see that it is more degraded by 
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the Unruh effect than when we considered spin Bell states in the previous section. 
More importantly, the occupation number entanglement is more degraded than 
in |[TT], where the spin structure of the modes was considered nonexistent. This 
happens because we are removing part of the correlations when we erase total 
spin information. The negativity dependence on the acceleration is shown in Fig. 



3.1 compared with the negativity for the maximally entangled states (3.2.2 1 and 
(331). 



3.5 Discussion 



It is known pOpT| that Unruh decoherence degrades entanglement of occupation 



number states of fields. Here we have shown a richer casuistic that appears when 
we take into account that each Dirac mode has spin structure. This fact enables 
us to study interesting effects (such as entanglement degradation for spin Bell 
states) and develop new procedures to erase spin information from the system 
in order to study occupation number entanglement. 

Along this chapter we have analysed how a maximally entangled spin Bell state 
losses entanglement when one of the partners accelerates. We have seen that, 
while in the Minkowski basis Alice and Rob have qubits, when Rob accelerates 
the system becomes a non-pure state of a qubit for Alice and a qutrit for Rob. In 
this case spin entanglement for a Dirac field is degraded when Rob accelerates. 
However some degree of entanglement survives even at the limit a ^ oo. 

A first difference with previous literature where spin was not taken into ac- 
count is that in this case the dimension of the Hilbert space changes when we 
consider the state in Rob's Fock basis. A first analog to the well studied state 
(l/y2)(|00) + but including spin, (l/v^)(|00) + |ti)), has been studied. This 
state, becomes 2x4 dimensional when Rob accelerates. On the other hand. Spin 
Bell states becomes a 2 x 3 dimension system. Nevertheless, we have demon- 
strated distillable entanglement degrades exactly in the same way as for spin Bell 
states and for other maximally entangled superposition. This fact will be deeply 
analysed in following chapters. 

The Fock space for every mode of a Dirac field has higher dimension than 
for the spinless fermionic field as the one analysed in |[TI] (the basis for every 
mode changes from |0) , |1) to f|0) , ||) , \l) , |p)). Indeed, we have seen how for a 
Dirac field, the dimension of the Hilbert space is increased when Rob accelerates 
due to the excitation of spin pairs. 
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However, we have seen that in spite of the evident differences between the 
spinless fermionic field analysed in the literature and the spin 1/2 field analysed 
here, the entanglement degradation due to the Unruh effect is exactly the same 
in both cases. More striking: even spin Bell states (which had no analog in 
a Grassmann scalar field) have the same entanglement behaviour as the states 
described above. This starts to suggest some sort of universal behaviour present 
in fermionic fields. This is a first argument against the idea that the Hilbert space 
dimension is connected with the entanglement survival in the infinite acceleration 
limit for fermions. We will explore this in the following chapters. 

We have also introduced a procedure to consistently erase spin information 
from our setting preserving the occupation number information. We have done 
it by tracing over total spin. The maximally entangled occupation number state 
is obtained from the total spin singlet ( 5.4.10 1 after tracing over total spin. Finally 
we have shown that its entanglement is more degraded than in |11J where the 
spin structure of Dirac modes was neglected. 
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Chapter 4 

Multimode analysis of fermionic 
non-inertial entanglemen 

We have seen in the previous chapter that fermionic maximally entangled states 
seem to degrade the same no matter the kind of fermionic field considered (Dirac 
or Grassmann) and the state analysed (Spin Bell or occupation number). This 
prompts suspicions about the relationship between dimension of the Hilbert space 
and the entanglement survival in the limit of infinite acceleration for fermions. 

In this chapter we will present a manifestly multimode formalism equivalent 
to that presented in the chapters before but that will reveal useful to study mul- 
timode entangled states. We will show that when we consider states that mix 
different frequency modes a larger number of modes can become excited by 
the Unruh effect even for fermion fields, and so, the argument about the Hil- 
bert space dimension playing a role in the degradation phenomenon looks lees 
plausible. Here a fundamental question arises; does fermionic statistics protect 
the entanglement in these different frequencies entangled states? In this chapter 
we shall show that such entanglement survival is fundamentally inherent in the 
Fermi-Dirac statistics, and that it is independent of the number of modes con- 
sidered, of the maximally entangled state we start from, and even of the spin of 
the fermion field studied. 

We will begin revisiting the derivation of the entanglement for the states 
computed in chapter [3] and in |[Tl] with this multimode formalism that will prove 
to be useful to handle multimode scenarios. After that we will study a state that 
has no analog with any state studied before: an entangled state of two different 
spins and frequencies. This state dwells in a Hilbert space of higher dimension 

^E. Martin-Martinez, J. Leon, Phys. Rev. A, 80, 042318 (2009) 
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than the previous ones and, in principle, there is no guarantee that entanglement 
is going to behave in the same way as the others. 



In section |4.1| we will revisit the field vacuum and one particle state in the 
basis of an accelerated observer and for two different kinds of fermionic fields 
(a Dirac field and a Grassmanrj^ "spinless" fermion field) in the context of this 
new formalism. After that, we will analyse entanglement degradation for two 
different kinds of maximally entangled states that were already analysed with 
the single mode formalism: the case of vacuum entangled with one particle state 
studied in chapter |3] and a maximally entangled state of a "spinless fermion" field 
(considered with a single mode formalism in |[Tl|). Studying these known cases 
where we will learn about the multimode formalism, we analyse the case of a 
maximally entangled state of two different frequency modes. We will see that 
even for the radically different final states obtained in each case, after non-trivial 
computations entanglement degradation ends up being the same for all of them 
and the dependence of entanglement on a turns out to be exactly the same as in 
the other fermionic cases analysed. 



4.1 Vacuum and 1-Parficle states in the multimode 
scenario 

In this section we shall build the vacuum state and the 1-particle excited state for 
two very different kinds of fermionic fields in the explicitly multimode formalism: 
First a Dirac field and then a spinless fermion field. Both kinds of fields were 
analysed before in a pure single mode scenario (the spinless case in |[lT] and the 
Dirac field in chapter |3|. 

To begin with, let us consider that a discrete number n of different modes of 
a Dirac field a>i, . . . ,(0n is relevant. We label with S; the spin degree of freedom 
of each mode. We will rederive a expression for the Minkowski vacuum in a 
way that takes explicitly into account all the relevant frequency modes that will 
be useful for further considerations. 

As seen before, the Minkowski multimode vacuum should be expressed in 
the Rindler basis as a squeezed state, which is an arbitrary superposition of spins 



^See appendix [a| 
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and frequencies as it is discussed in chapter |3] 



2n 



m=0 si,...,Sm 
ii>i,...,ii)„ 



where, the notation is 

lOilOii = |si,a>i;. . .;Sj,Wj)i I -Si, Wi,-. ..; -Si, , (4.1.2) 

with 

|wi,si;...;w^,s^)i = c[„„,,„ ...c[„.,,. |0)i . (4.1.3) 

The label outside the kets notates Rindler spacetime region, and the symbol ^ 
is if {(x)i,Si} = {(x)j,Sj} for any i f and it is 1 otherwise, imposing Pauli 
exclusion principle constraints on the state (quantum numbers of fermions cannot 
coincide). 

Due to the anticommutation relations of the fermionic operators, terms with 
different orderings are not independent. So, without loss of generality, we could 
choose not to write all the possible orderings in ( 4.1.1| , selecting one of them 



instead. In this fashion we will write the elements ( |4.1.2| with the following 
ordering criterion: 

(Oi = (Of+i =^ Si =T,Si+i =i . (4.1.4) 

The coefficients C"^ are constrained because the Minkowski vacuum should sat- 
isfy Qt^s |0) =0, Vw, s. As the elements ( 4.1.2| form an orthogonal set, this implies 



that all the terms proportional to different elements of the set should be zero 
simultaneously, which gives the following conditions on the coefficients 



• Cj , , as a function of C° 



C} ,,cosr - C°sinr = 0, (4.1.5) 
C} ,,cosr - C°sinr = 0. (4.1.6) 



Since equations ( 4.1.5 i,( 4.1.6 i should be satisfied Vto, we obtain that Cj^ = = 
const, because C° does not depend on o) or s. We will denote Cl^ = C^. 



• Cl,s2.oj^,oj2 as a function of 
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C^sinr - Cf,,_„^ „^ cosr 



= 0, 
= 0, 



(4.1.7) 
(4.1.8) 



where we consider]^ ri ^ r2 = r. Since equations |4.1.7 |, ( 4.1.8| should be sat 



isfied Vwo, we obtain that C: 



where does not depend on spins 
or frequencies since does not depend on a» or s, the only dependence of 



Sl,S2,(j)l,(j)2 



the coefficients (4.1.11 with a*; and S; is given by Pauli exclusion principle. This 



dependence comes through the symbol ^. 

In fact it is very easy to show inductively that all the coefficients are inde- 
pendent of Si and tOf -apart from the Pauli exclusion principle constraint-. Using 
the fact that C° does not depend on S; and (O; and noticing that by applying the 
annihilator on the vacuum state and equalling it to zero we will always obtain the 
linear relationship between C" and C""^ given below. 

• C"^ as a function of C"""^ 



C^-^sinr 
^"-^sinr 



C"^ cosr 
C" cosr 



0, 
0. 



(4.1.9) 
(4.1.10) 



We finally obtain that C"^ is a constant which can be expressed as a function of 
C° as 

= C^tan'^r, (4.1.11) 

where tan r = exp (-ttwc/q). C"^ is independent of S; and (o. Therefore, we obtain 
the vacuum state by substituting |4.1.11 1 in (4.1.1 1 and factoring the coefficients 
out of the summation. 



2n 



|0) = CO X]tan-r 



(4.1.12) 



m=0 



Sl, ...,Sn, 
0)1,..., 



The only parameter not yet fixed is C°. To derive C° except for a global phase, 
we impose the normalisation of the vacuum state in the Rindler basis (0 |0) = 1, 



from (4.1.121, we see that this means that 



2n 



-1/2 



(4.1.13) 



^Y„tan2-r+ ^ 

,m=0 m=n + l 

^Our interest here is to show that the increase on the Hilbert space dimension does not play 
a role in entanglement behaviour. With this motivation, we consider that all the N frequencies 

. . j,N ^ j,_ This will show the result 



{wj^jfli ai^e close enough to roughly approximate a; 
we want to prove more transparently. 
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where 



Y — \ ' /^(^l,--,(^m 
J-m - 2-^'=,Si Sm • 



(4.1.14) 



Sl,...,Sn, 
CJi,. ..,ii>„ 



Now, we are going to show that (4.1.141, has the form 



E 

p=0 



n 
m 



P 
2p 



n 



(4.1.15) 



To see how this expression comes from Pauli exclusion principle, we have to read 
p as an index that represents the number of possible spin pairs (wj = (x)i+i,Si =t 
,Sf+i =i) which can be formed, and goes from to the integer part of m/2, and 
then 



• The combinatory number (j^Igp) I'epi'esents the possible number of com- 
binations of modes that can be formed taking into account that p different 
frequencies are not available since they are already occupied by the p 
pairs. Hence, it is given by the combinations of the n - p available frequen- 
cies taken m - 2p at time, since m - 2p is the number of free momentum 
'slots' (the total number of different frequencies m minus the number of 
positions taken by pairs 2p). 

• The combinatory factor represents the different possible combinations 
for the configuration of the p pairs, which have n possible different fre- 
quencies to be combined among them without repetition and in a particular 
order. 

• The factor 2"^"^^ represents the possible combination for the spin degree of 
freedom of each mode. As a spin pair only admits one spin configuration, 
only the unpaired modes will give different spin contributions, so the factor 
is (2S -I- l)™"2p giving the formula |4.1.14| 



After some lengthy but elementary algebra we can see that 

'2n' 



m 



and using the property {^\) = [I), we can express ( 4.1.15t as 



2n 



^ f ] tan^- r 



.m=0 



m 



-1/2 



9n 

= COS r 



(4.1.16) 



(4.1.17) 
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and, therefore, rewrite the vacuum (4.1.1 1 as 



2n 



10) = cos2" r ^ tan"^ r X]^;.^:'" \^)u ■ 



(4.1.18) 



m=0 



Sl,...,Sm 

<l)l,...,il>„ 



Next, the 1-particle state can be worked out translating the Minkowski one 
particle Unruh state \(jO,s) = al^s \0) into the Rindler basis 



2n~i 



m=0 



Sl,...,S;; 

0)1,..., (i), 



where 



^ (c"^cosr + C^^+^sinr 



(4.1.19) 



(4.1.20) 



and the notation \m; co, s)^, consequently with (4.1.21, means the ordered version 
of |si,a>i; . . . ;Sn,a>n;a>,s)i. 

Another different kind of field that we are going to consider appears by neg- 
lecting spin while keeping the fermionic statistics (Grassmann scalar fields). We 
will analyse Unruh decoherence in this multimode formalism. The Minkowski 
multimode vacuum state would be expressed as 



|o) = E E -"-^^ 

m = Wl,...,Wm 



where, in this occasion \m)^ = \<j^i> ■ ■ ■ ><J^m)i . . . , a>m)n- Using the same 



procedures as for the spin 1/2 case (4.1.1 1 we can prove that all the coefficients 



are independent of o); and can be related to C" as in ( |4.1.11t , C"" = COfan^'r. We 
can now fix C° imposing the normalisation relation (0|0) = 1 giving 



.m=0 



-1/2 



(4.1.22) 



For the spinless fermion field we have 



(1)1,. ..,(!>„ 



(4.1.23) 



corresponding to the possible combinations of m values of a*; imposing that a>j f 
a)j if 7 f i (which is the translation of Pauli exclusion principle to spinless modes). 
This expression can be readily obtained taking into account that the n possible 
values of should be combined without repetition in a particular ordering of 
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the m modes, so the possible combinations are simply the combinatory number 



Therefore, (4.1.22 1 can be simplified to 



.m=0 



tan^"^ r 



-1/2 



= COS r. 



Finally, the Grassmann one particle state al |0) is 

n~l 



m=0 a)i,...,a>rr 



where A"^ has the expression f4.1.20| but substituting C"^ by 



(4.1.24) 



(4.1.25) 



4.2 Entanglement degradation for a Dirac field 



In the following we will analyse Unruh entanglement degradation in various 
settings corresponding to different maximally entangled states of fermion fields. 
First we consider a state that was already analysed in chapter [3] but computing 
entanglement with this new formalism. This will be useful as a pedagogical ex- 
ample of operation of this explicitly multimode formalism and to compare with 
the results obtained when we go beyond the cases studied in previous chapters. 
Let us consider the state 

|¥) = ( |0) |0) + |(0a, Sa)u \cJn, sn)^ ) . (4.2.1) 
The density matrix for the accelerated observer Rob is obtained after expressing 



Rob's state in the Rindler basis -which means using (4.1.1 1 and (4.1.19i in Rob's 



part of (4.2.11- and then, tracing over Rindler's region II since Rob is causally 



disconnected from it and he is not to extract any information from beyond the 
horizon. Following this procedure we obtain the density matrix 



. 2n 

P = 2[^{^^T. fc:™ 10)u (Olu (^li ) 

m=0 Sl,...,Sm 
ii>i,...,ii)„ 



2n~l 



+ 



E or 



|o)„ |m), {^a.saU (*; <"b. srI, 



m=0 



/ J "^Si,...,Sn,,SR 
Sl,...,Sn, 



2n-l 



+ X] {^TY^CuZZsT \<^a,Sa)^ lm;a>R,SR)i (wa,Sa|u {m;a)R,Sn\i ) + (H.c.)„„„_, 



m=0 



Sl,...,Sn, 

0)1 ,...,(!)„ 



(4.2.2) 
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where (H.c. 
and 



[-diag. means Hermitian conjugate of only the non-diagonal terms 



IC 



0|2 



tan^'" r 



cos' r 



(4.2.3) 



with i = 0,1,2. The derivation of ( 4.2.2 1 can be found in the appendix to this 



chapter (section 4.6 1 



Notice that as Rob accelerates, the state becomes mixed, showing all the avail- 
able modes (a>i, . . . , w^) excitations explicitly. 

As in the previous chapter we will compute the negativity as a function of a 
as a measure of the state entanglement. 



The partial transpose of ( 4.2.2 1 has a 2 x 2 and 1x1 blocks structure. Each 



eigenvalue in the 1x1 blocks is non-negative (since > 0), so we are interested 
in the 2x2 which are the ones that may have negative eigenvalues. These 2x2 
blocks expressed in the basis 



|0)^ |m; wr, sr)i , |sa, Wa)u 1"^) 



2n-l 



m=0 



are of the form 



1 



Dm + l 




(4.2.4) 



(4.2.5) 



2 \ ±D5" 

There is no matrix element proportional to because it would correspond to 
Iwa,Sa)u |rii;(^R,SR)j ((Oa,Sa|u (ri^'ti^'SRlj which cannot have any element within 
this block as Pauli exclusion principle imposes (x>r,Sr ^ {a>i,Si};^^ 

Each 2x2 block of j425) appears a number of times Bm- Taking a look at the 



basis in which those blocks are expressed (4.2.4 1, we can see that the expression 
for Bin is given by two terms: 



• The number of possible combinations of m modes with n possible differ- 
ent frequencies and two possible spins according to Pauli exclusion 



principle as in (4.1.15 



• A negative contribution which comes from excluding those combinations 
in which {(x)^,sp^} coincides with any {0)1,51}, which means excluding the 



number of combinations in ( |4.1.15| which have one of their values fixed to 
{a>i. Si} = {(Or, sr}. This number is given by the combinatory number {^^zD 
provided that m > and it is zero if m = 0. 

To see where this negative contribution comes from let us assume that {a*;, S;} 
is the mode which coincides with {a»R, sr ) we will have 2n - 1 possible choices for 
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each {cOj^i.Sj^i } (2 values for s and n for to excepting a*;, S; due to Pauli exclusion 
principle). This happens for all the combinations of all the possible values {(ji)j,Sj} 
with i j= i. Hence, as there are m modes and one of them is fixed cjt = wr, S; = sr, 
we have to consider the combinations of 2n - 1 elements taken m - 1 at time. 

If m > n the situation is equivalent to having m' = 2n- m. Since having more 
modes m than possible values of we are forced to have n - m pairs and we 
lose freedom to combine the available modes. 

Now if we compute 
after some basic algebra we obtain 



Using ( 4.2.5| , the negative eigenvalue of each block can be expressed 

1 



where C° is given by ( 4.1.17 i. Therefore, the negativity is expressed as the sum of 
the negative eigenvalue of each block \X^\ multiplied by the number of times Bm 
that that block appears in the partially transposed density matrix. The summation 
of the series is 

^ = E B^\^~\ = ^ E ') .an- r. (4.2.9) 

m=0 m=0 ^ ' 

but this result can be easily simplified to 

K=^cos'^r, (4.2.10) 

which is independent of the number of modes that we have considered. This 
is the same result obtained in chapter [3| This expected result shows that this 
multimode formalism is valid to analyse the entanglement degradation due to 
Unruh effect. This also emphasises a somewhat non trivial result: despite the 
fact that all the available modes are excited when Rob accelerates ( 4.2.2| , the 



quantum correlations behave as if we were considering only one possible mode 
for the field. This is nothing but a consequence of the tensor product structure 
of the Hilbert space showed in the previous chapter. 



Doctoral Thesis 



75 



Eduardo Martin Martinez 



Chapter 4. Multimode analysis of eermionic non-inertial entanglement 



4.3 Entanglement degradation for a spinless fermion 
field 



We can also revisit the results on the literature and consider a spinless field 
on which we have imposed the fermionic statistics. We will re-obtain with the 
explicitly multimode formalism the entanglement degradation for the maximally 
entangled state with vacuum and one particle components 



(4.3.1) 



m = ^(|o)ulO)R + K)uK)R 



As it is shown in appendix |4.6| this leads to the following density matrix for the 



accelerated observer Rob after using expressions ( |4.1.21| and ( |4.1.25| and after 
tracing over Rindler's region II 



m=0 (jJi,.. .,<!>„ 



n-1 



+ E (^1" E ^'^1- 

|0)uI^)i(^aIu(^;wrIi 

(i)i,...,(j>m 



m=0 



+ E '^-"R l^^^^u 1^'' ^^r)i {<^a\v (m; WrIi ) ] + (H.c 



(4.3.2) 



where D- is given by the expression |4.2.3| but substituting C° by C° (given in 
equation f4.1.24t ). 



Analogously to (4.2.2 , the partial transpose of ( 4.3.2 1 has a 2 x 2 and 1x1 



blocks structure. The 2x2 blocks expressed in the basis 



|0)u|m;wR)i,|wA)u|m)i 



m=0 



would have the form 



1 / D^+^ 







(4.3.3) 



(4.3.4) 



2 \ ±D5" 

The main difference with ( 4.2.5 1 is that C° is given by ( 4.1.24t (instead of C° given 
by \AAA7\ ). Here, does not appear because Pauli exclusion principle imposes 
that a»R ^ {<^i}i=i m- Now, each 2x2 block multiplicity is Wm- 

Wm can be easily obtained taking into account that the number of 2 x 2 blocks 



( 4.3.31 is given by the number of mode combinations allowed by Pauli principle 
( 4.1.23| , subtracting the terms having = wr. The number of possible o),- values 
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allowed for the rest m - 1 modes having fixed (O; = is n - 1, so the number 
of combinations we must subtract is the combinatory number obtaining 



n - 1 
m - 1 



n - 1 
m 



(4.3.5) 



The negative eigenvalue of each block is given by the same expression |4.2.8 1 
but C° is now given by ( 4.1.24| , which is to say 



l^ml = ^|CT tan^"^' = ^cos^'" tan^^'r. 



(4.3.6) 



The negativity yields 



n-l 



m=0 



1 

2 



2n 



n-l 
m=0 



n - 1 



m 



tan^'" r 



(4.3.7) 



At this point, the reader might not be surprised by the resulting negativity after 
straightforward simplification 



= ^ cos^ r 



(4.3.8) 



which is the same result as in the cases f4.2.1| and ( |4.4.1| . Again, entanglement 
degradation due to Unruh effect is the same as considering one mode of a Dirac 
field. 

Although we have seen that the derivation here does not add anything new 
from the standard mode-by-mode expressions for the vacuum and one-particle 
states, it will be useful to study entangled states of a discrete number of different 
frequency modes. 



4.4 Entanglement degradation between different fre- 
quency modes 

In this section we will go beyond the states analysed in previous sections of 
this thesis and the published literature. We will analyse a state that in the 
Minkowskian basis is a maximally entangled superposition of different (but very 
close) frequency modes with arbitrary spin components. In principle each mode 
would suffer its own decoherence induced by the Unruh noise and the naive ex- 
pectation would be that even though the frequencies are close, the state presents 
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a qualitative different entanglement behaviour than the other single-mode states 
analysed previously. 

If instead of |4.2.H we start from a Bell momentum-spin state in the Minkowskian 
basis ^ 



As it can be seen in the appendix |4.6| the density matrix for Rob takes the form 

m = Sl,...,Sm 
Wl,...,Wm 

, i^<^i "m,<^| I 2 _2\ 1^.,^ c2\//,2 „2| /^.,,2 „2| 

+ ^s, s^A I^A'Sa/u I^^'^'Sr/ \<^A'Sa\i} \^>(^R>Sn\i 



R' R / diag. 



Analogously to ( 4.2.2 1, the partial transpose of ( 4.4.2 1 has a 2 x 2 and 1x1 blocks 
structure. Again, we are interested in the 2x2 blocks -the ones that may have 
negative eigenvalues-. These blocks expressed in the basis 

J m=U 



are of the form 








(4.4.4) 



Notice that there is no diagonal elements in the block because the terms that 
would go in the diagonal are forbidden by Pauli exclusion principle, which im- 
poses that Wpf, s^; a>|, s| ^ {Wi,Sj }^^^ ^. This time, each 2x2 block of the form 
( 4.4.4 1 appears a number of times B^. The derivation of is quite straightfor- 
ward considering the derivation of B^. Looking at the basis of the 2x2 blocks 
(4.4.3 1 we can see that this case would be exactly the same as the previous one 
but now {a)i,Si} cannot coincide neither with {(Of^,Sf^} nor {(o|,s|}. Repeating 
the same reasoning as before we have to do three operations as follows 

• Discounting the combinations which have a coincidence {(x)i,Si} = f(o^,s^} 
from the total number ( 4.1.15 1 and obtain the expression ( |4.2.6| 

• Subtracting the combinations with coincidences {(ji)j,Sj} = {(x>|,s|j 

• Taking into account that we have subtracted twice the cases in which we 
have double coincidences, we need to add the number of double coincid- 
ences once to compensate it. 
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The number of cases with double coincidences (which require m > 1) is the 
combinatory number (^Ig)' have 2n possible spins and frequencies minus 

the two fixed possibilities {{a)i,Si} = {tOf^,Spf} and {(i)j,Sj} = {w|,s|}) and m 
modes being 2 of them fixed. Taking this into account 

/2n-l\ /2n-l\ /2n - 2\ 

This expression can be simplified to 

B„ = B„-r-fUr-2V (4.4.6) 



The negative eigenvalue of each block is 



lA.| = ^ = ^^^tan^-r, (4.4.7) 



where C° has been substituted by ( 4.1. 17| . Therefore, the negativity results 



, m , 

m=0 m=0 ^ ' 

This can be readily simplified to 

K=^cos'^r. (4.4.9) 

Strikingly we run into the same simple result as above|^ ( |4.2.10| . Even starting 
from a spin Bell state, the entanglement is degraded by Unruh effect in the same 
way as in the previous case. 



4.5 Discussion 

Let us summarise our results so far. We have studied entanglement degradation 
by Unruh effect due to Rob's acceleration for three different Minkowskian max- 
imally entangled states: 1) Vacuum-vacuum plus one-particle-one-particle max- 
imally entangled state of a Dirac field, 2) Vacuum-vacuum plus one-particle-one- 
particle maximally entangled state of a spinless fermion field 3) Multimode Bell 
state for a Dirac field. In spite of the essential differences among these states 

^It can be proved that if we relax the approximation ri s; r2 the negativity is the geometric 
mean of each mode negativity -H" = | cosri cosr2. 
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and the very different dimension of the Hilbert space for the three cases, the 
negativity degrades in exactly the same way for any acceleration. This result 
may look surprising but this is an outcome of fermionic statistics. 

In the bosonic case acceleration excites an infinite number of modes being the 
Hilbert subspace that contains the state of higher dimension, and this completely 
degrades the entanglement in the limit a ^ 00. If the Hilbert space dimension 
were determinant for this phenomenon one could expect a similar behaviour 
here when we increase the number of modes involved in a fermionic entangled 
state, but our results show that when two different frequency modes are involved, 
entanglement behaves in the same way as for the single mode entangled state. 

This striking result can be traced back to the fanciful block structure of Rob 
density matrix, which produces the same negativity even when the characteristics 
of the entangled states (and even the field) change. The culprit of this structure 



is fermionic statistics, (as we have discussed after (4.2.5 , (4.4.4 , (4.3.4 ) which 



is responsible for the identical, and somewhat unforeseen, negativity behaviour. 
This is a global feature of maximally entangled states of fermion fields and not a 
consequence of the specific cases chosen and the number of modes considered. 

So, Jsf ^ 1/4 when a 00, and this happens independently of the number of 
modes of the field that we are considering, of the starting maximally entangled 
state, and even of the spin of the field which we study. What all the cases have 
in common is the fermionic statistics itself, so, widening the margin for Unruh 
degradation for fermionic fields will not affect entanglement degradation. 

Notice that a very different scenario would come from a setting in which 
we erase partial information for the state as Rob accelerates (e.g. angular mo- 
mentum). In that case, it was shown in the previous chapter that entanglement 
degradation is greater than in the cases where all the information is taken into 
account, but this has more to do with this erasure of information than which the 
fermionic nature of the states. 

One question immediately arises from these results; are the remaining cor- 
relations purely statistical? As all the states undergo the same degradation, the 
quantum correlations which survive the infinite acceleration limit may only con- 
tain the information about the fermionic nature of the system and nothing else. 
We will understand better this question when we analyse fermionic entanglement 
beyond the single mode approximation in chapter |9} 
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4.6 Appendix to Chapter |4f Density matrix construc- 
tion 



In this appendix we will derive expressions ( 4.2.2 1, ( 4.4.2 1, |4.5.2| for the density 
matrix of the system Alice-Rob. 

Using expression |4.1.12 | we see that the Alice-Rob Minkowskian operator 
Poo = |0a0r)(0a0r| when Rob is accelerating translates into 



2n 2n 



Poo = E E c'"^^')* E C,:::;rr E I0)u (oiu ' (^-e-i) 



m=0 (=0 



Sl,...,Sn, 
ii)l,...,ii)n 



0)1, 



where 



{l\i = {a)[,s[;...;a)[,s[\^ = (Ol^C/,^,^; . . .C/,^;^,^;^ 
([|n = {(t)[, -s[; . . .■,(x)'i, -s'i\^ = (0|„ C//_^_„s; . . . Cn_(^;^__ 



(4.6.2) 



Using expression (4.1. 19i we can compute P/^ = |a>]^, s]^; Wfj, Sfj)u(w^, sj^; o)^, s^\i] 
in the Rindler basis for Rob 



2n-l 2n-l 



p;; = }^ ^^A'^tA')* E '^'^^ """"" 



^s, s„,4 2^ s'„s{ I^^A' Sa)u |m, (Or, Sr)j |m)„ 

'=° 5:::::S^ 

X (i\ii{l;o)'-i^,s'^\i{a)'j^,s'j^\A, (4.6.3) 



where A'" is given by f4.1.20 i. 

Notice that the objects |?h;a>j^, s|^)j represent the appropriate ordering of the 



elements inside with its sign, taking the criterion (4.1.4 1 into account 



Now we can use expressions ( 4.1.12| and ( 4.1.19 i to obtain the operator Poi = 
|00)(a>A, Sa; (Or, srIu in the Rindler basis for Rob. 



2n 2n-l 



^^01 = E E c^'^^')* E E C;:;;sr io)u i*)n (fin(i-^R.%ii (oiu 



m=0 ;=o 



Sl,...,Sm 

ii>i,...,ii>„ 



^1 



(4.6.4) 



After obtaining the expressions for the operators Poo,Pii,Poi we can write 



the density matrix associated with the state (4.2.1 1 in the Rindler basis for Rob, 



p = ^ (Poo + Poi + Pli + P[\] 



(4.6.5) 
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Where for Pl\ we are considering {a>|:j,s|:^} = {a}'^,sl^} = {a>R,SR} and {w^,Sa} = 

{0)'A,s'jy} = {(x)a,Sa}. 



We can do the same to obtain the density matrix associated with |4A1| in the 
Rindler basis for Rob 



(4.6.6) 



Now, we must consider that, as Rob is causally disconnected from Ridler's 
region II, we should trace over that region to obtain Rob's density matrix. Hence, 
we need to compute the trace over II for each of the previous operators |4.6.1| , 



(4.6.3, (4.6.41 



Taking this trace is actually quite straightforward taking into account the or- 
thonormality of our basis once we have chosen one particular ordering criterion 
( 4T4) , 

(m \m' )ii = 6mm' (4i,s;(5„j,^ . . . 6s^,s'^6^^,^'^) ■ (4.6.7) 



Hence, 



2n 



(4.6.8) 



m'=0 



Using ( |4.6.7| only the diagonal elements in region II survive and |4.6.8| turns out 
to be 



2n 



Tr„ Poo = E EC:::;fr lo)u (^h (oiu • (^•6-9) 



m = Sl,...,Sni 



which, substituting C"^ as a function of C° using (4.1.11 1 and then (4.2.3 
pressed as 



, IS ex- 



2n 



Tr„ Poo = X] EC:::;fr |o)u (^li (ok 



(4.6.10) 



m=0 Si, ...,Sn, 
Wl,...,Wm 



Now, let us compute the trace of Pj'^ over region II: 



2n 



(4.6.11) 



m'=0 



2n-l 



m=0 Si,...,Sn, 



(4.6.12) 
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Substituting C"* as a function of C° (combining ( 4.1.20| and ( 4.1.11| ) we can ex- 
press 



um|2 ^ |c0|2tan2"^r cosr + 



sin^r 
cosr 



= IC 



0|2 



tmi^_ 
cos'^r 



(4.6.13) 



such that we obtain 

2n-l 



Tr„ pi\ = J^D^Y1 I^a^ «a)u I^; 4)i (m; 4< 4|i(4< 41 



m=0 Sl,...,Sn7 



(4.6.14) 



When {wr,sJ^} = {wr,sJ^} s {wr,Sr}, {Wa'^a} = M'^a} = {(^a,Sa}, and 



2n-l 



m=0 Sl,...,Sn, 



Tr„ = E E C'"'r"'"' I^A. 4)u I*' ^R' 4)i 4< 4li(4. 4lu 

(4.6.15) 



for i j= j. 

Now, let us compute the trace 



2n 



Tr„Poi = ^ (rh'|iiPoilm%, 



(4.6.16) 



m'=0 



2n-l 



Tr„ Poi = ^""^^"^y E C^^sl-i:*^ I0)u 1^)1 (0|u • (^•6.17) 



m=0 



Sl,...,Sm 



From |4.1.20 i and ( 4.1.11 1 we see that the product C"(A")* is real and has the 
expression 



C"'[A"'Y = \C^fXan^"'r ( cosr + 



^rf_r_\ ^ 2 tan^"'r 
cosr / cosr 



(4.6.18) 



so that 



2n~l 



Tr„ Poi = E E C::^":^:' lo)u ^rIi (o|u • (^•6.i9) 



m = S\,...,Sm 



Now we can compute Rob's density matrices for each case tracing over II in 
expressions |4.6.5| and ( 4.6.6 1. First the matrix |4.6.5 | is, after tracing over II, 



Tr„p = ^ (Tr„ Poo + Tr„ Poi + Tr„ Pj^ + Tr„ P[\ 



(4.6.20) 
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Substituting expressions ( 4.6.10 1, |4.6.15 l, (4.6.19 1 we get expression ( 4.2.2 1 



Now, concerning ( 4.6.6 1 



(4.6.21) 



Substituting expressions ( 4.6.14| and ( 4.6.15| we obtain expression ( 4.4.2| . 

The derivation of ( 4.5.2 1 is completely analogous to |4.2.2| , taking now into 
account that we have C"^ and D"^ instead of C"^ and and that we have no spin 



degree of freedom. Notice that, even though the structure of ( 4.3.2 1 is completely 



analogous to the structure of ( 4.2.2 1, and therefore, repeating the derivation will 



add nothing to this appendix, these density matrices are completely different due 
to the different dimensions, the different values of C° and C° and the number of 
2x2 blocks which give negative eigenvalues. 
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Chapter 5 

Entanglement through the 
acceleration horizonE 



As thoroughly discussed in previous chapters, the Unruh effect degrades the en- 
tanglement between the two partners affecting all the quantum information tasks 
that they could perform. Specifically, it has been shown that, as Rob accelerates, 
entanglement is completely degraded for a scalar field |[10j and, conversely, some 
degree of entanglement is preserved for fermionic fields. This behaviour of fer- 
mionic fields has been shown to be universal. Namely, it is independent of i) the 
spin of the fermionic field, ii) the kind of maximally entangled state from which 
we start, and iii) the number of participating modes when studying a non-single 
mode state. 

When Rob accelerates, the description of his partial state must be done by 
means of a basis built from solutions to the field equation in Rindler coordin- 
ates |]28]|50). As it will be shown below, the description of the system splits in 
three different subsystems; Alice's Minkowskian system, a subsystem in region 
I of Rindler spacetime (which we assign to Rob) and another subsystem, called 
AntiRob, constituted by the modes of the field in region II of Rindler space time. 

Any accelerated observer is constrained to either region I or II of Rindler 
spacetime. If we select region I coordinates to account for the accelerated ob- 
server Rob, he would remain causally disconnected from region II, and therefore, 
Rob would be unable to communicate with the hypothetical observer AntiRob 
(who is accelerating with the same proper acceleration than Rob but decelerates 



with respect to the origin) in region II as shown in Figure 5.1 



To gain a deeper understanding of the entanglement degradation mechanisms 
^E. Martin-Martinez, J. Leon, Phys. Rev. A, 81, 032320 (2010) 
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Alice 



Figure 5.1: Flat spacetime. Trajectories of an inertial (Alice) and causally disconnected acceler- 
ated observers (Rob and AntiRob) 



it is useful to study how entanglement is lost as one traces over regions of the 
Rindler spacetime. Although the system is obviously bipartite (Alice and Rob), 
we saw that shifting to the Rindler basis for Rob the mathematical description of 



the system ( |10}|11[ and previous chapters) admits a straightforward tripartition: 
Minkowskian modes (Alice), Rindler region I modes (Rob), and Rindler region 
II modes (AntiRob). 

Let us revisit the physical meaning of each of these three 'observers'. Alice 
represents an observer in an inertial frame. For Alice the states ( 7.1.9 i and ( 7.1. llf 
are maximally entangled. Rob represents an accelerated observer moving in a 
X = a"^ trajectory in Region I of Rindler spacetime (as seen in Fig. 5.1 1 who 
shares a bipartite entangled state ( 7.1.9 1 or (7.1.11 1 with Alice. AntiRob represents 
an observer moving in a x = a"^ trajectory in Region II with access to the 
information to which Rob is not able to access due to the presence of the Rindler 
horizon. 
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In this chapter, instead of considering only the Alice-Rob bipartition, we deal 
with all the different bipartitions of the system to study the correlation tradeoff 
among them. These three bipartitions are 

1. Alice-Rob (AR) 

2. Alice-AntiRob (AR) 

3. Rob-AntiRob (RR) 

The first bipartition is the most commonly considered in the literature. It 
represents the system formed by an inertial observer and the modes of the field 
which an accelerated observer is able to access. 

The second bipartition represents the subsystem formed by the inertial ob- 
server Alice and the modes of the field which Rob is not able to access due to 
the presence of an horizon as he accelerates. 

The third bipartition lacks physical meaning in terms of information theory 
because communication between Rob and AntiRob is not allowed. Anyway, study- 
ing this bipartition is still useful to account for the correlations which are created 
between the spacetime regions separated by horizons and, therefore, its study is 
necessary and complementary to the previous ones in order to give a complete 
description of the information behaviour in non-inertial settings. 

In |rT] the existence of these three possible bipartitions was considered only 
for spinless fermion fields. Bosonic fields were analysed in a completely different 
formalism (covariance matrices) in ||7] finding relationships between the correl- 
ations in both sides of the horizon. In this chapter we will go beyond previous 
analysis and we will compare the correlation tradeoff among different bipar- 
titions for bosonic and fermionic fields in the standard formalism introduced 
before, showing the leading role of statistics in the behaviour of information in 
non-inertial frames. 

The work presented in this chapter will be useful to take a step in the dis- 
cussion and refutation of the argument that the dimension of the Hilbert space 
is responsible for the difference between fermionic and bosonic entanglement 
behaviour in the presence of horizons. Indeed, we will present here an entan- 
glement tradeoff between the bipartitions Alice-Rob and AliceAntiRob that only 
occurs for the fermionic case and that will reveal to be deeply connected with 
the fermionic entanglement survival in the limit a ^ oo. 
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5.1 Scalar and Dirac fields from constantly acceler- 
ated frames 



Following the standard conventions, let us denote the particle annihilation and 
creation operators in region I as (a^^^a^i) for the scalar field and (c^spC^gj) 
for the Dirac field, (dj^spd^^i) are the corresponding antiparticle Dirac field 
operators. Analogously we define (a^ipa/u^), (c^^ „, c^^ „), (d^,s,n, as the 

particle/antiparticle operators in region II. 

The bosonic operators satisfy the commutation relations [a^ -^,al^ = 6-£T.'^cjh)'- 
The fermionic ones satisfy anticommutation relations {d^^-^, d^, ^,-^,} = S-£^'6i^ij'6ss'- 
The label E notates the Rindler region of the operator E = {I, II}. All other 
commutators and anticommutators are zero. This includes the anticommutators 
between operators in different Rindler regions. 

We can relate Minkowski Unruh operators and Rindler creation and annihil- 
ation operators recalling the Bogoliubov relationships ( 2.6.4 1, |2.6.6| . 



For a scalar field, the Bogoliubov relationships for the annihilation operator 
of modes with positive frequency are 

a^^u = cosh Tb a^j - sinh rt alj^, (5.1.1) 

where 

tanhrb = e"^^. (5.1.2) 
For a Dirac field, the Bogoliubov relationships take the form 

Ccj,s,v = cosrfC„,s,i - sinrfd^ „3 ii 

dl,s,u = cosrfdf^^ii + sinrfC^,„s,b (5.1.3) 

where 

tanrf = e"'''^. (5.1.4) 

5.2 Vacuum and one particle states 

As it is shown in flO^ and in previous chapters, the vacuum state of a scalar field 
as seen from the perspective of an accelerated observer is 

= n E^^^h" rb \n^), |n„)„ , (5.2.1) 

cti ^ n=0 
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and as it was discussed in previous chapters, the unprimed sector of the vacuum 
state for a Dirac field as seen from the accelerated frame is 

|0„) = cos^rf |0„)i' |0^)i~+sinrfcosrf (|t<,)i^ 1D„ + |L)n) +sin^ |pa,)i^ \p„)ii , 

(5.2.2) 

where |Pa,)~ represents the pair of particles/antiparticles of frequency o). 

From now on we will drop the sign ± as as reasoned in section [5.1. 1| a mode 
in region I will always be a particle mode and a mode in region II will always 
represent an antiparticle mode. To simplify notation we will also drop the o) label 
as we focus on a single mode state. 

As usual we will also need the Minkowskian Unruh one particle state in the 
Rindler basis which is obtained by applying ajj to the vacuum state, i.e. 

^ (X) 

ll)u = -^Vtanh"rb Vn + l\n + l\\n),, (5.2.3) 

cosh Tk n 

" n=0 



for the scalar field jlOj and 



|T)u = cosrf|T)i|0)„ + sinrf|p)i|t>„ 

= cosrfli)ilO)„-sinrflp)ili)„ (5.2.4) 

for the Dirac field (See chapter [3|. 

Now we need to consider the following maximally entangled states in the 
Minkowski Unruh basis 

= -^(|0)|0) + |1)J1)J, (5.2.5) 

l^f) = ^(|0)|0) + |T)uli)u)- (5.2.6) 

These two maximally entangled states are analogous, both are bipartite qubit 
states superpositions of the vacuum and the one particle state. The difference is 



that in f5.2.6| we have a Dirac field state and hence, the one particle states have 
spin and follow fermionic statistics. 

For l^f) we have selected one amongst the possible values for the spin of the 
terms with one particle for Alice and Rob, but it can be shown (see chapter [3} that 
the choice of a specific value for these spins is not relevant when considering 
the behaviour of correlations. Then, the results presented here are independent 
of the particular choice of a spin state for the superposition ( 5.2.6| . 
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5.3 Correlations for the Dirac field 

The density matrix for the whole tripartite state, which includes modes on both 
sides of the Rindler horizon along with Minkowskian modes, is built from ( 5.2.6| 



pf^^ = \W,){W,\ . (5.3.1) 

The three different bipartite partial density matrices are obtained by partial 
tracing: 

pr = Trupr= (^liiPf'''' 1^)11 ' (5-3.2) 

se{0,U,pi 

= Tr,pr= X] {s\,pr\s\, (5.3.3) 

se{0,T,i,p} 

pf = Trupr = (^luPri5)u^ (5.3.4) 

and the density matrix for each individual subsystem is obtained by tracing over 
the other subsystems, 

pf = Tripf = Tr„pf, (5.3.5) 
pf = Tr„pf = Trupf, (5.3.6) 
pf = Tnpf = Trupf. (5.3.7) 

In the cases AR and AR, there are physical arguments to justify the need for the 
partial trace beyond mere quantum information considerations. Namely, Rob 
will never be able to access region II of the spacetime due to the presence of the 
Rindler horizon so that R (Region II) must be traced out. Likewise, AntiRob is 
not able to access region I because of the horizon and hence R (Region I) must 
be traced out. For the subsystem RR taking the partial trace over subsystem A 
corresponds to the standard procedure for analysing correlations between two 
parts of a multipartite system. 

The different bipartitions are characterised by the following density matrices 

pAR = ^[cos^rf |00)(00| + sin^ cos^rj ( |0 t)(0 T| + |0 i)(0 i| ) + sin^ rj |0p)(0p| 
+ cos^rf ( |00) (Til + |n)(00| ) - sin^rf cosrf ( 10 T)(T p| + |T p)(0 Tl 
+ cos^ rf \n){n\ + sin^ r, |T p)(T p| 1 , (5.3.8) 
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Pi 



AR 



cos^ rf |00)(00| + sin^ n cos^ rj f |0 i)(0 i| + |0 t)(0 T| ) + sin^ |0p)(0p| 



(5.3.9) 



sin^rf |Op)(n| + |n)(Op| + sinrfcos^rf |0 T)(T 0| + |T 0)(0 T| 



+ cos2rf|T0)(T0| +sin2rf|n)(n| 



1 



cos'rf |00)(00| +sinrf cos^rj |00)(n| + |00)(iT| + |n)(00| + |iT)(00| 
+ sin^ rf cos^ r, ( |00) (pp| + |n)(n| + |n)(iT| + |iT)(n| + |iT)(iT| + |PP)(00| ) 
+ sin^ rf cosrf ( |n)(pp| + |pp)(ni + lit) (pp| + |pp)(iT| ) + cos^ rf |i 0)(i 0| 
+ sin^rf |p i)(p il - cosrf sinrf(|i 0)(p i| + |p i) (i 0| ) + sin^rf |pp)(pp| , 

(5.3.10) 

where the bases are 



nm 



|nm) = |n^)y|m^)n, 
\nm) = \n^)^\m^)ii 

respectively for ( |5.3.8| , ( |5.3.9| and ( |5.3.10| . 



(5.3.11) 
(5.3.12) 
(5.3.13) 



On the other hand, the density matrices for the individual subsystems |5.3.5| , 
|53g,(53j) are 



1 



sin^rf(l + sin^rf) |p)(p| + sin^rf cos^rf |t)(t| +cos^rf(l + sin^ rf) 



2 

+ cos^ rf |0)(0| 



(5.3.14) 



Pf = 



1 



cos^rf(l + cos^rf) |0)(0| + sin^rf cos^rf |t)(T| +sin^rf(l + cos^rf) 



+ sin^ rf 1p)(p1 



Pf = 2 + 1T)(TI) 



(5.3.15) 
(5.3.16) 



5.3.1 Mutual Information: creation, exchange and conserva- 
tion 



In this section we will compute mutual information (see section |1.2| which ac- 
counts for correlations (both quantum and classical) between two different parts 
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of a system. It is defined as 

Iab = Sa + Sb - SaB' (5.3.17) 

where Sa, Sg and Sab sre respectively the Von Neuman entropies for the indi- 
vidual subsystems A and B and for the joint system AB. 

To compute the mutual information for each bipartition we will need the 
eigenvalues of the corresponding density matrices. We shall go through all the 
process step by step in the lines below. 



Bipartition Alice-Rob 

The eigenvalues of the matrix for the system Alice-Rob |5.3.8| are 

Ai = A2 = 0, 

A3 = ^ sin^ Tf cos^ Tf, 

, 1.4 

A4 = -Sin rf, 

A5 = - COS^ f'f (1 + COS^ Tf) , 

Ae = -sin^rf (1 + cos^rf) . (5.3.18) 



Bipartition Alice-AntiRob 



The eigenvalues of the matrix for the system Alice-AntiRob ( 5.3.9 1 are 



Ai = A2 = 0, 
A3 = ^sin^Tf cos^Tf, 



A4 



2 

1 4 
- cos* rf, 

1 



As = ^sin rf (l + sin rf) , 



Ae = - cos^ J'f (1 + sin^ rf) 



(5.3.19) 



Bipartition Rob-AntiRob 



All the eigenvalues of the matrix for the system Rob-AntiRob ( 5.3.10 1 are zero 
excepting two of them 



Ai = A2 = 



1 



A;>2 = 0. 



(5.3.20) 
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Von Neumann entropies for each subsystem and mutual information 



To compute the Von Neumann entropies we need the eigenvalues of every bipar- 
tition and the individual density matrices. The eigenvalues of p^^, p^^, pf^ are 
respectively (5318), |5.5.19| and f5.5.20 i. 

The eigevalues of the individual systems density matrices can be directly read 



from ( 5.5.14 i, ( 5.5.15 i and ( 5.5.16 1 since p^, and p^ have diagonal forms in the 
given basis. 

The Von Neumann entropy for a partition B of the system is 



Sb = -Tr(plog2p) = -^AjlogaAi. 



(5.3.21) 



At this point, computing the entropies is quite straightforward. The Von Neu- 
mann entropies for all the partial systems are 

Sr = I - sin^rf log2(sin^rf) - - cos^ rf log2(cos^ rf) log2(l +sin^rf). 



J 9i / 9 \ 3.9i / . 9 \ ^ COS^ Tf 

Sr = 1 - cos Tf log2(cos rf) - g^''^ rflog2(sin rf) - - 



Sn,' 



Sr; 



^RR 



2 

Sa = 1. 



log2(l + cos^ rf), 
(5.3.22) 



And then, the mutual information for all the possible bipartitions of the system 
will be 



MR 



'AR 



Sa + Sf 
Sa + Sf 



5AR 



'AR 



1 + Sr - Sr, 
1 + Sn - Sr, 



RR 



— Sr + St) — SfiR — Sr + Sd — 1 



At first glance we see a conservation law for the mutual information for the 
system Alice-Rob and Alice-AntiRob 



Jar + Jar = 2, 



(5.3.23) 



which suggests a correlation transfer from the system Alice-Rob to Alice-AntiRob 
as the acceleration increases. 



Fig. |5.2| shows the behaviour of the mutual information for the three biparti- 
tions. It also shows how the correlations across the horizon (Rob and AntiRob) 
increase, up to certain finite limit, as Rob accelerates. 



If we recall the results on spinless fermion fields j 11 1 we see that the conserva 



tion law obtained here is also valid for that spinless fermion case. This result was 
expected according to the universality argument stated in the previous chapter. 
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However, something different occurs with the system Rob-AntiRob. The cre- 
ation of correlations between modes on both sides of the horizon is greater in the 
Dirac field case. One have to be careful interpreting this result since the negativ- 
ity entropy upper bound is a function of the dimension of the Hilbert space. The 
fermionic field has a finite upper limit. For bosons the unbounded dimension 
of the Hilbert space implies that negativity can grow unboundedly. In principle 
this does not guarantee that one can extract more information from bosons than 
from fermions, even more when we are concerned about correlations between 
Rob and Anti-Rob that cannot communicate with each other. 




Figure 5.2: Dirac field: Mutual information tradeofl" and conservation law between the systems 
Afice-Rob and Afice-AntiRob as acceleration varies. It is also shown the behaviour of the mutual 
information for the system Rob-AntiRob. Blue continuous line: Mutual information AR, red 
dotted line: Mutual information AR, black dashed line: Mutual information RR. 



5.3.2 Entanglement conservation and behaviour across the Rind- 
ler horizon 

To compute the negativity, we will need the partial transpose of the bipartite 
density matrices ( 5.5.8 1, |5.5.9| and ( 5.5.10 i, which we will notate as rif'^, r}^^ and 
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Tif^ respectively. 



AR 



cos'rf 100)(00| +sin^rfCos2rf(|0t)(0T| + |0 i)(0 ij) + sin' rj |0p)(0pl 
+ cos3rf(|0i)(T0| + |TO)(Oi|) -sin^rf cosr^ (|Op)(TT| + |TT)(Op|) 
+ cos2 r, lUHUl + sin' r, |T p)(T p| 1 , (5.3.24) 



cos' rf |00)(00| + sin' rj cos' rj |0 i)(0 i| + |0 T)(0 Tl ) + sin' rj |0p)(0p| 
- sin^rf ( |0 i)(T p| + IT P)(0 il ) + sinrf cos' rf( |00) (TTI + |TT)(00| 
+ cos'rf|TO)(TO| +sin'rf|Ti)(Ti|l. (5.3.25) 



RR i 



cos' rf |00)(00| +sinrf cos^ rf |Oi)(TO| + |0T) (iO| + |T 0)(0 i| + |iO)(OT| 

+ sin'rfCos'rf(|Op)(pO| + |Ti)(Ti| + ITT)(UI + IU)(TTI + liT)aTI + |pO)(Op| 
+ sin^rf cosrf (|Tp)(pi| + |pi)(Tp| + |ip)(pT| + |pT)(ip|)+cos'rf|iO)(iO| 
+ sin'rf |p i)(p il - cosrf sinrf ( |ii)(pO| + |pO)(ii|) + sin' rf |pp)(pp 



(5.3.26) 

In the following paragraphs we shall compute the negativity for each biparti- 
tion of the system. 

Biparfifion Alice-Rob 

The non-positive eigenvalues of the partial transpose density matrix for the bi- 



partition Alice-Rob ( 5.3.24 1 are 



1 9 9 . . 4cos2rf 
Ai = y sin rf cos rf | 1 - ) / 1 H 



4 



sin r 



As = ySinVf ( 1 - Wl + i^^^ ) . (5.3.27) 

sin rf 



The negativity, after some basic algebra turns out to be 



if AR ^ 1 ^og2 (5.3.28) 
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Biparfifion Alice-AnfiRob 



The non-positive eigenvalues of the partial transpose density matrix for the bi- 



partition Alice-AntiRob (5.3.25 are 



As 



sin^ Tf cos^ Tf 



cos^rf 1 



4 tan Tf 



1 + 



COS^ Tf 



4 tan rf 



1 + 



COS^ Tf 



(5.3.29) 



The negativity yields in this case 



sm Tf . 



(5.3.30) 



It is remarkable -and constitutes one of the most suggestive results of this 
chapter- that we have obtained here a conservation law for the entanglement 
Alice-Rob and Alice-AntiRob, since the sum of both negativities is independent 
of the acceleration 



This is similar to the result |5.3.23 | for mutual information. Again, one could 



check that for spinless fermion fields the same conservation law (5.3.31 1 obtained 



here applies. This was again expected due to the universality principle exposed 
in previous chapters. 

As we will see below, this is a genuine statistical effect: this conservation of 
quantum correlations is exclusive of fermionic fields and nothing of the sort will 
be found for bosonic fields. 

For the bipartition Rob-AntiRob the expression for the negativity is not as 



simple as it was for the previous cases, this negativity is plotted in Fig. 5.3 We 



can see that the entanglement between Rob and AntiRob, created as Rob ac- 
celerates, grows up to a finite value. Although this entanglement is useless for 
quantum information tasks because of the impossibility of classical communica- 
tion between both sides of an event horizon, the result obtained here may be a 
useful hint in order to understand how information behaves in the proximity of 
horizons. 



Comparing again this result with spinless fermions |TTJ, we see that for Dirac 
fields, the maximum value of the negativity is greater. Again this is strongly re- 
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lated with the dimension of the Hilbert space[^that imposes a bound in negativity 
as mentioned before. 



0.8 




Figure 5.3: Dirac field: Negativity tradeoif and conservation law between the systems Alice- 
Rob and Alice-AntiRob as acceleration varies. It is also shown the behaviour of the quantum 
correlations for the system Rob-AntiRob. Blue continuous line: Negativity AR, red dotted line: 
Negativity AR, black dashed line: Negativity RR 



5.4 Correlations for the scalar field 

The density matrix for the whole tripartite state, which includes modes in both 
sides of the horizon along with Minkowskian modes, is built from |6.1.6 | 



^ = |^b)(^bl . (5.4.1) 



^For the Dirac case correlations between the the spin-up mode for Rob and the spin-down 
mode for AntiRob show up as well, even though the spin-up mode was not excited in j5.2.6 . This 
phenomenon cannot happen for the Grassmann scalar case where there is no spin. 
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As in the fermion case, the three different bipartitions for the scalar field case 
are obtained as follows 



i ^11 Pb ' 
^AR _ ry ARR 

Pb - J-i^^uPb • 
and the density matrix for each individual subsystem 

Pb = Tripf = Tr„pf, 

Pb = Tr„pf = TruPr 
pi = Tr,pf = Trupf. 



(5.4.2) 
(5.4.3) 
(5.4.4) 

(5.4.5) 
(5.4.6) 
(5.4.7) 



The bipartite systems are characterised by the following density matrices 

00 



tanh^" rb 



2 cosh Tb 



|0n)(0n| + ^ f |On)(ln + 1| + |ln + l)(On| 



+ 



a"* 



E 



n=0 

n + 1 
cosh^ Tb 

tanh^" rb 



cosh Tb 



in + n + 1| 



(5.4.8) 



+ 



„ 2 cosh^ Tb 

fi=0 " 

n + 1 



10n)(0n| + ^— - — tanhrb(|On + 1) x (ln| + |ln)(On + 1| ), 



cosh Tb 



cosh rb 



ln)(ln| 



(5.4.9) 



RR ^ tanh"*"* rb / , , , , Vn + l^m + 1 , ^ , , ^ ,> 
p{; = > 2 — ( \nn){mm\ h ^-^^ x |n + 1 n)(m + 1 m| ) , 



n=0 
m=0 



2 cosh Tb 



cosh Tb 



(5.4.10) 



where the bases are respectively 

\nm) = \n^)^\m^)^, 



(5.4.11) 

\nm) = |n^)^|m^)„, (5.4.12) 
|nm) = |n^)j|m^)ii (5.4.13) 

for |5X8| , ( [5X9) and \5AA0\ . 

On the other hand, the density matrices for the individual subsystems ( 6.1. 13| , 
( 6Tl4| , pTl5| are 



tanh 



2(n-l) 



n=0 



2 cosh Tb 



tanh Tb + 



n 



cosh Tb. 



\n){n\, 



(5.4.14) 
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n v-" tanh rb ^ n + 1 , , , 
^ 2 cosh Tb L cosh Tb . 

Pb =^(|0)(0| + |1)(1|). 

5.4.1 Mutual Information: creation, exchange and conserva- 
tion 

To compute the mutual information for each bipartition we need the eigenvalues 
of the corresponding density matrices. We shall go through all the process in 
detail in the lines below. 



(5.4.15) 
(5.4.16) 



Bipartition Alice-Rob 



The density matrix for the system Alice-Rob |5.4.8 1 consists on an infinite number 
of 2 X 2 blocks in the basis {|0n) , |1 n -i- 1) j^^g which have the form 



tanh^" Tb 
2 cosh^ Tb 



1 



cosh Tb 
n + 1 



\ cosh rb cosh^ rb / 



(5.4.17) 



whose eigenvalues are 



Xi = 



0, 

tanh^" 



^b 



2 cosh Tb 



1 + 



n + i 
cosh^ Tb 



(5.4.18) 



Bipartition Alice-AnfiRob 



Excepting the diagonal element corresponding to |00)(00| (which forms a 1 x 1 
block itself) the density matrix for the system Alice-AntiRob |5.4.9| consists on 
an infinite number of 2 x 2 blocks in the basis {\0n) , |1 n - 1) which have the 
form 



tanh^" rb 
2 cosh^ Tb 



1 



sinh rb 
n 



(5.4.19) 



\ sinh rb sinh^ rb / 
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We can gather all the eigenvalues in the expressions 



K = 



K = 



Bipartifion Rob-AntiRob 



tanh^" Tb 
2 cosh^ Tb 
0. 



1 + 



n 



sinh Tb 



(5.4.20) 



It is easy to see that the density matrix for Rob-AntiRob ( 5.4.10 1 -which basically 



consists in the direct sum of two blocks of infinite dimension- only has rank 
rank(p|^'^) = 2. Therefore all its eigenvalues are zero except for two of them, 
which are 



RR 



tanh^" Tb 
2 cosh^ Tb 



A, 



RR 



00 

E 

n=0 

^—f 2cosh^rb 



1 

2' 



(n + l)tanh^"rb _ 



1 

2' 



(5.4.21) 



so that the Von Neumann entropy for p^^ is 

S^^ = 1. 



(5.4.22) 



Von Neumann entropies for each subsystem and mutual information 

To compute the Von Neumann entropies we need the eigenvalues of every bipar- 
tifion and the individual density matrices. The eigenvalues of p^^, p^^, p^^ are 



respectively (5.4.181, ( 5.4.20 1 and (5.4.21 



The eigevalues of the individual systems density matrices can be directly read 
from |5.4.14 |, ( 5.4.15 i and |5.4.16 | since p^, p^ and Pb have diagonal forms in the 



Fock basis. The Von Neumann entropy for a partition B of the system is (5.5.21 



At this point, computing the entropies is quite straightforward. Von Neumann 
entropy for Rob's partial system is 



Sn=- 



E 

n=0 



tanh 



2 cosh Tb 



^tanh^ rb + 



n 



cosh Tb 



log2 



tanh 



2 cosh Tb ^ 



n 



cosh Tb 



(5.4.23) 

The rest of the partial matrices have a similar mathematical structure and, as 
a consequence we can express the non-trivial entropies for the all the possible 
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partitions as a function of the entropy ( 5.4.23 1 for Rob's partial system 
Sr 1 



Sr = 



logs 



1 



+ 



logs ( tanh^rb). 



tanh^ Tb 2 sinh^ Tb \ 2 c osh^ rb , 

Sar = Sfj, S^j^ = Sr, Sf^j^ = Sa = i. (5.4.24) 

Notice that the expression for may appear to blow up as rb 0, however this 
is not the case and it can be checked analytically using (5.4.231 that lim^^o Sjj = 0. 



Using ( 5.4.24| , the mutual information for all the possible bipartitions of the 
system can be written as 



MR 



= Sa + Sr - Sar = i + Sr - Sn, 



RR 



Sa + Sf 

Sn + Sr 



^AR 



1 + Sfj - Sr, 
Sr, + So - 1. 



Again we obtain a conservation law of the mutual information for the system 
Alice-Rob and Alice-AntiRob 

Iar + W = 2. (5.4.25) 

which again suggests a correlation transfer from the system Alice-Rob to Alice- 
AntiRob as the acceleration increases. 



Although the conservation law is the same as for fermion fields |5.3.23 |, the 
specific dependance of the mutual information with the acceleration is different. 



as it can be seen in Fig. |5.4| Later, when we analyse the negativity for all the 
bipartitions, we will see that, even though mutual information fulfills this conser- 
vation law, we must wait for the analysis of quantum correlations to appreciate 
the striking differences between fermions and bosons. 



Fig. 5.5 shows how the correlations across the horizon (Rob and AntiRob) 



increase with no bound as Rob accelerates showing that (unusable) correlations 
are created between observers in the causally disconnected regions. 



5.4.2 Entanglement behaviour 



As we did for fermionic fields, we will compute the negativity for the scalar case. 



To do so, we need the partial transpose of the bipartite density matrices ( 5.4.8 1, 
|5.4.9 | and ( 5.4.10| , which we will notate as r]^^, 77^^ and r]^^ respectively. 



= 1: 

n=0 



tanh^" rb 
2 cosh^ Tb 



|0n)(0n| + ^"^^ ^ ( |0n + l)(ln| 



+ |ln)(On + 1| + 



n + i 
cosh^ Tb 



cosh Tb 
|1 n -I- n -I- 1| 



(5.4.26) 
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0.5 1 1.5 2 2.5 



r=arctanh(exp(-7i CO c/a)) 



Fiffure 5.4; Scalar field: Mutual Information conservation law for Alice-Rob and Alice-AntiRob. 
Blue continuous line: Mutual information AR, red dashed line: Mutual information AR. 



^—i 2 cosh Vk 

n=0 " 



|0n)(0n| + ^ ^ tanhrbf |On)(ln + 11 
cosh Tb \ ' ' ^ 



+ |ln + l)(On|)+ |ln)(ln| 
cosh Tb 



(5.4.27) 



nn ^ tanh""^"" Tb / , , , , Vn + Wm + 1 , , , , . , \ ,r- , 
C = E 7^ ( + \n + i m){m + 1 n| ) . (5.4.28) 



n=0 
m=0 



2 cosh Tb 



cosh rb 



In the following paragraphs we shall compute the negativity of each bipartition 
of the system. 



Bipartition Alice-Rob 

Excepting the diagonal element corresponding to |00)(00| (which forms a 1 x 1 
block itself), the partial transpose of the density matrix p^^ ( 5.4.26| has a 2 x 2 
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0.5 1 1.5 

r=arctanh(exp(-7r co c/a)) 



2.5 



Figure 5.5: Scalar field: Mutual information for the system Rob-AntiRob as acceleration varies, 
block structure in the basis {|0n + 1) , |ln) ) 

tanh^"r, ( ^^^^ r, —^^ \ 



2 cosh^ Tb 



Hence, the eigenvalues of ( 5.4.26 1 are 



\/n + 1 n 
\ coshrb sinh^rb / 



(5.4.29) 



2 cosh^ Tb ' 

tanh^" Tb 
" 4 cosh^ Tb 



n 



vSinh Tb 



2 — + tanh^Tb ) ± W ( — ^ — +tanh2rbj + ^ — 

/V Vsmh rb / cosh rb 



And then the negativity for this bipartition is 



(5.4.30) 



n=0 



°° tanh^^rb 



4 cosh^ Tb 



\ sinh^ rb 



+ tanh^ rb ) - 



Fig. 5.6 shows J^^^ as a function of rb. 



( — ^ — +tanh2rb ) + ^ — 

\sinh rb / cosh rb 

(5.4.31) 
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0.5 



0.4 



o 

Pi 

I 



0.3 



i 0.2 

to 

z 



0.1 




0.5 



1 1.5 2 2.5 3 3.5 4 
r=arctanh(exp(-7i co c/a)) 



Figure 5.6: Scalar field: Behaviour of the negativity for the bipartition Alice-Rob as Rob accel- 
erates 



Bipartifion Alice-AntiRob 

Excepting the diagonal element corresponding to |10)(10| (which forms a 1 x 1 
block itself), the partial transpose of the density matrix p^^ |5.4.27| has a 2 x 2 
block structure in the basis f|On) , |1 n -1- 1)} 



tanh^" rb 
2cosh^ Tb 



/ 



1 



tanh Tb / — —r \ 

r — vn + 1 \ 

cosh Tb 



\ coshrb 

Hence, the eigenvalues of |5.4.27 | are 
1 



tanhrb , — —r tanh^rb. 

Vn + i — (n -I- 2) 



cosh rb 



(5.4.32) 



X' = 



2 cosh Tb 

tanh^" rb 
4 cosh^ rb 



1 + (n + 2) 



tanh rb 



cosh^ rb y ^ 



1 + (n + 2) 



tanh rb 
cosh^ rb 



4 tanh rb 
cosh^ rb 

(5.4.33) 
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Therefore, the negtivity for this bipartition is always 0, independently of the value 
of Rob's acceleration. This is a striking difference with the fermionic case: In the 
fermionic case there is an entanglement tradeoff between the partitions Alice- 
Rob and Alice-AntiRob but in the bosonic case all the entanglement in the first 
bipartition is lost while no entanglement at all is created in the AR bipartition. 
We will see in chapter |6] that this happens even if we consider limited occupation 
number bosons, therefore this is a purely statistical effect. 



Bipartition Rob-AntiRob 



The partial transpose of the density matrix p^^ |5.4.28 | has a block structure, 
but the blocks themselves are of different dimensions which grow up to infinity. 
Because of this, negativity is not as easily computable as for the other cases, not 
being possible to write it in a closed form. 



However it is still possible to compute the eigenvalues of ( 5.4.28 1 numerically 
taking into account that the blocks which form the matrix are endomorphisms 
which act in the subspace expanded by the basis Bd = {|mn)} in which m + 
n = D - 1 = constant, which is to say, the fisrt block acts within the subspace 
expanded by the basis Bi = (100)}, the second Bs = f|01) , |10);, the third B3 = 
{|02),|20),|11);, the fourth B4 = f|03) , |30) , |12) , |21)} and so forth. In this 
fashion, the whole matrix is an endomorphism within the subspace S; being 
Si the subspace (of dimension D = i) expanded by the basis Bf. 

Let us denote Mo the blocks which form the matrix ( 5.4.28 1, being D the 
dimension of each block. Then its structure is 



Md = 



( ° 















\ 


ai 





a2 















a2 





as 















as 

























•. ■■■ 


















Qd-i 




\ 











. 


. . Qd-I cid 


1 



(5.4.34) 



which is to say, the diagonal terms are zero except for the last one, and the rest of 
the matrix elements are zero excepting the two diagonals on top and underneath 
the principal diagonal. The elements a^ are defined as follows 

(tanhrb)^"^ 



O-21 + i = 



2 cosh Tb 



(5.4.35) 
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a., = yD^yi "f'^;f" . (5.4.36) 

2 cosh Tb 

Notice that the elements are completely different when the value of the label n 
is odd or even. 

As the whole matrix is the direct sum of the blocks 

00 

r?f = 0Mo, (5.4.37) 

the eigenvalues and, specifically, the negative eigenvalues of r]^^ would be the 
negative eigenvalues of all the blocks gathered togheter. It can be shown that 
the absolute value of the negative eigenvalues of the blocks decreases quickly as 
the dimension increases. Thus, the negativity X'b ^ promptly converges to a finite 



value for a given value of rb. Fig 5.7 shows the behaviour of Jf^^ with rb, showing 



that the entanglement increases unboundedly between Rob and AntiRob. 



70 




0.5 1 1.5 2 2.5 

r=arctanh(exp(-7i co c/a)) 

Figure 5.7: Scalar field: Behaviour of the negativity for the bipartition Rob- AntiRob as Rob 
accelerates. 



Let us compare these results with the fermion case. First, as it was shown 
in |[TI], the negativity of the system Alice-Rob decreases as Rob accelerates, van- 
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ishing in the limit a ^ oo, instead of remaining finite as in the fermionic cases 
( j 1 1 and previous chapters of this thesis) . 

What may be more surprising is the behaviour of quantum correlations of 
the system Alice-AntiRob. In the fermion case negativity grows monotonically 
from zero (for a = 0) to a finite value (for a = oo). Nevertheless, for scalars, 
Alice-AntiRob negativity is identically zero for all acceleration. Hence, there is no 
transfer of entanglement from Alice-Rob to Alice-AntiRob as it was the case for 
fermions. Still, correlations (classical) are not lost as it can be concluded from 

Why do we obtain such loss of entanglement for the bosonic case and, con- 
versely, this does not happen in the fermionic case? The answer is, once again, 
statistics. 

One could think of the infinite dimensionality of the Hilbert space for scalars 
(compared to the finite dimension for fermions) as the cause of this different 
behaviour. However we shall prove that it has to do with the bosonic nature of 
the field rather than with the infinite dimensionality of the Hilbert space. We will 
see this when we consider limited dimension bosons instead of scalars, which 
is to say, limiting the occupation number for the bosonic modes to a certain 
finite limit JV instead of taking N ^ oo. By doing so, we transform the infinite 
dimension Hilbert space for bosons into a finite dimension one. That is what we 
will do in the next chapter. 

As for the bipartition Rob-AntiRob, we observe that entanglement grows un- 
boundedly for this bipartition, conversely to the fermion case in which negativity 
increases up to a certain finite limit as Rob accelerates. At first glance at Fig. 



5.5 and 5.7 one could think that there might be some inconsistency between the 



behaviour of entanglement and mutual information, as the latter grows linearly 
while negativity seems to grow exponentially. Since mutual information accounts 
for all the correlations (quantum and classical) between Rob and AntiRob, the res- 
ult may appear paradoxical. However this apparently inconsistent results are due 
to the fact that negativity cannot be identified as the entanglement itself, but as a 
monotone which grows as the degree of entanglement does. The specific func- 
tional form chosen for the monotone is not imposed by physical motivations. 
Actually, we could have chosen logarithmic negativity -instead of negativity- as 
our entanglement monotone since it is in fact better to be compared with mutual 
information due to its additivity properties j63j. The result obtained in this case, 
shown in Fig. |5.8| is that when acceleration grows both growths become linear. 
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0.5 1 1.5 2 2.5 



r=arctanh(exp(-7i co c/a)) 

Figure 5.8: Scalar field: Comparison of growth of quantum and all (quantum + classical) correla- 
tions for the system Rob-AntiRob as acceleration increases. Quantum correlations are accounted 
for by logarithmic negativity (Red dashed line). This figure compares this entanglement meas- 
urement with mutual information (Blue continuous line). 

5.5 Discussion 

This chapter focused on the bipartite correlations between different spacetime 
domains in the presence of an acceleration horizon. Specifically, we analyse all 
the possible bipartitions of an entangled system composed by an inertial observer 
and an accelerated one, who sees an acceleration horizon. 

First of all, we have studied the relation between the entanglement behaviour 
of Alice-Rob and Alice-AntiRob bipartitions, which are the ones where commu- 
nication is allowed. 

Here we have disclosed a great difference in the behaviour of quantum cor- 
relations for fermions and bosons. In the fermionic case we showed that, at 
the same time as Unruh decoherence destroys the entanglement of the system 
Alice-Rob, entanglement is created between Alice and AntiRob. This means that 
the quantum entanglement lost between Alice and the field modes in region I is 
gained between Alice and the modes in region II. This is expressed through the 
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entanglement conservation law (5.3.31 1, which we have deduced for fermions. 

Nevertheless, for bosonic states it was shown that, as acceleration increases, 
entanglement is quickly and completely lost between Alice and Rob while no 
quantum correlations are created between Alice and AntiRob. Moreover, no 
entanglement of any kind survives among any physical bipartition of the system 
in the limit a ^ oo for the bosonic case. This contrasts with the fermionic case 
where the amount of entanglement among all the physical bipartitions of the 
system remains always constant. 

Another remarkable result is the conservation law for mutual information 



for fermions ( 5.3.23 1 and bosons ( 5.4.25 1 shown in in Fig. 5.2 and Fig. 5.4 The 
detailed behaviour is different for both cases but the same conservation law is 
obtained for the mutual information of the bipartitions Alice-Rob, and Alice An- 
tiRob. Mutual information accounts for both classical and quantum correlations 
(despite the fact that in general there is no direct relation between negativity and 
mutual information). However in the bosonic case, mutual information distrib- 
utes more rapidly between the Alice-Rob and Alice-AntiRob than in the fermion 
case. 

This result for mutual information means that correlations are always con- 
served for the systems Alice-Rob and Alice-AntiRob, despite the fact that quantum 
entanglement vanishes for the bosonic case and it is preserved (this is the effect 
of statistics) in the fermionic case. The fact that classical correlations behave 
in a similar way for fermions and bosons while quantum correlations behave 
so differently suggests again that the quantum entanglement which survives the 
infinite acceleration limit has a statistical origin, as if the information of 'being 
fermion' cannot be killed by the presence of the horizon. Something to reflect 
upon: this scenario has some resemblance with the results found in quantum 
mechanical fermionic systems [65| in which it was demonstrated that identical 
fermions systems has some degree of entanglement that is 'built in' in their 
wavefunction. 

Another difference between fermion and bosons appears when analysing the 
correlations between the wedges I and II. It is interesting to notice that, as the non- 
inertial partner accelerates, correlations between these two regions are created. 
We have found that for Dirac fields these correlations, quantum and classical, 
grow as Rob accelerates up to a finite value at the limit a oo. This limit is 
greater than the analogous limit obtained for spinless fermions in |[ll] whose 
Hilbert space for each mode is smaller. For the bosonic case, on the contrary, 
those correlations grow unboundedly, diverging when a ^ oo. 
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Population bound effects on 
non-inertial bosonic correlations!!] 



We have seen before, studying different fermionic fields and for different kinds 
of states, that the Fock space dimension does not play a role in fermionic en- 
tanglement behaviour in non-inertial frames. In this chapter we will analyse the 
effects of artificially bounding the occupation number of the modes of a bosonic 
field while conserving Bose-Einstein-like statistics. Doing that we will be able 
to study from the bosonic perspective if the Hilbert space dimension has any 
relevance in non-inertial entanglement behaviour. 

As we did in previous chapters, we will consider once again a bipartite system 
(Alice-Rob), in which one of the partners (Rob) is undergoing a uniform acceler- 
ation and therefore describing the world which Rindler coordinates. As pointed 



out in 1 11 1 and the previous chapter, there are 3 possible bipartitions that can be 
considered when analysing entanglement in this setting; 1) The entanglement of 
the inertial observer with field modes in Rindler's region I (Alice-Rob, AR), 2) 
The entanglement of the inertial observer with field modes in Rindler's region II 
(Alice-AntiRob, AR) and 3) The entanglement between modes in regions I and II 
of the Rindler spacetime (Rob-AntiRob RR). Partitions AR and AR are especially 
important as these are the partitions in which classical communication is allowed 
(we will refer to them as CCA bipartitions from now on). 

In chapter [5] we have explored the radical differences between fermionic and 
bosonic entanglement behaviour in the presence of Rindler and event horizons, 
showing that the real cause of these differences is fermionic/bosonic statistics. 
This contradicts the naive argument that the differences come from the finite 

^E. Martin-Martinez, J. Leon. Phys. Rev. A, 81, 052305 (2010 
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dimensional nature of the fermionic Hilbert space for each frequency as opposed 
to the built-in infinite dimension of the Fock space for bosons. 

In an attempt to settle down the discussion about what effects are influenced 
by the dimension of the Hilbert space and which ones are not, we are going 
to study a finite dimensional analog to bosonic fields with a limited dimension 
of each frequency Fock space. This means engineering a method to impose 
a maximum occupation number N in each scalar field frequency mode. The 
construction of a finite dimensional scalar field state for a non-inertial observer 
can be problematic, thus it is an issue which will need to be tackled in order to 
conduct the proposed analysis. 

We will present results about entanglement of the CCA bipartitions that will 
strengthen the argument discussed in previous chapters on the capital import- 
ance of statistics in the phenomenon of entanglement degradation due to the 
Unruh effect. Specifically we will prove that the behaviour is fundamentally in- 
dependent of the Fock space dimension. However, bosonic entanglement for 
AR is slightly sensitive to Fock space dimension variation, in opposition to what 
happens with fermions. 

We shall point out that those variations strongly oppose once again what is said 
in previous literature in which it is argued that the Unruh decoherence degrades 
the entanglement quicker as the dimension of the Hilbert space is higher. Instead, 
we will show that quantum correlations can be more or less quickly degraded for 
different dimensions depending on the value of the acceleration. This completely 
banishes the former argument. 

Furthermore, we will show remarkable results concerning correlations be- 
tween modes in Rindler regions I and II. We will see how they are ruled by both 
statistics and Hilbert space dimension. There are differences and similarities 
between fermions and bosons concerning correlations RR. We will analyse the 
different bosonic cases comparing them with their Fock space dimension fermio- 
nic analogs, in order to comprehend the relative importance of dimensionality 
and statistics in the behaviour of such correlations. 

We will also show how classical correlations between AR and AR are affected 
by the bound on the occupation number. Specifically we will show that the effect 
of imposing a finite dimensional Fock space affects the conservation law for 
mutual information found in previous works. We will compare this with the 
fermionic cases and will prove some results about mutual information to be 
completely universal. 
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6.1 Limiting the occupation number 

The Minkowski vacuum state for a (o-frequency mode of a scalar field seen from 
the perspective of an accelerated observer is 

. CXD 

|0") = ^^E^^^h"rK|n)„. (6.1.1) 

n=0 

We will drop the frequency label as we will study single Unurh mode states as 
we did in previous chapters. 

The Minkowskian Unruh one particle state results from applying the creation 
operator to the vacuum state. Its translation to the Rindler basis is 

Il)u = X] tanh" r |n + 1), |n)„ . (6.1.2) 

cosh r ^ 

Now we will consider the following maximally entangled state in the Minkowski 
basis 

= ^(|0)|0) + |l)u|l)J. (6.1.3) 



^2 

This is a qubit state which is a superposition of the bipartite vacuum and the bi- 
partite one particle state completely equivalent to that studied in chapters before. 

For our purposes we need to limit the dimension of the Hilbert space. To do 
so we are going to limit the maximum occupation number for the Rindler modes 
up to N. 

If we want to go beyond qualitative effects and do a completely rigorous ana- 
lysis we would run into important problems. Namely, we would not be able to 



normalise both states (6.1.1 1, (6.1.2 1 simultaneously. In other words, the trans- 
lation into the Rindler basis of the Minkowskian creation operator applied on 
the vacuum state would not preserve normalisation and it would be no longer 
true that applying the annihilation operator to the one particle state we recover 
the vacuum of the theory. Therefore the canonical quantisation rules of bosonic 
fields would be ill-defined (for instance, problems would appear when applying 
the commutator to the one particle state). As statistics is fundamental to explain 
the Unruh decoherence mechanism, a rigorous analysis would require that we 



consider the vacuum of our theory as expressed in |6.1.1| with an unbounded 
occupation number. 

Alternately, we will define finite dimension analogs to the vacuum and one 
particle states 

1 ^ 

1°^^" = ^^E^^^h"r|n)Jn)„, (6.1.4) 

n=0 
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|1n)u = K—Y^tanh'^rVn + 1 |n + l); |n)ii, (6.1.5) 

cosh r ^—i 

in which we have cut off the higher occupation numbers and thus these two 
states are not exactly the vacuum of our theory and the first excitation. Instead, 
they could be understood as approximations in which Rob is not able to notice 
occupation numbers larger than N. Indeed this is a consistent approximation as 
the coefficients of higher n become more and more smaller as n grows. This 
simple construct allows us to consider a bounded occupation number along with 
bosonic statistics. Therefore we can now disentangle the statistical effects from 
the ones derived from the dimensionality of the Hilbert space. 

We will then consider the following entangled state in Minkowski coordinates 

1^) = ttVv (10)u |On)u + |l)u |1n)u) . (6.1.6) 

in which the one particle state and the vacuum for Rob are substituted by the 
bounded occupation number approximation^ 

Notice that a factor 1/Civ(r) must now be included as our occupation number 
cutoff implies that |Oiv)u and |liv)u ^'^^ normalised. Its value is 



CN{r) = V(0n|0n)u + (InIIn)u' (6.1.7) 

or, explicitly. 



CN(r) = - tanh^^r ftanh^r + 1 + ^„ ) . (6.1.8) 

V cosh rj 

In the limit N ^ oo, Civ(r) \/2. recovering the standard scalar maximally 



entangled state (6.1.31 



Since we have restricted our whole Hilbert space to the sector of JV particles 
and no operation takes us out from it we can guarantee that Unruh decoherence 
will not affect higher occupation number modes. 

The density matrix for the whole tripartite state, which includes modes in 
both sides of the horizon along with Minkowskian modes, is built from ( 6.1.6| 



^Alternatively, we could have considered a scalar field which is quantised with the follow- 
ing commutation rules: [a,a^] = 1 + (N - 1) \N)(N\. This field would share the same Rindler- 
Minkowski Bogoliubov coelficients than the standard scalar field and a maximum occupation 
number N would be naturally imposed. Although the state normalisation of 6.1 .41 and |6.1.5) 



would have not been the same, |6.1.6 would have exactly the same form once it is normalised. 



The two approaches are equivalent for our purposes and produce the same results. 
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changing to the Rindler basis for Rob 

pARR ^ i^^^^i _ 

The partial subsystems are obtained as usual 

pAA = TrIp^^^ 
p^'^ = TruP^^^ 
and the density matrix for each individual subsystem 

p^ = Trip^« = Tr„p^^ 
p« = Tr„p'^^ = TruP^^ 
p« = Trip^^ = TruP^^ 



(6.1.9) 

(6.1.10) 
(6.1.11) 
(6.1.12) 

(6.1.13) 
(6.1.14) 
(6.1.15) 



The bipartite systems are characterized by the following density matrices 



p^« = 



+ 



' N-l 

E 

n + 1 



cosh^ r 



tanh^" r 



cosh^ r 



10^X0^1 + ( 10^X1 n + 11 + 11 n + l){Onl 



coshr 



|ln + l)(ln + 11 



+ 



tanh^ 
cosh^ r 



10N)(0N1 



CN(r) 



2' 



(6.1.16) 



p^« = 



+ 



N-l 

E 

L n=0 

n + 1 



cosh^ r 



tanh^" r 
cosh^ r 

ln)(ln 



|0n)(0nl + ^^t^ tanh r ( 10 n + 1) (Inl + lln)(0 n + 1 1 



coshr 

+ '-^|ONKON| 
cosh r 



1 



CN(r)2' 



(6.1.17) 



pi^^ = 



CN(r)2 

N-l 



N 

E 

n=0 
m=0 



tanh"+"^ J 
cosh^ r 



lnn)(mml 



+ 



E 

n=0 
m=0 



tanh' 



cosh r 



Vn + iVm + i\n + 1 n)(m + 1 ml 



where the bases are respectively 






\nm) 




|m«),. 


\n.m) 




|m")n, 


\n.m) 


= I""), 


m"),, 
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for (6.1.161, (6.1.171 and (6.1.18 



On the other hand, the density matrices for the individual subsystems ( 6.1. 15| , 
( 6Tl4t , j6Tl5) are 



^tanh2"r 



CN(r 



)2 

' n=0 



cosh r 



1 + 



n 



sinh r 



\n){n\, 



(6.1.22) 



CN{r) 



tanh r 



E 

.n=0 



cosh r 



, n + 1 \ tanh^^r 

1 + — 1 |n)(n| + \N){N\ 



cosh r 



cosh r 



CN(r)2 



(D°(r) 10)(01 + Dj,(r)|l)(l|), 



where 



tanh^V 



fi=0 



„ = 1 - (tanhr 
cosh r 



D^r) =Y,{n + 1 



n=0 



Notice that D° (r) + D^fr 



tanh^" r 
cosh r 



= 1 - 1 + 



JV 



cosh r 



|2(N+1) 



tanh^^r. 



(6.1.23) 
(6.1.24) 

(6.1.25) 
(6.1.26) 



i^yi J - C^(r) and consequently all the density matrix traces 
are 1 as it must be. As all the probability is within the modes that we are consid- 
ering, all the possible 'decoherence' is confined to the finite occupation number 
Hilbert space we are studying. We are not just taking part of the complete va- 
cuum and one particle states losing probability in our approximation, instead we 
have artificially imposed that the Unruh effect will only excite every mode up to 
a maximum occupation number JV. 

As an effect of the imposition of the finite dimension |0)(0| as a ^ oo 

for any finite JV, but it tends to |(|0)(0| -i- |1)(1|) when N ^ oo for all a. It is 
important to notice that both limits do not commute. The limit JV ^ oo should 
be taken first in order to recover the standard scalar field result. 



6.2 Analysis of correlations 

In this section we will analyse the correlations tradeoff among all the possible 
bipartitions of the system. We will account for the entanglement by means of 
the negativity, and we will study the total correlations by means of the mutual 
information, which accounts for both classical and quantum. 
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6.2.1 Quantum entanglement 



We will study quantum entanglement for the three bipartitions in this settings. 
For this, we will use negativity as an entanglement measure. To compute negativ- 
ity we need the partial transpose of the bipartite density matrices |6.1.16 |, ( 6.1.17 1 



and (16.1. 18|, which we will notate as 77^^, 77^^ and 77"" respectively. 



T7^« = ^ 



tanh r 



+ ■ 



L n=0 

n + 1 



cosh r 



|0n)(0nl + ^^^( |0n + l)(ln| + |ln)(On + 1| 



coshr 



cosh r 



|ln + l)(ln + 1| 



+ 



tanh^^r 
cosh^ r 



|OJV)(OJV| 



1 



CMirr 



(6.2.1) 



cosh^ r 



+ ■ 



y~. tanh r 

n + 1 
cosh^ r 



|0n)(0n| + ^^5^tanhr(|0n) (In + 1| + |ln + l)(On| 



coshr 



|ln)(ln| 



+ 



tanh^^r 
cosh^ r 



\ON){ON\ 



(6.2.2) 



^RR ^ 



+ 



CN(r)2 

tanh"+"^ r 
^—i cosh^ r 

fi=0 
m=0 



" tanh^+^^r , , 

n — |nm)(mn| 

cosh r 



E 

n=0 
m=0 



+ 1 Vm + 1 |n + 1 m){m + 1 n| 



(6.2.3) 



In the following subsections we shall compute the negativity of each bipartition 
of the system. 



Alice-Rob Bipartition 



Apart from the diagonal elements corresponding to |00)(00| and |1JV)(1JV| (which 
form two 1x1 blocks themselves), the partial transpose of the density matrix 



p^^ |6.2.1| has a 2 X 2 block structure in the basis {|0n + 1) , |ln) }^^o 



N-l 



tanh^" r 
C(r)2 cosher 



tanh r 

coshr 
Vn + 1 n 

\ coshr sinh^r / 



(6.2.4) 
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Hence, the eigenvalues of |6.2.1| are 



^+ _ tanh^" r 
" "2Civ(r)2 cosher 



sinh r 



+ tanh r ± 



\sinh 



+ tanh r + 



cosh r 



N-l 



A, 



1 



N 



CN(r)2 cosher 



An+1 



JV(tanhr 



,2N-2 



C]v(r)2 cosh r 



n=0 

(6.2.5) 



Here, the notation l^lai means that n takes all the integer values from ai to Qn- 
Therefore the negativity for this bipartition is 



tanh^" r 



n=0 



2CN(r)2 cosher 



n 



\ sinh^ r 



+ tanh^ r 



/ n 



\sinh r 



+ tanh r + 



cosh^ r 
(6.2.6) 




1 2 3 4 5 

r=arctanh(exp(-7t 00 c/a)) 



Figure 6.1: Bundle of curves displaying the negativity for the bipartition AR for all values of N 
as a function of the acceleration. 



Figure 6.1 shows the behaviour of negativity for all values of JV, which is 



clearly similar for all cases no matter how many dimensions we are allowing 
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for each mode. Despite this, negativity AR is slightly sensitive to dimension 
variations. 

Jsf^^ is shown in figure 6^ as a function of r for different values of N, com- 
paring them with the case N = 1. A very interesting result emerges here, for 
any pair of values for the maximum occupation number Ni < N2 both negativity 
curves cross in a point a = adN^, JV2). This means that for any finite value of the 
Hilbert space dimension there is a region a < ac{Ni,N2) (low accelerations) in 
which entanglement is more degraded for higher dimension, and another region 
a > ac{Ni,N2) (high accelerations) in which entanglement is more degraded for 
lower dimension. 




Figure 6.2: Same as fig. 6.1 particularised for different values of the occupation number bound 
N showing the existence of crossing points. To the right (left) of these points entanglement 
degrades less (more) for lesser N. Solid blue line N = 1, dashed red line N = 2, dotted purple 
line N = 15, black dash-dotted line N = 00. 



This disagrees the naive argument that higher dimension would lead to higher 
Unruh decoherence which is not necessarily true. Figure |63]shows the behaviour 
of rc(l,]V) as N grows. The crossing point with the negativity curve for JV = 1 
grows as we consider larger JV curves. rc{Ni,N2) is related with ac{Ni,N2) by 
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means of the relationship ( 5.1.2 1 




40 60 80 100 120 140 
N (Maximum occupation number) 



Figure 6.3: r for which negativity curves for a bound N cross the negativity curve for N = 1. In 
the region above the curve entanglement degrades faster for N = 1 than for N > 1. 



For the limit JV2 00, ac{Ni,N2) 00, which means that infinite dimension 
negativity is below all the finite dimensional curves. 



Biparfifion Alice-AnfiRob 



Excepting the diagonal elements corresponding to |10)(10| and |ON)(ON| (which 
form two 1x1 blocks themselves), the partial transpose of the density matrix 



p^^ (6.2.21 has a 2 x 2 block structure in the basis {|0n) , |1 n + 1)}^ 



N-l 



tanh^" r 
C(r)2 cosher 



1 



tanhr 
coshr 



\ 



tanh r ; tanh^ r , 

\ coshr cosh"^r 



(6.2.7) 
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Hence, the eigenvalues of ( 6.2.2 1 are 



tanh^" r 

5 ± 

" 2C(r)2 cosh^ r 



1 



C(r)2 cosh r 



l + (n + 2) 



tanh r 




1 + (n + 2) 



tanh r 
cosh^ r 



C(r)2 cosh^ r 



4 tanh r 



cosh r 



J n=0 

(6.2.8) 



Therefore, the negativity for this bipartition is always 0, independently of the 
value of the acceleration parameter and the occupation number bound JV. 

From this results can be concluded that limiting the dimension has no effect 
in the creation or not of quantum correlations between Alice and AntiRob. As 
far as the field is bosonic, no entanglement is created in the CCA bipartitions of 
the system no matter how we limit the dimension of the Hilbert space. 



Bipartition Rob-AntiRob 



The partial transpose of the density matrix p^^ \Q.2.'5\ has a block structure 



Namely, it is formed by 2N + 1 blocks whose dimension varies. In the following 
we will detailedly analyse the blocks. 



1. First of all, we have JV + 1 blocks {Mq j'^'^l which are endomorphisms that 
act in the subspace (of dimension D) expanded by the basis Bp = {\mn)} 
in which m + n = D- i<N. 



2. Then we have N more blocks (M^j^^^ that act in the subspace (of dimen- 
sion D) expanded by the basis B'^ = {\m'n') } in which m' + n' = 2JV - D + 1 > 
N. Notice that not all the possible m' and n' are allowed due to the limitation 
to the occupation number m', n' < N. 



As an example which will perfectly clarify this construction, if JV = 4 there will 
be 9 blocks, JUi, JVf2, JVfs, JVf4, JVfs, JVf4, JVfg, JVfg, JVf{ each one is an endomorphism 
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which acts in the subspace expanded by the bases 



B3 = 

B4 = 

B5 = 
= 

B3 = 

B2 = 

b; = 



(101), |10)}, 

f|02),|20),|ll)}, 

{|03),|30),|12),|21)}, 

{|04),|40),|13),|31),|22)}, 

{|14),|41),|23),|32);, 

f|24),|42),|33);, 

f|34),|43)i, 

mi 



(6.2.9) 



respectively. 

In this fashion, the whole matrix is an endomorphism within the subspace 
I^=0[1V ® 0M being S; the subspace (of dimension D = i) expanded by 
the basis B; and Sy the subspace (of dimension D = ;) expanded by the basis By . 

The blocks Mi,, 



, Miv+i and M[, . . . , M'j^ which form the matrix ( 6.2.3 1 have 



the following form 



Mo 
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ai 
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a2 

















a2 





as 

















03 



















































O-D-i 
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• • ao-i 
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/o 


bi 
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bi 





bs 

















bs 





b3 

















b3 





b4 • 














































bo-i 
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. . bo-i 


bo 
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(6.2.10) 



(6.2.11) 
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The matrix elements and are defined as follows 

(tanhr)^-i 



C(r)2 cosher' 

(tanhr)^-2 



0.21 + 1 = 

as; = VD - I Vi 

t>2! + l 



C(r)2 cosher 
(tanhr)2N-°+i 



C(r)2 cosh r 

bs, = + 1 - ? V; + N-D + l )^^^^ ' , . (6.2.12) 

C(r)^ cosh r 

Notice that the elements are completely different when the value of the label n 
is odd or even. 

As the whole matrix is the direct sum of the blocks 

the eigenvalues and, specifically, the negative eigenvalues of 77^^ would be the 
negative eigenvalues of all the blocks Md and gathered togheter, which can 



be easily computed numerically. Figure 6^ shows the behaviour of with r 
and for different values of N. 

We can now compare the finite JV bosonic case with their same dimension 
analog for fermions. Namely, a Grassmann scalar field (spinless fermion) has 
the same Hilbert space dimension as the scalar case with iV = 1, the relevant dif- 
ference is the anticommutation of the field operators instead of the commutation 
which applies for bosons. On the other hand, scalars limited to N = 3 and N = 2 
can be considered as two different analogs to the Dirac field as the former has 
the same Hilbert space dimension as Dirac modes and the latter would share the 
same possible maximum occupation number. 



This comparison can be seen in figures [&5| |6.6[ We see that the behaviour is 
similar (monotonic growth from zero to a finite limit for a —> 00) but the func- 
tional dependence is still very different in both cases. Specifically, as a increases 
the bosonic cases grow a higher entanglement between the modes of the field 
on both sides of the horizon than the same dimension fermionic analogs. 

This clearly shows another important difference between fermionic and bo- 
sonic fields. Pauli exclusion principle prevents the total degradation of fermionic 
entanglement in CCA bipartitions, whereas, conversely, impedes entanglement 
creation between RR. 
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r=arctanh(exp(-7t CO c/a)) 

Figure 6.4; Negativity RR for different values of N, showing the upper bound reached when 
a — > oo. Negativity diverges when a — > cxd only for N — > oo. 

6.2.2 Mutual information 

Mutual information accounts for correlations (both quantum and classical) be- 
tween two different partitions of a system (see section |1.2| . It is defined as 

Jab = Sa + Sb- Sab, (6.2.14) 

where Sa, Sb and Sab SLve respectively the Von Neumann entropies for the indi- 
vidual subsystems A and B and for the joint system AB. 

To compute the mutual information for each bipartition we will need the 
eigenvalues of the corresponding density matrices. We shall go through all the 
process detailedly in the lines below. 

Alice-Rob Bipartition 

Excepting the element \ON){ON\ (which forms a 1 x 1 block itself) the density 
matrix for the system Alice-Rob ( |6.1.16t consists on JV 2 x 2 blocks in the basis 
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0.8 r 




0.1 0.2 0.3 0.4 0.5 0.6 0.7 

r=arctanh(exp(-7t CO c/a)) 



Figure 6.5: Negativity of the bipartition RR for fermion fields. Grassmann scalar (red dashed 
line) and Dirac (blue solid line). Negativity upper bound is greater for the Dirac case as 
dim(9XDirac) > dim(9XGrassmann)- Notico that here r = atan(e""*°'°) instead of the hyperbolic 
tangent and therefore r jt/^ =^ a ^ oo. 



{|0n) , |1 n + 1) j^^Q which have the form 



tanh^" r 



CN(r)2 cosh^ r 



coshr 
Vn + 1 n + 1 



\ coshr cosher / 



(6.2.15) 



Hence, the eigenvalues of ( 6.1.16| are 



An 



An = 



tanh^" r 
C^/(r)2 cosh^ r 



1 + 



n + 1 
cosh^ r 



N-l 



n=0 



tanh^^r 
CN(r)2 cosh^ r ' 



(6.2.16) 



along with JV identically zero eigenvalues. 
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Figure 6.6: Same as fig. 6.5 but for bounded occupation number scalar fields. N = 1 (red dashed 
line) is dimensionally analogous to the Grassmann scalar case. N = 3 (black dash-dotted line) is 
dimensionally analogous to the Dirac case. N = 2 (blue solid line) is analogous to the Dirac field 
in maximum occupation number. 



Alice-AnfiRob Biparfifion 



Except from the diagonal element corresponding to |00)(00| (which forms one 
1x1 block itself) the density matrix for the system Alice- AntiRob ( 6.1.17| consists 
on (JV - 1) 2 X 2 blocks in the basis f|On) , |1 n - 1) }^^^ which have the form 



tanh^" r 



/ 



CN(r)2 cosher 



1 



sinhr 
n n 

\ sinh r sinh^ r / 



Therefore the eigenvalues of ( 6.1. 17| are 

^ _ tanh^" r 

Civ(r)2 cosher 

along with JV identically zero eigenvalues. 



1 + 



n 



sinh r 



N 



n=0 



(6.2.17) 



(6.2.18) 



Doctoral Thesis 



126 



Eduardo Martin Martinez 



6.2. Analysis of correlations 



Rob-AnfiRob Biparfifion 



The density matrix for Rob-AntiRob ( 6.I.I8 1 consists in the direct sum of two 
blocks 

p^^ = X®V (6.2.19) 
of dimensions dim(X) = N + i, dim(y) = N. The matrix elements of X and V are 



X,-,- = 



(tanh r 



Cjv(r)2 cosher 



Vii = Viy/j 



(tanh r 



Cjv(r)2 cosh r 



(6.2.20) 



in the bases {\nn) )^^q and {|n + In) respectively. 

It is easy to see that rank(X) = rank(y) = 1. This means that all the eigenval- 
ues of |6.1.18 | are zero except for two of them, which we can readily compute 



Av = 



Al7 = 



C(r)2 C(r)2 ' 

where D^(r) and D^(r) are given by |6.1.25| and (6.1.26|. 



(6.2.21) 



Von Neumann entropies for each subsystem and mutual information 



To compute the Von Neumann entropies we need the eigenvalues of every bipar- 



tition and the individual density matrices. The eigenvalues of p^^, p^^, p^^ are 



^RR 



respectively |6.2.16t , |6.2.18| and ( |6.2.21 



The eigenvalues of the individual systems density matrices can be directly 
read from ( 6.1.22| , ( 6.1.25| and |6.1.24 | since p^, p^ and p^ have diagonal forms 
in the Fock basis. The Von Neumann entropy for a partition B of the system is 
S = -Tr(plog2p). Therefore their entropies are 



N 



tanh^" r 



n=0 
N-1 



CN(r)2 cosh^ r 



tanh^" r 



n=0 



CN(r)2 cosh^ r 



tanh^^r 



CN(r)2 cosher 
Sa = 2 logs [CN(r)] - 



logs 



1 + 



n 



1 + 



sinh r 

n + 1 
cosh^ r 



log2 
logs 



tanh^^r 
CN(r)2 cosher 



tanh^" r 



Civ(r)2 cosher 



tanh^" r 



CN(r)2 cosher 



CN(r) 



^D^(r) logs [Dh{r)] 



i=0,l 



1 + 



1 + 



n 



sinh r 

n + 1 
cosh^ r 



(6.2.22) 
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We obtain a universal result which relates the entropies of the different bi- 
partitions of the system, 

Sar = Sj^, S^f( = Sr, S^p^ = Sa- (6.2.23) 

These results can be summarised in the expression 

Sij = Sk, (6.2.24) 

where /,/ and K labels represent different subsystems. Whichever values I j= 
J j= K will satisfy the identity. This is also true for standard scalar fields, Grass- 
mann scalar fields (spinless fermions) and Dirac fields. These relationships are 
completely universal, being independent of statistics and dimension, and reflect a 
fundamental aspect of Unruh decoherence in terms of the entropy of the partial 
systems, namely, the way in which the entropy of the bipartitions behaves as 
acceleration increases is not independent from the way the individual entropies 
do. 

The mutual information for all the possible bipartitions of the system will be 

^AR = Sa + Sr - Sar = Sa + Sr - Sr, 
^aR ~ Sa + Sr — Sj^R = Sa + Sr — Sr, 
^RR ~ Sr + Sr — Sfjj^ = Sa + Sj^ + Sr. 



The first notable difference from the standard bosonic field is that we do 
not obtain here the conservation law of the mutual information for the system 
Alice-Rob and Alice-AntiRob, instead 

Iar + Iar = 2Sa, (6.2.25) 

where for any finite N, Sa goes to zero when a oo. Only in the limit of N ^ oo 
where Sa ^ 1 Va the conservation law is restored. 



Figure |6.7| shows the mutual information tradeoff of the systems AR and AR 
from JV = 1 to iV = 10^, along with the limit N ^ oo in which the conservation 
law is fulfilled for all values of a. 



As it can be seen in Figure |6.8| the largest deviation from the conservation 
law is obtained for JV = 1. As it is shown in the Figure, for a given JV the 
conservation law is fulfilled until the acceleration reaches a critical value a = ai, 
then correlations go rapidly to zero. This critical value increases logarithmically 
with JV. 
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r=arctanh(exp(-7t co c/a)) 

Figure 6.7: Mutual information for the systems Alice-Rob (blue continuous lines) and Alice- 
AntiRob (red dashed lines) as the acceleration parameter varies. Several values of N are plotted 
along with the N = cxd case. A conservation law is satisfied until acceleration reaches a critical 
value which is displaced to the right logarithmically as N increases. 

We showed above that quantum correlations between AR are quickly lost as a 
increases for all N and no entanglement is created between AR. This means that 
for the high acceleration regime (where quantum entanglement vanishes) clas- 
sical correlations dominate mutual information. Therefore, what we learn from 
mutual information in this regime is the behaviour of purely classicaj^ correla- 
tions which are usually very difficult to be studied separately from entanglment. 

For the scalar field we have seen that, conversely to fermionic fields, limiting 
the dimension produces boundary effects which make classical correlations go to 
zero. Here, conservation of these correlations for all values of a requires infinite 
dimension. In other words, finite dimensions schemes kill classical correlations 
as Rob accelerates in the bosonic case. 

One would expect something similar for fermions since their states are nat- 

^There might be also quantum discord jes], but it is irrelevant in our analysis since our interest 
here is to distinguish entanglement from the rest of correlations. 
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Figure 6.8: Violation of mutual information conservation law for the systems AR and AR. The 
conservation law is fulfilled until a reaches a critical value which is logarithmically displaced to 
the right as N increases. The conservation law is completely restored when N ^ oo. 

urally of finite dimension. Hence, similar 'border effects' in classical correlations 
should appear in the same fashion as for bosons. Despite this fact, mutual inform- 
ation for fermions does not vanish. The explanation for this difference between 
bosons and fermions comes from fermionic quantum correlations. As shown in 
chapter [5j there is a conservation law for fermionic quantum entanglement 

-I 

^ fermions ^ ' fermions 2 ' 

Since classical correlations for the finite dimensional case eventually go to zero, 
quantum correlations rule mutual information behaviour for fermions. There- 
fore, it can be concluded that the conservation law for the mutual information 
for fermions must be strongly related with the conservation of the fermionic 
entanglement which has its origin in statistics. 

We can conclude then that the origin of the universal mutual information 
conservation law is different for fermions and bosons. On one hand, for bosons, 
it appears as a classical correlations conservation law. On the other hand, for 
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fermions, this law reflects a quantum correlations conservation. This can also 
explain why mutual information behaves so similarly to negativity for fermions 
as it was obtained in chapter [5} 

To finish this work and complete the analysis of mutual information let us 
show in Figure |6.9| how the behaviour of I^f^ changes as JV is increased and 
how the divergent limit is obtained when N ^ oo. The results about mutual 
information here are coherent with the thorough analysis of the correlations for 
the RR bipartition performed above when we analysed negativity. 




N=1 30 
'n=90 

N=60 
"n=35 

N=20 
" N=l6 
" ~N=5 

~N=2 
~N=1 



1 2 3 4 5 

r=arctanh(exp(-7t CO da)) 



Figure 6.9: Mutual information for the system R-R as acceleration varies for different values of 
N. Only for N ^ oo Mutual information diverges. 



6.3 Discussion 

In this chapter we answer the question of the actual impact of Fock space di- 
mensionality on the Unruh entanglement degradation phenomena. To do so, we 
have studied the dimensional dependence of scalar field correlations when one 
observer is non-inertial. With this end in sight we have built a scalar field en- 
tangled state in which we have imposed a maximum occupation number JV for 
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Rindler modes. 

We have shown that the entanglement for AR and AR is only slightly influ- 
enced by N. In other words, the qualitative behaviour (quick loss of entanglement 



for AR as shown in Figure 6.1 and no entanglement creation for the system AR) 
is the same for finite and infinite N. This again points to the argument given in 
previous chapters that it is statistics and not dimensionality that conditions the 
behaviour of correlations in the presence of horizons. 

However, we have shown that AR entanglement is sensitive to variations of 
JV. This opposes what we found for fermions, whose correlations are completely 
insensitive to Hilbert space dimension variations (for example going from Grass- 
mann scalars to Dirac fields). 

In previous works we found a universal behaviour for the fermionic entan- 
glement of the bipartition AR. Specifically the functional form of the negativity 
was exactly the same; independent of the maximally entangled state selected, the 
spin of the field, and the number of modes considered going beyond SMA. In all 
the cases Unruh decoherence degrades fermionic entanglement exactly in the 
same way. Here we see that for bosons this universality principle does exist but 
it is not as strong due to the sensitivity of AR to dimension changes. 

We have also seen that lesser N does not necessarily imply faster entangle- 
ment degradation. Instead, we have shown that for two different finite values 
of N, namely iVi < there is a region a < Qc in which entanglement is more 
degraded for JV2 and another region a > Qc in which entanglement is more de- 
graded for Ni. In other words, for high accelerations, higher dimension means 
less entanglement degradation by Unruh effect. This result clashes again with 
the extended idea that lesser dimension would protect correlations better than 
higher dimension, one misconception that after all this research should be ban- 
ished from the explanation of these phenomena. 

We have also showed that, since Qc shifts to the right as N is increased, in the 
limit iV 00, Qc ^ 00, so that entanglement is more degraded for the infinite 
dimensional case than for any finite JV whatever the value of the acceleration. 

It is remarkable that there is no entanglement tradeoff in the CCA biparti- 
tions even for finite dimension; no entanglement appears in the bipartition AR 
whatever the dimension limit JV. This reflects again that the differences between 
fermions and bosons have nothing to do with the finite dimensionality, but with 
the different statistics. 

Concerning mutual information, we have shown that the conservation law 
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found for scalar fields in chapter [s] for the systems AR and AR is violated for finite 
values of N. We have obtained that for a finite N the conservation law is fulfilled 
until acceleration reaches a critical value, in which correlations quickly drop. This 
critical value grows logarithmically with JV, which means that the conservation 
law is satisfied for all a when N ^ oo. Therefore, the violation of this conservation 
law can be associated with the boundary effects of imposing a dimensional limit. 
It is important to observe that in the bosonic case, mutual information is mainly 
accounting for classical correlations since quantum entanglement in the bosonic 
case are quickly lost as a increases. 

One could expect something similar in the fermionic case since fermions 
have a limited dimension Hilbert space for each mode. However, they lack 
these boundary effects. This big difference between fermions and bosons is re- 
lated with the conservation of quantum entanglment in the a ^ oo for fermions: 
in the high acceleration regime fermionic entanglement does not die (unlike 
the bosonic case) and therefore, for fermions, mutual information is accounting 
for quantum entanglement. This entanglement satisfies itself a conservation law 
|6.2.26 | which is 'inherited' by mutual information. This also explains the simil- 
itude between mutual information and negativity behaviour for fermions found 
in chapter |5} 

The conclusion here is that the universal conservation law for mutual in- 
formation is found for both fermions and bosons, however the nature of this 
conservation is completely different in each case. For bosons it is due to clas- 
sical correlations conservation, whereas for fermions it is due to quantum entan- 
glement conservation. This illustrates once again that statistics is a paramount 
feature in order to explain how correlations behave in the presence of horizons. 

The dimension of the Fock space has the largest impact in the behaviour of 
correlations between regions I and II separated by the horizon. Comparing the 
limited dimension scalar fields with their fermionic analogs we have found that 
the behaviour of correlations RR is somewhat similar for bosons and fermions 
and mainly ruled by the dimensionality of the Hilbert space. For both fermio- 
nic and bosonic fields, entanglement is always created between RR reaching a 
maximum value when a ^ oo for any finite dimension. 

The scalar cases of finite N present, important differences compared with 
their fermionic Fock space dimensional analogs (namely iV = 1 is analogous to 
the Grassmann scalar case and JV = 2, 3 to the Dirac field case). In the infinite 
acceleration limit, scalar states entanglement created between I and II modes is 
greater than in the fermionic case. 
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This implies that, regarding correlations between Rob and AntiRob modes, the 
effect of statistics is the opposite to what happened for the CCA bipartitions. Here 
bosonic correlations reach higher values than their corresponding fermionic 
analogs. 
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Chapter 7 



Quantum entanglement near a 
black hole event horizonS 



In previous chapters we studied the entanglement degradation phenomenon pro- 
duced when one of the partners of an entangled bipartite system undergoes a 
constant acceleration; this phenomenon, sometimes called Unruh decoherence, is 
strongly related to the Unruh effect. Its study revealed that there are very strong 



differences between fermionic and bosonic field entanglement ( pX)][Tl]p8l|60| and 
previous chapters). The reason for these differences was traced back to fermio- 
nic/bosonic statistics and not to the difference between bosonic and fermionic 
mode population as previously thought (see previous chapters). In these earlier 
studies some conclusions were drawn about the infinite acceleration limit, in 
which the situation is similar to being arbitrarily close to an event horizon of a 
Schwarzschild black hole. 

However there are many subtleties and differences between Rindler and 
Schwarzschild spacetimes. For example Schwarzschild spacetime presents a real 
curvature singularity while Rindler metric is nothing but the usual Minkowski 
metric represented in different coordinates and, therefore, has no singularities. 
The Rindler horizon is also of very different nature from the Schwarzschild's 
event horizon. Namely, the Rindler horizon is an acceleration horizon experi- 
enced only by accelerated observers (at rest in Rindler coordinates). On the other 
hand, a Schwarzschild horizon is an event horizon, which affects the global causal 
structure of the whole spacetime, independently of the observer. Also, for the 
Rindler spacetime there are two well defined families of timelike Killing vectors 
with respect to which modes can be classified according to the criterion of being 

^E. Martin-Martinez, L. J. Garay, J. Leon. Phys. Rev. D, 82, 064006 (2010) 
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of positive or negative frequency. Contrarily, Schwarzschild spacetime has only 
one timelike Killing vector (outside the horizon). 

Therefore, to analyse the entanglement degradation produced due to the 
Hawking effect near a Schwarzschild black hole we must be careful, above all if 
we want to do a deeper study than simply taking the limit in which the Rindler 
acceleration parameter becomes infinite. In this chapter we will see how we 
can use the tools coming from the study of the Unruh degradation in uniformly 
accelerated scenarios without restricting only to the exact infinite acceleration 
limit and controlling to what extent such tools are valid. 

Consequently, we will be able to compute the entanglement degradation intro- 
duced by the Hawking effect as a precise function of three physical parameters, 
the distance of Rob to the event horizon, the mass of the black hole, and the 
frequency of the mode that Rob has entangled with Alice's field state. As a result 
of this study we will obtain not only the explicit form of the quantum correlations 
as a function of the physical parameters mentioned above, but also a quantitat- 
ive control on what distances from the horizon can be still analysed using the 
mathematical toolbox coming from the Rindler results. 

The setting consists in two observers (Alice and Rob), one of them free-falling 
into a Schwarzschild black hole close to the horizon (Alice) and the other one 
standing at a small distance from the event horizon (Rob). Alice and Rob are 
the observers of a bipartite quantum state which is maximally entangled for 
the observer in free fall. The Hawking effect will introduce degradation in the 
state as seen by Rob, impeding all the quantum information tasks between both 
observers. 

In this context, we will analyse not only the classical and quantum correlations 
between Alice and Rob, but also those that both observers would acquire with 
the mode fields on the part of the spacetime that is classically unaccessible due 
to the presence of the event horizon. 

By means of this study we will show that all the interesting entanglement be- 
haviour occurs in the vicinity of the event horizon. What is more, we will argue 
that as the entangled partners go away from the horizon the effects on entangle- 
ment become unnoticeably small and, as a consequence, quantum information 
tasks in universes that contain event horizons are not jeopardised. 

We will also see that the phenomenon of Hawking degradation is universal 
for every Schwarzschild black hole, which is to say, it is ruled by the presence 
of the event horizon and is not fundamentally influenced by the specific value of 
the black hole parameters when the analysis is performed using natural units to 
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the black hole. Furthermore, we will discuss the validity of the results obtained 
when instead of the usual plane wave basis we work in a base of wave packets, 
for which the states of Alice and Rob can be spatially localised. 



7.1 Revisiting enfanglemenf degradation due fo ac- 
celeration 

To introduce the new notation that we will need to use in this chapter we will 
now summarise the results that have been obtained concerning the effects of an 
uniform acceleration on quantum correlations. 

As seen in previous chapters, the Minkowski vacuum state of the field |0) is 
annihilated by the annihilation operators a^i.^u as well as by the operators aa,,,u 
and a'^. u- For the excited states of the field, we will work with the orthonormal 
basis { , ip'^. } defined in |2.6.1| such that 

|l.,)u=<u|0), K)v = a'l^\0) (7.1.1) 

are solutions of the free Klein-Gordon equation which are not monochromatic, 
but linear superpositions of plane waves of positive frequency o);. 

We have learnt that we can express the Minkowski vacuum state and the first 
Unruh excitation in terms of the Rindler Fock space basis, 

I oo 

|0-.)m = . , X](tanhrb,.,.)" |n.,.)„ . (7.1.2) 

and 

'^"'■^^ " (coshrbo; )^ ^(tanhrb,a>,.)" + 1 |n + i^,),\n^X- (7-1-3) 

where0 

tanhrb,wi = exp(-7r(0i/a). (7.1.4) 

The mode |ll,.)u is analogous but swapping the labels I and II. 

Analogously, same states can be obtained for a Dirac field. As for the scalar 
case, the vacuum state of the field |0) is annihilated by the annihilation operators 
Cwi.aM and d^,. (jjvi foi* all <i'i/ cr as well as by the operators Coji,a,v and d^ji^a.v for all 
a)i,o. 

Hn this chapter we employ (for convenience) the natural system of units /i = c = G = 1 
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For the excited states of the field, we will work with the orthonormal basis 
( 2!63) such that 



^:,.,.,u |0) (7.1.5) 

are positive frequency solutions of the free Dirac equation which are not mono- 
chromatic, but linear superpositions of plane waves of positive frequency o);. 

As it can be seen in chapter |3] the projection onto the unprimed sector of 



the basis ( |2.6.5| of the Minkowski vacuum state written in the Rindler basis, is as 
follows 



10... ; 



(cosrf,^.)2 |o^j |o)jj + sinrf,^. cosrf,^. \U)u 



+ 



+ (sinrf,^.)^|Pa>Ji|P(.Jii- 



(7.1.6) 



where 



tanrf,(^. = exp(-7ra>i/a). (7.1.7) 
It is straightforward to check that the vacuum is annihilated by (j,u and d„.,(j,u 



simply using ( 2.6.6 1 and applying both operators to (7.1.6i 



The one particle state (projected onto the sector ipi^. of |2.6.5| ) in the Rindler 



basis can be readily obtained by applying the particle creation operator ci^^a to 



(7.1.6 



\U>)m = cosrf,^,. |0)ii + sinrf,,,, \p^^\ \UX ■ 
|ia>,)M = cosrf,^, li^Ji |0)ii - sinrf,^^ \p^^\ \i^X . 



(7.1.8) 



Let us first consider the following maximally entangled state for a scalar field: 

1 



(|0)|0) + |1a)|1 



(7.1.9) 



where the label A denotes Alice's subsystem and R denotes Rob's subsystem. In 
this expression, |0)^j^ represents the Minkowski vacuum for Alice and Rob, |1)a is 
an arbitrary one particle state excited from the Minkowski vacuum for Alice, and 



the one particle state for Rob is expressed in the basis (2.6.1 1 and characterised 



by the frequency observed by Rob. As usual, since the second partner (Rob) 

is accelerated, it is convenient to map 



-who observes the bipartite state (7.1.9 



the second partition of this state into the Rindler Fock space basis, which can be 



computed using equations (7.1.2i and (7.1.3i 



(tanhrb)" 
\/2coshrb 



|0) 



Vn + 1 
cosh Tb 



A 1^ + ^<>)r)i \^i>)r)ii 



(7.1.10) 
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i 



Figure 7.1: Flat spacetime conformal diagram showing Alice, Rob and AntiRob trajectories, i" 
denotes the spatial infinities, i", are respectively the timelike past and future infinities, and 
are the null past and future infinities respectively, and J(f~ are the Rindler horizons. 



The same can be done in the case of a Dirac field. Let us now consider the 
following maximally entangled state for a Dirac field in the Minkowskian basis 

1 



|0) + |T)Ali 



(7.1.11) 



As for the bosonic case, if Rob, who observes this bipartite state, is accelerated, 
it is convenient to map the second partition of this state into the Rindler Fock 



space basis, which can be computed using Eqns. ( 7.1.6 1 and ( 7.1.8 1. The explicit 
form of such state can be seen in chapter [3j 



Notice that we have chosen a specific maximally entangled state |7.1.11 1 of all 
the possible choices. This election has no relevance since in previous chapters 
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it was shown the universality of the degradation of fermionic entanglement. All 
fermionic maximally entangled states are equally degraded by the Unruh effect 
no matter what kind of maximally entangled state is (either occupation number 
or spin Bell state), or even if we work with a Grassmann scalar field instead of a 
Dirac field. 

Let us denote 

pW = l^s)(^sl , pIrr = |^d)(^d| , (7.1.12) 
the tripartite density matrices for the bosonic and fermionic cases, in which we 
use the Minkowski basis for Alice and the Rindler basis for Rob-AntiRob. 

In the standard Unruh entanglement degradation scenario we must trace over 
AntiRob degrees of freedom when accounting for the quantum state shared by 
Alice and Rob. This provokes, for instance, the observation of a thermal bath by 



Rob while Alice observes the Minkowski vacuum as it can be seen elsewhere ( j 11 



49 1 and sections 2.4 and 5.1. 1| . As a consequence the state becomes mixed, which 



can cause some degree of correlation loss in the system AR as we increase the 
value of the acceleration a. In references pO][Tl][58][60| and in previous chapters 



it was studied how this phenomenon affects the entanglement for different fields. 

The correlation trade-off among the all possible bipartitions of the system, 
Alice-Rob (AR), Alice-AntiRob (AR), and Rob-AntiRob (RR) It has been also stud- 
ied in chapter [5| 

Classical communication between the two partners is only allowed for the bi- 
partitions AR and AR. We refer to these bipartitions as 'Classical communication 
allowed'. These bipartitions are the only ones in which quantum information 
tasks are possible. 

On the other hand, no quantum information tasks can be performed using 
RR correlations since classical communication between Rob and AntiRob is not 
allowed. Anyway, studying this bipartition is still necessary to give a complete 
description of the behaviour of the correlation created between the spacetime 
regions separated by the horizon. 

The partial quantum states for each bipartition are obtained by tracing over 
the third subsystem as usual 

p^^ = Tr„p^^^, p^^ = Trip^^^, p^^ = TrAp*^^. (7.1.13) 

The properties of the correlations among these subsystems have been ana- 
lysed in previous chapters, showing a completely different behaviour of quantum 
correlations for the CCA bipartitions depending on whether the system is fer- 
mionic or bosonic. 
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For fermionic fields we saw that quantum correlations are conserved as Rob 
accelerates (see subsection 5.5.2| . Specifically, as entanglement in the bipartition 
AR is reduced, entanglement in the system AR is increased. In the limit of a ^ co 
some entanglement survives in all the bipartitions of the system. 

For the scalar field the situation is radically different, namely, no entangle- 



ment is created in the CCA bipartitions (see subsection 5.4.2 1. Moreover, the 



entanglement in the AR bipartition is very quickly lost as Rob accelerates, even 
if we artificially limit the dimension of the Hilbert space (see chapter |6f. 

We have seen that this different behaviour is only ruled by statistics, which 
plays a crucial role in the phenomenon of Unruh entanglement degradation. The 
role of statistics is so important that, for fermions, the behaviour of quantum 
correlations has been proven to be universal. Also, the survival of entanglement 
for the fermionic case, is arguably related to statistical correlations as we will see 
later. All these aspects will be discussed in depth later on, when we present the 
results for the Schwarzschild black hole. 



7.2 The "Black Hole Limit": from Rindler to Kruskal 

In this section we will study a completely new setting using the tools learned from 
previous chapters. We will prove in a constructive way that the entanglement 
degradation in the vicinity of an eternal black hole can be studied in detail with 
these well-known tools. By means of the construction shown below we will be 
able to deal with new problems such as computing entanglement loss between a 
free-falling observer and another one placed at fixed distance to the event horizon 
as a function of the distance, studying the behaviour of quantum correlations in 
the presence of black holes. 

To begin this section let us work a little bit with the Schwarzschild metric 

= - ^1 - df2 + (^1 - ' + r^dQ\ (7.2.1) 

where m is the black hole mass and dQ"^ is the line element in the unit sphere. 
Due to the symmetry of the problem we are going to restrict the analysis to the 
radial coordinate. To shorten notation let us write the radial part of metric as 

ds^ = -/df2 + /-^dr^, (7.2.2) 

where / = 1 - 2m/r. 
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We can choose to write the metric in terms of the proper time to of an 
observer placed in r = ro as follows, 

ds^ = -^dtl +f-^dr^, (7.2.3) 
Jo 

where /o = 1 - 2m/ro. The relationship between fo and t is given by the norm of 
the timelike Killing vector ^ = in r = ro, namely fo = Vfo t- 

We can now change the spatial coordinate such that the new coordinate van- 
ishes at the Schwarzschild radius r = Rb = 2m. Let us define z in the following 
way 

8m 1 + [KzY 

with fc = l/(4m) being the surface gravity of the black hole. Then the metric 



( 7.2.5| results 

Jo J- + \fczj 

Near the event horizon (z ~ 0), we can expand this metric to lowest order in z 
and approximate it by 



ds^ = - ( ) dfo' + dz^ (7.2.6) 



2 



which is a Rindler metric with acceleration parameter K/y%. 



On the other hand, Eq. ( 7.2.6 1 represents the metric near the event horizon 
in terms of the proper time of an observer placed at r = Tq. The next step is 
giving a physical meaning to this Rindler-like acceleration parameter. For this, 
we need to compute the proper acceleration of a Schwarzschild observer placed 
at r = ro, which is, indeed, different from fc (as fC would be the acceleration of an 
observer arbitrarily close to the horizon as seen from a free-falling frame). 

To compute a for this observer as seen by himself (proper acceleration) we 
must start from the Schwarzschild metric. The value of the proper acceleration 
for an accelerated observer at arbitrary fixed position r is a = ^/a^^ where 

= v^VijV'^ is the observer 4-acceleration at such position, whereas is his 
4-velocity. 

The 4-velocity for a Schwarzschild observer in an arbitrary position r is 

= e/\^l (7.2.7) 

where ^ = dt is the Schwarzschild timelike Killing vector. As = (1,0,0,0) in 
Schwarzschild coordinates, |^| = v^fgooj = \/J, and therefore = ^^/\/J. Thus, 
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we can compute the acceleration 4-vector 

a" = v^V^v^ = (7.2.8) 

Taking into account that is a Killing vector and, therefore, it satisfies V^^i, + 
Vd^p = 0, we easily obtain 



2 2/ 2/ 



= = 1^ = 7^ (0,a,/,0,0) . (7.2.9) 



Hence, since g'''' = f, the proper acceleration for this observer is 



= 7^^^^=^^. (7.2.10) 

For an observer placed at r = ro, 

ao = -^(l-/o)'. (7.2.11) 



We know from |7.2.4| that 1 - /o = [1 + (kzq)^] ^. So, if the observer in r = ro 
is close to the event horizon (ro ~ Rb), then, to lowest order, 1 + (fczo)^ ~ 1 and 

a ~ fc/V/o. (7.2.12) 



Therefore, under this approximation, we can re-write ( 7.2.6 1 as 

ds^ = - {aozf df2 + dz^. (7.2.13) 

This shows that the Schwarzschild metric can be approximated, in the proximities 
of the event horizon, by a Rindler metric whose acceleration parameter is the 
proper acceleration of an observer resisting in a position ro close enough to the 
event horizon. 



This approximation holds if 



or, in other words, if 



,l]\<i (7.2.14) 
Ao 



„ «1, (7.2.15) 

where Ao s ro - Rs is the coordinate distance from ro to the event horizon. In 
the limit ro Rb we obtain that fo ^ and, from |7.2.12 |, ao oo. This shows 
rigorously that being very close to the event horizon of a Schwarzschild black 
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hole can be very well approximated by the infinite acceleration Rindler case, as 
it was suggested in pO][TI| . This also enables us to study what would happen with 
the entanglement between observers placed at different distances of the event 
horizon as far as the Rindler approximation holds. 

Now let us identify again who is who in this new scenario. For this, we 
introduce the null Kruskal-Szeckeres coordinates 



u 



-fc ^ exp[-fc(f - r*)], y = fc ^ exp[K;(f + r*)]. 



(7.2.16) 



where r* = r + 2m log |1 - r/2m\. In terms of these coordinates the radial part 
of the Schwarzschild metric is 

-1 



dudv. 



(7.2.17) 



where r is implicitly defined by ( 7.2.16| . The Penrose diagram for the maximal 
analytic extension of Schwarzschild spacetime obtained from these coordinates is 



shown in fig. |7.2| In this coordinates, near the horizon the metric can be written 
to lowest order as 

ds^ = -e"Mudv (7.2.18) 

and uv = -[Kzf. 




Figure 7.2: Kruskal spacetime conformal diagram showing trajectories for Alice, Rob and Anti- 
Rob, denotes the spatial infinities, i", are respectively the timelike past and future infinities, 
^~ and are the null past and future infinities respectively, and are the event horizons. 



Hence, there are three regions in which we can clearly define physical time- 
like vectors respect to which we can classify positive and negative frequencies: 
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• di oc (9u + dv)- The parameter t for this timelike vector corresponds to 
the proper time of a free-falling observer close to the horizon, and it is 
analogous to the Minkowskian timelike Killing vector. Positive frequency 
modes associated to this timelike vector define a vacuum state known as 
the Hartle-Hawking vacuum \0)^, which is analogous to |0)f^ in the Rindler 
case. 

• df (X {udu - vdy). This is the Schwarzschild timelike Killing vector, which 
(when properly normalised) corresponds to an observer whose acceleration 
at the horizon equals the surface gravity fc of the black hole with respect 
to a Minkowskian observer, or, in other words, with proper acceleration 
clq ~ k/^/Jo close to the horizon. The vacuum state corresponding to positive 
frequencies associated to this timelike Killing vector is called the Boulware 
vacuum |0)b. This state is analogous to the Rindler vacuum |0);. 

• There is another timelike Killing vector -dt (as in Rindler) for region II 
that will allow us to define another Boulware vacuum in region II. We will 
call it AntiBoulware vacuum |0)b, analogous to |0)ii in the Rindler case. 

Now, in this scenario, llfi,)^ = <^1,,h \^)h ^^^^ scalar field modes, in other 
words, solutions of positive frequency a> with respect to df of the free Klein- 
Gordon equation close to the horizon 



lU)H^u^(x^e-^^'. (7.2.19) 



1 

The label H just means that those states are expressed in the Hartle-Hawking 
Fock space basis. 

An observer located at a fixed distance from the black hole can also define 
his own vacuum and excited states of frequency o) respect to the Killing vector 
df. Actually, there are two natural vacuum states associated with the positive 
frequency modes in both sides of the horizon these are |0)b and |0)g, vacua for the 
positive frequency modes in regions I and II respectively (fig. 7!2| . Subsequently, 
for a scalar field, we can define the field excitations as 

.t lc\\ - ,.B i ^-iojt 



IMB = <B|0)B-«'«4^e^"'- (7-2.20) 



Then, the analogy between the Rindler-Minkowski and the Boulware-Hartle- 
Hawking states, and their relation with the standard Alice-Rob-AntiRob notation 
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is as follows: 

IO)u - 10), ^ IO)b, 

IO)ft - 10)„ - |0)e, (7.2.21) 

IO)a - 10)m - 10)h- 
The change of basis between Hartle-Hawking modes and Boulware modes is 
completely analogous to the change of basis between Minkowskian modes and 
Rindler modes with an acceleration parameter ao = k/ v%- 

In the same fashion as for Rindler we define an orthonormal basis of Hartle- 
Hawking scalar field modes {ip^.,'(p'^} whose elements are superpositions of 
positive-frequency solutions u? of the Klein-Gordon equation with respect to 
the Kruskal time t such that each element corresponds to Boulware modes of 
one single frequency in the Kruskal regions I and II (u^. and u^*). The same can 
be done for the Dirac field. 

We can express the Hartle-Hawking vacuum state in terms of the Boulware 
Fock space basis. To do so, we use what we learned from the Rindler case. 
Taking into account that |0),^ = 0; \Oo)t)ii' we have that 

. 00 

l^-'^H = , ^ J](tanhqbM)" K>)b l^^^k > (7-2.22) 
cosnqb,a,, 

where 

tanhqb.wj = exp ( -7ry/%(x)i/K] . (7.2.23) 



The unprimed Hartle-Hawking one particle state in the basis {fp^.,ip'(!^} results 
from applying the corresponding creation operator to the vacuum state. We can 
also translate this state to the Boulware basis: 

I 00 

^ (coshqb..)^ X^^^^^hq^.^^)"^"^!^ + ^<^^)bMb ■ (7-2.24) 

The Hartle-Hawking vacuum (projected onto the unprimed sector) for the 
Dirac case is expressed in the Boulware basis as follows 

= {cosqi^f IO<,,)b IOa,,)e + sinqf,<,, cosqf,<,, {\Ui)B lUh + Ii<^*)B IT'^*)b) 

+ (sinqf,aj()^ IPwf)B IPwi)B ' 

(7.2.25) 

whereas the projected Hartle-Hawking one particle state is expressed in the Boul- 
ware basis as 

IT<o,)h = cosqf,,,. IT<.,)b IO<.,)b + sinqf,<,, Ip<,,)b {U^h > 

= cosqto,, Iia,,)B IO<.,)b - sinqf,<,, IP(,,)b lUh , (7.2.26) 
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where this time 



tanqf,^. = exp {-7X^Q(x)ilK 



(7.2.27) 



Thus, in this new scenario, we can consider a bipartite states for fermions 



and bosons analogous to the states (7.1.9i and (7.1.111 for the Rindler scenario. 



which have the following form in the basis of a free-falling observer (Alice) 



m = ^(io)io) + ii)ju)H), 



1 

71 



(|0)|0) + |T)Ji 



(7.2.28) 
(7.2.29) 



This bipartite system consists in two subsystems, the first one is going to be ob- 
served by Alice, who is free-falling into the black hole and close to the event 
horizon, and the second one will be observed by Rob, who is near the event 
horizon at r = ro ~ Rs- Therefore, the second partner who observes the bipart- 



ite states f7.2.28| and f7.2.29t describes f7.2.28| and ( |7.2.29t using the Boulware 
basis, so that it is convenient to map the second partition of these states into the 
Boulware Fock space basis. 



Following the notation (7.2.21 1, to analyse the correlations among the bipartite 
subsystems we need to trace out the third subsystem analogously to what we did 
in |7.1.15| : 





Tr„p 




TrRp 


p^^ = 


TrAP 



ARR 



ARR 



ARR 



(7.2.30) 



It can be seen in fig. |7.2| that all the information beyond the event horizon 
cannot be accessed by Rob. Actually, what happens beyond the horizon is de- 
termined by the information that Rob can access along with the information that 
AntiRob can access. In this context it makes sense to say that studying the system 



pRR gives an idea of the correlations across the horizon. 



7.3 Correlations behaviour 

In this section we will use the machinery we already have from the Rindler set- 
ups to compute the entanglement degradation as a function of the position of 
Rob. 
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First we will consider that Rob's frequency is measured in natural units 
adapted to each black hole. This will show how modes of different frequencies 
suffer different correlation degradation. It will also show how less massive black 
holes produce a higher degradation than the heavier ones. Furthermore, this 
analysis will show the universality of the phenomenon of the Hawking entangle- 
ment degradation for Schwarzschild black holes. 

After that we will analyse the different degree of entanglement degradation 
experimented by an observer of fixed Boulware frequency standing at fixed 
distances from the event horizon for different black hole masses. 

In the following subsections we will see that all the interesting behaviour hap- 
pens in regions in which the Rindler approximation ( 7.2.15 i is valid. Specifically, 
we will see in the plots below that the values of the distance to the horizon where 
the interesting entanglement behaviour appears are in the regime Aq < O.OSRs 
in all the cases considered in this section for which, consequently, the approxim- 
ation |7.2.13l holds. 



7.3.1 Adapted frequenc57 

In terms of the mode frequency measured by Rob (written in units natural to the 
black hole, i.e. in terms of the surface gravity fc) and his position measured in 
Schwarzschild radii. 



Q = 27r(OR/K = 87rma>R, 
Ro = ro/Rs = ro/(2m). 



(7.3.1) 
(7.3.2) 



Eqns. ( 7.2.23 1 and ( 7.2.27 1 can be written as 




(7.3.3) 
(7.3.4) 



showing that the phenomenon of Hawking entanglement degradation presents 
universality, which is to say, if the frequency is measured in natural units, every 
Schwarzschild black hole behaves in the same way, as expected. 
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Quantum correlations 

We will use the negativity (Jsf) to account for the quantum correlations between 
the different bipartitions of the system. Hence, to compute it, we will need the 
partial transpose of the bipartite density matrices ( 7.2.50| . The details associated 



to the diagonalisation of the partial transposed density matrices for each subsys- 
tem are technically very similar to the Rindler case, and are not of much interest 
for the purposes of this article. All the technical aspects of such calculations can 
be found in chapter |5] for Dirac and scalar fields. The results of those calculations 
are shown in Figs. |7.3| to |7.6[ In Figs. |7.5| and |7.4| we can see the behaviour of 



the negativity on the CCA bipartitions for different values of Rob's frequency Q. 

For the scalar field we can see that as Rob is closer to the event horizon the 
entanglement shared between Alice and Rob decreases. In the limit in which 
Rob is very close to the horizon, entanglement is completely lost. With the study 
performed here we can see the functional dependence of the entanglement with 
the distance to the horizon. As seen in the figures, the degradation phenomenon 
occurs in a narrow region very close to the event horizon. If Rob is far enough 
from the black hole he will not appreciate any entanglement degradation effects 
unless either the mass of the black hole or the frequency of the mode considered 
are extremely small. There must be, indeed, a minimum residual effect associated 
to the Hawking thermal bath experienced in the asymptotically flat region of the 
spacetime, far from the region in which this approximation is valid, but it is 



unnoticeably small. Certainly, as it will be seen in fig. |7.9| and the discussion 
below, even very close to the horizon no effective entanglement degradation 
occurs for physically meaningful values of mass and frequency. 

If we keep the frequency measured by Rob (wr) constant, Q will grow pro- 



portional to the black hole mass. With this in mind, fig. |7.5| shows that the 
degradation is stronger for less massive black holes. This result is consistent 
with the fact that the Hawking temperature increases as the mass of the black 



hole goes to zero. In the next section (specifically in fig. 7.9 1 we will show that 
this is not an effect of choosing natural units, when an observer is at a fixed 
distance of a black hole, the degradation will be higher for less massive black 
holes. 

In any case, for the scalar field, the entanglement in the system AR is com- 
pletely degraded when one of the observers is resisting very close to the event 
horizon of the black hole. Hence, in this scenario, no quantum information re- 
sources can be used (for instance to perform quantum teleportation or quantum 
computing) between a free-falling observer and an observer arbitrarily close to 



Doctoral Thesis 



149 



Eduardo Martin Martinez 



Chapter 7. Quantum entanglement near a black hole event horizon 




L05 L04 LOB L02 LOl 1 

Position of Rob (ro/-Rs) 



Figure 7.3: Scalar field: Entanglement of the system Alice-Rob as a function of the position 
of Rob for different values of Q. Entanglement vanishes as Rob approaches the Schwarzschild 
radius while no entanglement is created between Alice and AntiRob. The smaller the value of Q 
the more degradation is produced by the black hole. 



an event horizon. Moreover, no entanglement of any kind is created among 
the CCA bipartitions of the system (the ones where classical communication is 
allowed). Therefore, all useful quantum correlations between a free-falling ob- 
server and an observer at the event horizon are lost due to the Hawking effect 
degrading all the entanglement in the system. 



For the Dirac field (fig. 7.4 1 something very different happens. We see that 
correlations in the bipartition AR decrease to a certain finite limit, which means 
that there is entanglement survival even when Rob is asymptotically close to 
the event horizon. This survival is a well known phenomenon in the Rindler 
case yjj. At the same time that entanglement is destroyed in the AR bipartition, 
entanglement is created in the complementary AR bipartition so that negativity 
in the CCA bipartitions fulfils a conservation law regardless of the distance to 
the event horizon and the mass of the black hole 

M^AR + i^AR = ^- (7.3.5) 
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The nature of this entanglement and the survival of correlations, even in the limit 
of positions arbitrarily close to the horizon, is discussed in chapters |5] and |6] for 
the Rindler case. When we deal with fermionic fields there are correlations that 
come from the statistical fermionic nature of the field which we cannot get rid 
of. The hypothesis is that this entanglement, which is purely statistical, is the 
second quantised version of the statistical entanglement disclosed in ||65]. Here 
we see that the same conclusions drawn in that case can be perfectly applied to 
the Schwarzschild black hole case. 




0' ' ' ' ^ 

1.05 1.04 1.03 1.02 1.01 1 

Position of Rob (ro/-Rs) 



Figure 7.4: Dlrac field: Entanglement Alice-Rob (blue solid line) and Alice-AntiRob (red dashed 
line). Universal conservation law for fermions is shown for different values of Q. The entangle- 
ment degradation in AR is quicker when Q. is smaller. The maximum degradation is not total 
and its value is independent of Q. 



About the dependence of the entanglement degradation on the frequency of 
the Boulware mode. Fig. |7.5| shows that, for a scalar field, the loss of entangle- 
ment between a free falling observer and an observer outside but very close to 
the event horizon (AR) is greater for modes of lower frequency. This makes 
sense because, energetically speaking, it is cheaper to excite those modes and, 
therefore, they are more sensitive to the Hawking thermal noise. For a Dirac 
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field (Fig. 7.4 1 we see a similar behaviour. However, the surviving entanglement 
in the limit in which Rob is infinitely close to the event horizon is not sensitive 
to the frequency of the mode considered; remarkably, the entanglement decays 
down to the same finite value for all modes. This is in line with the idea that the 
entanglement that survives the event horizon is merely due to statistical correla- 
tions, and the only information that survives when Rob is exactly at the horizon 
is the fact that the field is fermionic as suggested in chapter [5} 



From Figs. |7.5| and [7^ we can also conclude that all the relevant entanglement 
degradation phenomena is produced in the proximities of the event horizon so 
that the Rindler approximation that we are carrying out is valid (Eq. 7.2.15 1. We 
can also see that the degradation is small even in regions in which the approxim- 
ation still holds. Therefore for longer distances from the horizon the presence 
of event horizons is not expected to perturb entangled systems. 



30 r 




Figure 7.5: Scalar field: Entanglement of the system Rob-AntlRob (entanglement between re- 
gions I and II) as a function of the position of Rob for different values of Q. Entanglement 
diverges as Rob approaches the Schwarzschild radius. 



In Figs. 7^ and 7^ we can see the behaviour of the negativity on the RR 
bipartition for scalar and Dirac fields respectively. Here we see that quantum 
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correlations between I and II are created as Rob is standing closer to the event 
horizon. In other words, as Rob is getting closer to the event horizon the partial 
system RR gains quantum correlations. This result shows that, when Rob is 
near the horizon, the field states in both sides of the event horizon are not 
completely independent. Instead, they get more and more correlated. However, 
this RR entanglement is useless for quantum information tasks because classical 
communication between both sides of an event horizon is forbidden. It is well 
known for the Rindler case that quantum correlations are created between Rob 
and AntiRob when the acceleration increases. Here we see the direct translation 
to the Kruskal scenario. The growth of those correlations encodes information 
about the dimension of the Fock space for each field mode as seen in chapter |6} 




Figure 7.6: Dirac field: Entanglement of the system Rob-AntlRob (entanglement between regions 
I and II) as a function of the position of Rob for different values of Q. Entanglement tends to a 
finite value as Rob approaches the Schwarzschild radius. 
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Mutual information 



To compute the mutual information for each bipartition we will need the eigen- 
values of the corresponding density matrices. Again the technicalities of this 
analysis can be found in previous chapters. The results for the CCA bipartitions 
are shown in Figs. |7.7| and |7|8 



03 





LOS 



L04 L03 L02 LOl 

Position of Rob [tq/Rs) 



Figure 7.7: Scalar field: Mutual information Alice-Rob (blue solid line) and Alice-AntiRob (red 
dashed line). Mutual information AR decreases as Rob is closer to the horizon and mutual 
information AR grows. 



We see here that we obtain the black hole version of the mutual informa- 
tion universal conservation law found in previous chapters for the Rindler case. 
Namely, for any distance to the horizon or black hole mass it is fulfilled that 

7ar + W = 2. (7.3.6) 



Although, as we can see by comparing Figs. |7.7| and |7.8| the behaviour of the 
mutual information is very similar for both fermions and bosons, the origin of 
this conservation law near the event horizon is completely different. 

For scalar fields this conservation near the horizon responds to a conserva- 
tion of classical correlations only. This can be deduced from Fig. |7.5| which 
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Figure 7.8: Dirac field: Mutual Information Alice-Rob (blue solid line) and Alice-AntiRob (red 
dashed line). Mutual information AR decreases as Rob is closer to the horizon and mutual 
information AR grows. 



shows that quantum correlations drop very quickly as the distance of Rob to the 
horizon decreases and, consequently, the only correlations left must be classical. 
However, the conservation of classical correlations in the CCA bipartitions has 
to do with the infiniteness of the dimension of the Hilbert space, as it is shown in 
chapter |6} If the dimension of a bosonic field is limited to a finite value, classical 
correlations also drop as Rob is closer to the horizon (as quantum correlations 
do). 

On the other hand, a Dirac field has a built-in dimensional limit for the Hil- 
bert space of each mode imposed by Pauli exclusion principle. Although pre- 
vious chapters demonstrated that this limit in the dimension has nothing to do 
with the behaviour of quantum correlations, it does limit the creation of clas- 
sical correlations. Analogously to what is discussed in chapter |6] the origin for 
the conservation law ( 7.5.6| in the fermionic case is a direct consequence of the 
quantum correlations conservation law ( 7.5.5 1 while for scalar fields it responds 
to a conservation of classical correlations. 
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Mutual information for the RR bipartition does not add any new result as it 
inherits the quantum correlations behaviour showed in figs. |7.5| and |7|4 



7.3.2 Entanglement degradation dependence on the black hole 
mass 

In this section we will analyse the entanglement degradation for an observer with 
the same characteristics in the presence of different black holes. To do so we 
are going to use the full dimensional quantities and Aq. 

We will consider that Rob's mode frequency is Wr = 1.5 Mhz, and he is 
standing at a distance Aq = 1 cm and Aq = 10 cm from the event horizon of 



black holes with different masses, while he shares an entangled state |7.2.28t or 
( 7.2.29| with a free-falling observer Alice. 



The quantum correlations that Rob and Alice share are shown in Figs. 7.9 



and |7.10| for scalar and Dirac fields, respectively. From these figures we see 
that for a really close distance from the event horizon, only small black holes 
would produce significant entanglement degradation. Actually, the degradation 
decreases very quickly as the black hole mass is increased. 

Furthermore, we can see that the effects on the entanglement decrease very 
quickly as the distance to the event horizon is increased. This shows that quan- 
tum information tasks can be safely performed in universes that present event 
horizons since only in the closest vicinity of the less massive black holes the 
Hawking effect impedes the application of quantum information protocols. 

7.4 Localisation of the states 

Along this work we have used a plane-wave-like basis to express the quantum 
state of the field for the inertial an accelerated observers. These plane wave 
modes are completely delocalised, and therefore, they are not the most natural 
election of modes if we want to think of the observers Alice and Rob as spa- 
tially localised to some degree. We will present the method to build such states, 
although this topic will be more deeply treated in chapter |8j 



A very similar analysis to the one carried out in sections |7.2| and |7.2| can be 
performed using a complete set of wave packet modes for both the Minkowski 
and Rindler solutions of the wave equation. These modes can be spatially loc- 
alised and provide a clearer physical interpretation for Alice and Rob, which 



Doctoral Thesis 



156 



Eduardo Martin Martinez 



7.4. Localisation of the states 




0.05 

q\ , , , , , 

2 4 6 8 10 

Mass of the black hole (solar masses) 

Figure 7.9: Scalar field: Entanglement Alice-Rob when Rob stands at a distance of 1 cm and 
10 cm from the event horizon for a fixed frequency = 1.5 Mhz as a function of the black 
hole mass. Notice that, for these values of Aq, the approximation holds perfectly for any mass 
m > 10"^ solar masses. 



will eventually have to carry out measurements on the field. The way to build 
these wave packet modes can be found in chapter |8] and, among many others, 



in |2l]|28j|49j. 

The elements of this basis are defined as a function of the plane wave modes 
j23!4| as 



A r<ji)+e 

uZ = ^ I dve~'^'u^, (7.4.1) 



where d) and I label each wave packet. 

We can define creation an annihilation operators associated to these wave- 
packets a^jjjvi/ [ M such that a^, j m annihilates the Minkowski vacuum and 
•^I ; M |0)m ^ \^S).i)m I'epi'esents a wavepacket peaked for a frequency o) and whose 
spatial localisation can be associated to the maximum of uj^, as a function of x 
and t. 
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Figure 7.10: Dlrac field: Entanglement AR (blue continuous line) and AR (red dashed line) when 
Rob stands at a distance of 1 cm and 10 cm from the event horizon for a fixed frequency = 1.5 
Mhz as a function of the black hole mass. Notice that, for these values of Aq, the approximation 
holds perfectly for any mass m > 10"^ solar masses. 



A similar analysis can be done for the Rindler basis 

A r(ji)+e 
A r<ji)+e 

ul, = — d^e--^, (7.4.2) 

(x) and [' label each wave packet. We can define creation an annihilation operators 
associated to these wavepackets a^^ c r, af, (where R = I, II) such that ai^j'^R an- 
nihilates the region Rindler region R vacuum and aj^i ^ \0)^ = 11^,!')^ represents 
a wavepacket peaked for a Rindler frequency o) and whose spatial localisation 
can be associated to the maximum of u^;, as a function of x and t. 

We can compute then the Bogoliubov transformation between the Minkowski 
wavepackets and the Rindler wavepackets [21] 

0-S),iM = ^l>,i',S), 1*^(^,1', I ~ P'(!>,i',s>,i'^L,i',ii- (7.4.3) 
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Where the Bogoliubov coefficients are computed in the same fashion as for the 
plane wave case 

<^lo,i',6>,i = ("1,!""^^!) ' ^LVa; = ~ (""[""^^!') • (7.4.4) 
It is shown in j2T| that, apart from an irrelevant phase factor, the Bogoliubov 



coefficients are related with (2.6.2 as follows 



iSLj'Ai =A7^M^'''^'0- (7.4.5) 



It is shown in |21] that Sa{o),l,(jO,l') ~ S^^^Su^ and Sp{co,l,(jO,l') ~ (5a,a,p(5;;^, where 
la = la{l') and (x)a = T). 

The key feature of this transformations is that they have again a diagonal 
form. As it can be read from ( 7.4.5| , a Minkowski wavepacket |1w,[')m connected 



with a pair of Rindler wavepackets in regions I and II. Moreover, the functional 
form of the dependence of this coefficients with the acceleration is effectively 
the same. This analysis made for the Rindler and Minkowskian modes can 
be straightforwardly translated to the Boulware and Hartle-Hawking modes. A 
completely analogous analysis can be done for the fermionic case. 

Consequently all the conclusions extracted in this article for delocalised modes 
are also valid for the localised modes defined above. 



7.5 Discussion 

We have analysed the entanglement degradation produced in the vicinity of a 
Schwarzschild black hole. 

With this aim, we have carried out a detailed study of the Schwarzschild metric 
in the proximity of the horizon, showing how we can adapt the tools developed in 
the study of the entanglement degradation for uniformly accelerated observers 
to the black hole case. In particular, we have shown that, regarding entangle- 
ment degradation effects, the Rindler limit of infinite acceleration reproduces a 
black hole scenario in which Rob is arbitrarily close to the event horizon. More 
importantly, we have shown the fine structure of this limit, making explicit the 
dependence of the entanglement degradation phenomena on the distance to the 
horizon, the mass of the black hole, and the Boulware frequency of the en- 
tangled mode under consideration, while keeping control of the approximation to 
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make sure that the toolbox developed for the Rindler case can be still rigorously 
used here. 

By means of this analysis we have seen that all the interesting entanglement 
degradation phenomena due to the Hawking effect are produced very close to the 
event horizon of the Schwarzschild black hole. The entanglement degradation 
introduced by the Hawking effect becomes quickly negligible as Rob is further 
away from the event horizon. In other words, quantum information tasks done 
far away from event horizons are not perturbed by the existence of such hori- 
zons. 

We have also shown that for a fixed Rob's mode frequency and at a fixed 
distance from the event horizon the entanglement degradation is greater for less 
massive black holes. This is consistent with the fact that the Hawking temperat- 
ure is higher for less massive black holes. Furthermore, the Hawking entangle- 
ment degradation is a universal phenomenon in the sense that the degradation 
depends only on Rob's mode frequency and his distance to the horizon in units 
natural to the black hole (namely, the surface gravity for frequencies and the 
Schwarzschild radius for distances). In these units, there is no extra dependence 
on the black hole mass, as expected. 

We have been able to adapt all the conclusions drawn for the Rindler case 
to the Schwarzschild scenario. In particular, we have seen that bosonic and 
fermionic entanglement behave in a very different way in the proximity of a 
black hole. As it was known for the Rindler case in chapter |5] entanglement 
on the CCA bipartitions is completely lost for the scalar field while there is a 
quantum correlation conservation law for the Dirac field. 

In chapters [3] and |4] it was shown that for two different kinds of fermionic fields 
(Dirac fields or Grassmann scalars) and also for different maximally entangled 
states (occupation number or spin Bell states) the entanglement in the CCA bi- 
partitions behaves exactly the same way. This fact was used to argue that it is 
statistics and not dimensionality that determines the behaviour of correlations in 
the CCA bipartitions in the case of uniformly accelerated observers. This study 
proves that this argument is also valid for Schwarzschild black holes, not only in 
the limit in which Rob is on the event horizon, but in the whole region in which 
the interesting entanglement degradation phenomena are produced. Therefore, 
the universal fermionic entanglement behaviour is also manifest in the presence 
of a black hole. 

For the Schwarzschild case, there also appears the universal mutual inform- 
ation conservation law found for both scalar and Dirac fields in the Rindler case 
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in chapter [5} In the fermionic case, it is due to a conservation of quantum correl- 
ations while, for bosons, it only reflects the conservation of classical correlations 
that happens in the case of infinite dimensional Hilbert spaces for each mode. 

Moreover, as Rob is getting closer to the event horizon, quantum correlations 
between modes on both sides of bifurcated the event horizon are created, namely 
the correlations between field modes in region I and II of the Kruskal spacetime 
grow up to a value determined by the dimension of the Hilbert space of each 
mode, which is finite for the fermionic case and infinite for the scalar field. 

The problem of the localisation of the Rindler and Minkowski modes has also 
been analysed, showing that the results obtained here can be extrapolated to the 
case in which we consider a complete set of localised wave packets as a basis of 
the Fock space for the inertial and accelerated observers. 
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Chapter 8 



Relativistic quantum information 
be57ond the single-mode 
approximation ^ 



In previous chapters we have seen that entanglement between modes of bosonic 
or fermionic fields can be degraded from the perspective of observers moving 
in uniform acceleration. In this chapter, we analyse the validity and correct 
interpretation of the single-mode approximation, commonly used in previous 
literature, and show that the approximation is justified only for a special family 
of states. 

The single-mode approximation, which was introduced in (3)1381, has been 
extensively used in the literature not only in discussions concerning entanglement 
but also in other relativistic quantum information scenarios p0][TT|[52|-|60||67|-|70). 



Although it has been briefly dealt with in section |2.6| we will analyse it here in 
full detail. 

As in previous chapters, the field, from the inertial perspective, is considered 
to be in a state where all modes are in the vacuum state except for two of them 
which are in a two-mode entangled state. For example, the Bell state analysed 
many times previously 

I^)m = ^ (|0.)m |0-')m + |1-)m |1-')m) ' (8-0-1) 

where M labels Minkowski states and o), o)' are two Minkowski frequencies. Two 
inertial observers, Alice and Bob, each carrying a monocromatic detector sensit- 
ive to frequencies a» and o)' respectively, would find maximal correlations in their 

^D. Bruschi,}. Louko,E. Martm-Martmez, A. Dragan,!. Fuentes, Phys. Rev. A 82,042332 (2010) 
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measurements since the Bell state is maximally entangled. It is then interesting 
to investigate to what degree the state is entangled when described by observers 
in uniform acceleration. In the simplest scenario, Alice is again considered to 
be inertial and an uniformly accelerated observer Rob is introduced, who car- 
ries a monocromatic detector sensitive to mode o)'. To study this situation, the 
states corresponding to Rob must be transformed into the appropriate basis, in 
this case, the Rindler basis. It is then when the single-mode approximation is in- 
voked to relate Minkowski single particle states |laj')M ^'^ states in Rindler space. 

We argue that the single-mode approximation is not valid for general states. 
However, the approximation holds for a family of peaked Minkowski wave pack- 
ets provided constraints imposed by an appropriate Fourier transform are satis- 
fied. We show that the state analysed canonically in the literature corresponds 
to an entangled state between a Minkowski and a special type of Unruh mode. 
We therefore revise previous results for both bosonic and fermionic field en- 
tanglement. The results are qualitatively similar to those obtained under the 
single-mode approximation. We confirm that entanglement is degraded with ac- 
celeration, vanishing in the infinite acceleration limit in the bosonic case and 
reaching a non-vanishing minimum for fermionic fields. However, we find that 
in the fermionic case, the degree to which entanglement is degraded depends 
on the election of Unruh modes. 



8.1 Minkowski, Unruh and Rindler modes 

For the sake of clarity and to introduce the new notation that we will need for this 



chapter, let us start with a brief review of section 2.3 revisiting the transformation 



between the Fock bases natural to an inertial and an accelerated observer. 

We consider a real massless scalar field </> in a two-dimensional Minkowski 
spacetime. The field equation is the massless Klein-Gordon equation, □</) = 0. 
The (indefinite) Klein-Gordon inner product reads 

((/>i,(/>2) = i^</)tK(/>2n"dE, (8.1.1) 

where n° is a future-pointing normal vector to the spacelike hypersurface E and 
dS is the volume element on S. 

The Klein-Gordon equation can be solved in Minkowski coordinates (f,x) 
which are an appropriate choice for inertial observers. The positive energy 
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mode solutions with respect to the timelike Killing vector field dt are given by 

1 

u^Mitx) = exp[-ta>(f - ex)], (8.1.2) 

where a> > is the Minkowski frequency and the discrete index e takes the value 
1 for modes with positive momentum (the right-movers) and the value -1 for 
modes with negative momentum (the left-movers). As the right-movers and the 
left-movers decouple, we have suppressed the index e on the left-hand side of 
|8.1.2 | and we continue to do so in all the formulas. The mode solutions and their 



complex conjugates are normalised in the usual sense of Dirac delta-functions 
in 0) as 

(Ua,,M/ Ua,',M) = ^0)0/ , 

{uIm'U^'m) = 0. (8.1.3) 

The Klein-Gordon equation can also be separated in coordinates that are adap- 
ted to the Rindler family of uniformly accelerated observers. Let region I (re- 
spectively region II) denote the wedge |f| < x (x < -|f|). In each of the wedges. 



we introduce the Rindler coordinates (77,%) by |28| 



T? = atanh(^^^ , x = - t^, (8.1.4) 

where < >^ < 00 and -cx) < 77 < 00 individually in each wedge. The curve 
X = 1/a, where a is a positive constant of dimension inverse length, is then 
the world line of a uniformly-accelerated observer whose proper acceleration 
equals a, and the proper time of this observer is given by 77 /a in I and by -77 /a 
in II. Note that 9,, is a timelike Killing vector in both I and II, and it is future- 
pointing in I but past-pointing in II. 

Separating the Klein-Gordon equation in regions I and II in Rindler coordin- 
ates yields the solutions 



I fx - et 



ieQ 



-ieQ 



where e = 1 again corresponds to right-movers and e = -1 to left-movers, ^2 is a 
positive dimensionless constant and is a positive constant of dimension length. 
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Since 9,,Uqj = -IQuq^i and d^UQ^u = IQuqji, Uqj and Uqji are the positive fre- 
quency mode functions with respect to the future-pointing Rindler Killing vectors 
±9^ in their respective wedges. Notice that, for convenience, we have introduced 
here the dimensionless Rindler frequency Q. The dimensional frequency with 
respect to the proper time of a Rindler observer located at % = 1/a is given in 
terms of the dimensionless Q by = aQ. The modes are delta-normalised in 
Q in their respective wedges as usual. 

Note that the choice of the constant Iq is equivalent to specifying the phase 
of the Rindler modes. This choice is hence purely a matter of convention, and it 
can be made independently for each Q and e. We shall shortly specify the choice 
so that the transformation between the Minkowski and Rindler modes becomes 
simple. 

A third basis of interesting solutions to the field equation is provided by the 
Unruh modes, defined by 

Uq,r = cosh(rQ)uQj + sinh(rQ)u^_ii, 

Uq,l = cosh(rf2)uQ,n + sinh(rf2)u^ j, (8.1.6) 

where tanhr^ = e"'^^. While the Unruh modes have a sharp Rindler frequency, 
an analytic continuation argument shows that they are purely positive frequency 



linear combinations of the Minkowski modes |[30)|4^. It is hence convenient to 
examine the transformation between the Minkowski and Rindler modes in two 
stages: 



• The well-known transformation (8.1.6 between the Unruh and Rindler modes 



isolates the consequences of the differing Minkowski and Rindler definitions 
of positive frequency. 

• The less well-known transformation between the Minkowski and Unruh 
modes j28j shows that a monochromatic wave in the Rindler basis corres- 
ponds to a non-monochromatic superposition in the Minkowski basis. 

It is these latter effects from which the new observations in this paper will stem. 

To find the Bogoliubov transformations that relate the bases, we expand the 
field in each of the bases as 



TOO , 



oo. 
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= ^ (aQjUQj + aljU*^j+aQjiUQji + alj^u*^j^^dQ, (8.1.7) 

where Qj^m/ Af2,R/Af2,L' 0^1,0^11 are the Minkowski, Unruh and Rindler 
annihilation operators, respectively. The usual bosonic commutation relations 



Sqq' hold, and commutators for mixed R, L and mixed I, II vanish. The transform- 



ation between the Unruh and Rindler bases is given by (8.1.6 1. The transformation 



between the Minkowski and Unruh bases can be evaluated by taking appropriate 



inner products of formula ( |8.1.7t with the mode functions [|28j, with the result 



UQ,R = 
Uq,l = 



{alQUQ,n + a^QUfix) dQ, 



where 



1 



a 



^^sinhTT^^ . 

-r{-i€Q)[a)lQ) , 



(8.1.8) 



1 / Q sinh TxQ 



V2 



7X(x) 



7X 



r{ieQ){a)lQ) 



(8.1.9) 



By the properties of the Gamma-function ( |71 , formula 5.4.3), we can take ad 



vantage of the arbitrariness of the constants and choose them so that (8.1.91 
simplifies to 



a 



1 



(jl)Q 



((Of) 



\/27T(x) 



(8.1.10) 



where I is an overall constant of dimension length, independent of e and Q. 
The transformations between the modes give rise to transformations between 



the corresponding field operators. From (8.1.8 1, the Minkowski and Unruh op- 
erators are related by 



Aq,R = 



[(aL)*A^,R + (a^J*A^x] d^. 
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Af2,L = / a^^a^,Mdw, (8.1.11) 



and from (8.1.6 1, the Unruh and Rindler operators are related by 



Qq,! = cosh(rQ) Aq,r + sinh(rQ) l' 

qqji = cosh(rQ) Aqx + sinh(rQ) R. (8.1.12) 

We can now investigate how the vacua and excited states defined with re- 
spect to the different bases are related. Since the transformation between the 
Minkowski and Unruh bases does not mix the creation and annihilation operat- 
ors, these two bases share the common Minkowski vacuum state |0)m = |0)u = 
Oq where Aq,r|Oq)u = Af2x|0fi)u = 0. However, 10)u does not coincide with 

the Rindler vacuum: if one makes the ansatz 

|Oq)u = X]^^^^) |nQ)i|n^)„, (8.1.13) 

n 

where \nQ)i is the state with n Rindler I-excitations over the Rindler I-vacuum 
|0f2)i, and similarly \nQ)ii is the state with n Rindler Il-excitations over the Rindler 
Il-vacuum |0f2)ii, use of ( |8.1.12t shows that the coefficient functions are given 
by /fi(n) = tanh^r^/coshrQ. |0)u is thus a two-mode squeezed state of Rindler 
excitations over the Rindler vacuum for each Q. 

Although states with a completely sharp value of Q are not normalisable, 
we may approximate normalisable wave packets that are sufficiently narrowly 
peaked in Q by taking a fixed Q and renormalising the Unruh and Rindler com- 
mutators to read [Aq,r,A^ r] = [Aq_i,aI j = 1 and [aQ,i,alj] = [0^,11,0^211] = 1, 
with the commutators for mixed R, L and mixed I, II vanishing. In this idealisa- 
tion of sharp peaking in Q, the most general creation operator that is of purely 
positive Minkowski frequency and sharply peaked in Q can be written as a linear 
combination of the two Unruh creation operators, in the form 

aL.v = QlAJjx + QrAI^^, (8.1.14) 

I 1 2 I 1 2 t 

where and Ql are complex numbers with \q^\ +\qL\ =1- Note that [a^^/ clq,\]] = 
1. From ( 8.1.15| and ( 8.1.14 1 we then see that adding into Minkowski vacuum one 



idealised particle of this kind, of purely positive Minkowski frequency, yields the 
state 



00 / T 



coshr^ 

n=0 



= Ql Mlin + + qn\{n + ih)i\nQ)u. (8.1.15) 
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In previous studies on relativistic quantum information, it has been always 
considered a state of the form |8.1.15| with Qr = 1 and qL = invoking the so 
called 'single mode approximation]^ whose problems were discussed in section 



2.6 The above discussion shows that this choice for qr and qL is rather special; 



in particular, it breaks the symmetry between the right and left Rindler wedges. 
We shall address next how entanglement is modified for these sharp Q states 
when both and qL are present, and we then turn to examine the assumption 
of sharp Q. 



8.2 Entanglement revised beyond the single mode 
approximation 

In the relativistic quantum information literature, the single mode approximation 
O-coM ~ ctw.u is considered to relate Minkowski and Unruh modes. The main 
argument for taking this approximation is that the distribution 

a.M= / [{a^^rA^,n + {atQrAn,L]dQ (8.2.1) 
Jo 



is peaked. However, we can see from equations |8.1.10| that this distribution in 
fact oscillates and it is not peaked at all. Entanglement in non-inertial frames can 
be studied provided we consider the state 



^2 

where the states corresponding to Q are Unruh states. In this case, a single 
Unruh frequency Q corresponds to the same Rindler frequency. In the special 
case qR = 1 and qL = we recover the results canonically presented in the 
literature | T0|ll||69) . In this section, we will revise the analysis of entanglement in 



non-inertial frames for the general Unruh modes. However, since a Minkowski 
monochromatic basis seems to be a natural choice for inertial observers, we will 
show in the section 18.51 that the standard results also hold for Minkowski states 
as long as special Minkowski wavepackets are considered. 

Having the expressions for the vacuum and single particle states in the Min- 
kowski, Unruh and Rindler basis enables us to return to the standard scenario 

^In previous chapters we worked implicitly with this choice of Unruh modes without invoking 
any misleading approximation. Indeed, the unprimed basis defined in |2.6.1) can be obtained by 
acting with |8.1.14[ and qj; = 1 on the Minkowski vacuum. The primed basis corresponds to 
QL = 1 
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for analysing the degradation of entanglement from the perspective of observers 
in uniform acceleration. Let us consider the maximally entangled state Eq. ( 8.2.2| 



from the perspective of inertial observers. By choosing different qr we can vary 
the states under consideration. An arbitrary Unruh single particle state has dif- 
ferent right and left components where q^, qL represent the respective weighs. 
When working with Unruh modes, there is no particular reason why to choose 
a specific Qr. In fact, and as as we will see later, feasible elections of Minkowski 
states are in general, linear superpositions of different Unruh modes with differ- 
ent values of qr. 

The Minkowski-Unruh state under consideration can be viewed as an en- 
tangled state of a tri-partite system. The partitions correspond to the three sets 
of modes: Minkowski modes with frequency a> and two sets of Unruh modes 
(left and right) with frequency Q. Therefore, it is convenient to define the fol- 
lowing bi-partitions: the Alice-Bob bi-partition corresponds to Minkowski and 
right Unruh modes while the Alice-AntiBob bipartition refers to Minkowski and 
left Unruh modes. We will see that the distribution of entanglement in these 
bi-partitions becomes relevant when analysing the entanglement content in the 
state from the non-inertial perspective. 

We now want to study the entanglement in the state considering that the Q 
modes are described by observers in uniform acceleration. Therefore, Unruh 
states must be transformed into the Rindler basis. The state in the Minkowski- 
Rinder basis is also a state of a tri-partite system. Therefore, we define the Alice- 
Rob bi-partition as the Minkowski and region I Rindler modes while the Alice- 
AntiRob bi-partitions corresponds to Minkowski and region II Rindler modes. In 
the limit of very small accelerations Alice-Rob and Alice-AntiRob approximate to 
Alice-Bob and Alice-AntiBob bi-partitions respectively. This is because, as shown 
in (8.1.61 and |8.1.12 |, region I (II) Rindler modes tend to R (L) Unruh modes in 



such limit. Likewise, region II Rindler modes tend to L Unruh modes in the small 
acceleration limit. 



The entanglement can be quantified using the negativity ( |1.1.9t as in previous 
chapters. In what follows we will study the entanglement between the Alice-Rob 
and Alice-AntiRob modes. For this we will go through the standard procedure 
learnt in previous chapters: after expressing Rob's modes in the Rindler basis, 
the Alice-Rob density matrix is obtained by tracing over the region II, with the 
result 



^ 00 



2 

n=0 



tanh" Vq 
coshr^ 



pIr. (8.2.3) 
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where 



p^^ = |0n)(0n| + " \^ (\qnf \in + n + 1| + \qif |ln)(ln| 
cosh rQ \ 



+ ( Or 11 n + l)(On| + qLtanhr^ 11 n)(On + 11 

coshr^ ^ 



+ ,,,,2 , ^QrQ^ tanhr^ \in + 2)(ln| + (H.c.),„„_. (8.2.4) 



V( n + l)(n + 2) ^ 

cosh rQ diag. 

Here (H.c.)non-diag. Hieans Hermitian conjugate of only the non-diagonal terms. 
The Alice-AntiRob density matrix is obtained by tracing over region I. However, 
due to the symmetry in the Unruh modes between region I and II, we can obtain 
the Alice-AntiRob matrix by interchanging and Ql. The partial transpose cTr 
of Pr with respect to Alice is given by 

2 



^ oo 
n=0 



'■^h (8.2.5) 

cosh rQ 



where 



= |0n)(0n| + ""^V f I^rI' ^ + n + i\ + \qi^f |ln)(ln| 
cosh rQ \ 



+ (qr lOn -I- l)(ln| + QLtanhrQ |On)(ln -I- 11 

cosh rQ^ 



+ . 2 ^ qnqltanhrQ \in + 2)(ln| + (H.c.),„„.. (8.2.6) 



V( n + l)(n + 2) ^ 

1 O 'tiv tLi JL. 1 / \ I \ # null- 

cosh rQ diag. 

The eigenvalues of Oar only depend on IqrI and |qL| and not on the relative phase 
between them. This means that the entanglement is insensitive to the election of 
this phase. 

The two extreme cases when = 1 and = 1 are analytically solvable 
since the partial transpose density matrix has a block diagonal structure as it 
was shown in previous works |10|. However, for all other cases, the matrix is no 
longer block diagonal and the eigenvalues of the partial transpose density matrix 
are computed numerically. The resulting negativity between Alice-Rob and Alice- 
AntiRob modes is plotted in Fig. 8.1 for different values of |qR| = 1,0.9,0.8,0.7. 
\qn\ = 1 corresponds to the canonical case studied in the literature jlO|. 

In the bosonic case, the entanglement between the Alice-Rob and Alice-AntiRob 
modes always vanishes in the infinite acceleration limit. Interestingly, there is no 
fundamental difference in the degradation of entanglement for different choices 
of |qR|. The entanglement always degrades with acceleration at the same rate. 
There is no special Unruh state which degrades less with acceleration. 
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Figure 8.1: Scalar field: negativity for the blpartltlon Allce-Rob (Blue continuous) and Allce- 
AntlRob (red dashed) as a function of tq = artanh e""^"'" for various choices of \q^\. The 
blue continuous (red dashed) curves from top to bottom (from bottom to top) correspond, to 
IqrI = 1,0.9,0.8,0.7 respectively. All entanglement In both blpartltlons vanishes In the Infinite 
acceleration limit. 



8.3 Wave packets: recovering the single-mode ap- 
proximation 



The entanglement analysis of section 8.2 assumes Alice's state to be a Minkowski 



mode with a sharp Minkowski momentum and Rob's state to be an Unmh mode 
with sharp Unruh frequency, such that Rob's linear combination of the two Unruh 
modes is specified by the two complex-valued parameters and Ql satisfying 
IqrI + IQlI = 1- The Alice and Rob states are further assumed to be orthogonal 
to each other, so that the system can be treated as bipartite. We now discuss the 
sense in which these assumptions are a good approximation to Alice and Rob 
states that can be built as Minkowski wave packets. 

Recall that a state with a sharp frequency, be it Minkowski or Unruh, is not 
normalisable and should be understood as the idealisation of a wave packet that 
contains a continuum of frequencies with an appropriate peaking. Suppose that 
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the Alice and Rob states are initially set up as Minkowski wave packets, peaked 
about distinct Minkowski momenta and having negligible overlap, so that the 
bipartite assumption is a good approximation. The transformation between the 
Minkowski and Unruh bases is an integral transform, given by |8.1.8| and |8.1.10 i: 
can the Rob state be arranged to be peaked about a single Unruh frequency? If so, 
how are the frequency uncertainties on the Minkowski and Unruh sides related? 



8.3.1 Massless scalar field 

We focus first on the massless scalar field of section I8.2[ The massive scalar 



field will be discussed in section |8.5.2| We expect the analysis for fermions to be 
qualitatively similar. 

Consider a packet of Minkowski creation operators aj^j^ smeared with a 
weight function /(a»). We wish to express this packet in terms of Unruh creation 
operators A^ pj and A^ l smeared with the weight functions gn{Q) and giiQ), so 
that 

roc roc 

I f{aj)al^da) = | {^gn{Q)Aln + 9l{^)aL,l) dQ. (8.3.1) 



From (8.1.11 1 it follows that the smearing functions are related by 

roo 

gn{Q) = / a^Jio)) do), 
Jo 

roc 

Jo 

roc 

/M = / [ATgni^) + KnTffLi^)] d^- (8.3.2) 
Jo 



By |8.1.10 |, equations ( 8.5.2| are recognised as a Fourier transform pair between 



the variable ln((o[) G M on the Minkowski side and the variable ±^2 G M on the 
Unruh side: the full real line on the Unruh side has been broken into the Unruh 
frequency ^2 G M"^ and the discrete index R, L. All standard properties of Fourier 
transforms thus apply. Parseval's theorem takes the form 

roc roc 

/ |/(a>)|'da>= / {\gnm' + IffLm') (8-3.3) 
Jo Jo 

and the uncertainty relation reads 

(A^2)(Aln((oO) > |, (8.3.4) 
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where AQ is understood by combining contributions from gni'^) and gi{Q,) in the 
sense of ( 8.5.2| . Note that since equality in (8.3.4 1 holds only for Gaussians, any 



state in which one of gniQ) and gL(^) vanishes will satisfy f8.5.4| with a genuine 
inequality. 

As a concrete example, with a view to optimising the peaking both in Min- 
kowski frequency and in Unruh frequency, consider a Minkowski smearing func- 
tion that is a Gaussian in \n{(ol), 



X 



7X(x) 



1/4 

; exp 



■|A[ln(Wwo)] [ {(x)I(x)q 



-HI 



(8.3.5) 



where and A are positive parameters and /i is a real-valued parameter. A and 
/J are dimensionless and has the dimension of inverse length. Note that / is 
normalised, \f du) = 1. The expectation value and uncertainty of ln(a>?) 



1. 

are those of a standard Gaussian, (ln((o[)) = ln(a»oO and Aln(a>f) = (2A) 
the expectation value and uncertainty of to are given by 



-1/2 



, while 



{(X)) = exp (|A ^) , 

A(o = (w)[exp(|A"^) - 1 



1/2 



(8.3.6) 



The Unruh smearing functions are cropped Gaussians, 



gR(^) = 



1 



(ttA) 



1/4 



(ttA) 



1/4 



exp 



exp 



(8.3.7) 



For eji » A^''^, g^i^) is small and gniQ) is peaked around Q = eji with uncertainty 
(A/2)^'^^; conversely, for eji « -A^''^, gniQ) is small and g^i^) is peaked around Q = 

1/2 

-ep. with uncertainty (A/2) . Note that in these limits, the relative magnitudes 
of ghi^) and gn{Q) are consistent with the magnitude of the smeared Minkowski 
mode function f{(x)) u^^ m do) in the corresponding regions of Minkowski space: 
a contour deformation argument shows that for eji » X^'^ the smeared mode 
function is large in the region f -i- x > and small in the region f -i- x < 0, while 
for €11 « -A^''^ it is large in the region f - x > and small in the region f - x < 0. 

Now, let the Rob state have the smearing function |8.3.5| , and choose for Alice 
any state that has negligible overlap with the Rob state, for example by taking 
for Alice and Rob distinct values of e. For » A^''^ and A not larger than of 
order unity, the combined state is then well approximated by the single Unruh 



frequency state of section 8.2 with Q = and with one of qn and qi vanishing. 
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In this case we hence recover the results in |T0|. To build a Rob state that is 
peaked about a single Unruh frequency with comparable Qr and Ql, so that the 



results of section [83] are recovered, we may take a Minkowski smearing function 
that is a linear combination of ( 8.5.5| and its complex conjugate. 

While the phase factor ((o/a»o)^^ in the Minkowski smearing function |8.5.5| 



is essential for adjusting the locus of the peak in the Unruh smearing functions, 
the choice of a logarithmic Gaussian for the magnitude appears not essential. 
We have verified that similar results ensue with the choices 



2^{(jo/(jOo)^ exp(-a>/a>o) 



(8.3.8) 



and 



{(x)/(x)o) 



V2wKo(2A) 



exp 



2 



+ 



Wo 



(x) 



(8.3.9) 



for which the respective Unruh smearing functions can be expressed respectively 
in terms of the gamma-function and a modified Bessel function. 



8.3.2 Massive scalar field 



For a scalar field of mass m > 0, the Minkowski modes of the Klein-Gordon 
equation are 

1 



U]j,m(^/ x) 



exp(-ia>f -I- xk-x), 



(8.3.10) 



where i? e M is the Minkowski momentum and to s a»]j = \Jm^ -i- i?^ jg the 
Minkowski frequency. These modes are delta-normalised in as usual. The 
Rindler modes are |(28j 



vi^At,x) = iV^exp 

UQ,ii{t,x) = NqOXP 



iQ , f X + t 



iQ , f -X + t 

— In 

2 \-x -t 



(8.3.11) 



where Nq 



f2 ) and ^2 > is the (dimensionless) Rindler 



frequency. These modes are delta-normalised in Q. The Unruh modes r and 
Uqx ai'e as in ( 8.1.6| . Note that in the Minkowski modes |8.3.10 | the distinction 



between the left-movers and the right-movers is in the sign of the label G M, 
but in the Rindler and Unruh modes the right-movers and the left-movers do 
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not decouple, owing to the asymptotic behaviour of the solutions at the Rindler 
spatial infinity. The Rindler and Unruh modes do therefore not carry an index e 
that would distinguish the right-movers and the left-movers. 

The transformation between the Minkowski and Unruh modes can be found 
by the methods of ||28]. In our notation, the transformation reads 

oo 

/oo 
■oo 
/-oo 

UkM = / {a^QUQ^n + ccIqUq,l) dQ, (8.3.12) 
Jo 



where 



1 f (jO + k 



1 f (x) + k 



a^^ = ^= . (8.3.13) 



Transformations for the various operators read hence as in section |8.2| but with 
the replacements 



cj-^k, j dw — ^ / dk (8.3.14) 

and no e. In particular, 

f-oa 



J — oo 

/oo 
aX^a^^d^ (8.3.15) 
■oo 
roo 

aje,M = / ((a^^)*AQ,R + (a^^)*AQx) d^2. 
Jo 

To consider peaking of Minkowski wave packets in the Unruh frequency, we 
note that the transform ( 8.3.15| with |8.3.13t is now a Fourier transform between 



the Minkowski rapidity tanh ^(fe/w) = ln[((o -i- fe)/m] G M and ±Q. G M. The bulk 
of the massless peaking discussion of section |8.3.1| goes hence through with the 



replacements (8.3.14 1 and a>? ^ (a> -i- k)/m. The main qualitative difference is that 
in the massive case one cannot appeal to the decoupling of the right-movers and 
left-movers when choosing for Alice and Rob states that have negligible overlap. 
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8.4 Unruh entanglement degradation for Dirac fields 

Statistics plays a very important role in the behaviour of entanglement described 
by observers in uniform acceleration. While entanglement vanishes in the limit 



of infinite acceleration in the bosonic case |10|, it remains finite for Dirac fields 
pT] . Therefore, it is interesting to revise the analysis of entanglement between 
Dirac fields for different elections of Unruh modes. 



8.4.1 Dirac fields 

In a parallel analysis to the bosonic case, we consider a Dirac field (p satisfying the 
equation (17^(9^ - F^) + m}4> = where 7^ are the Dirac-Pauli matrices and 
are spinorial affine connection^ The field expansion in terms of the Minkowski 
solutions of the Dirac equation is 

k 

Where Nm is a normalisation constant and the label + denotes respectively pos- 
itive and negative energy solutions (particles/antiparticles) with respect to the 
Minkowskian Killing vector field dt. The label I? is a multilabel including energy 
and spin k = {E^, s } where s is the component of the spin on the quantisation 
direction, and d^ are the particle/antiparticle operators that satisfy the usual 
anticommutation rule 

{ckM'cl'^u} = {dk.M'dl'^M} = ^kk', (8.4.2) 

and all other anticommutators vanishing. The Dirac field operator in terms of 
Rindler modes is given by 

i 

where JVr is, again, a normalisation constant. Cjx,djx with S = I, II represent 
Rindler particle/antiparticle operators. The usual anticommutation rules again 
apply. Note that operators in different regions E = I, II do not commute but 
anticommute. ; = {Eq,s'} is again a multi-label including all the degrees of 
freedom. Here u^j and u^n are the positive/negative frequency solutions of 
the Dirac equation in Rindler coordinates with respect to the Rindler timelike 
Killing vector field in region I and II, respectively. The modes u^[, u^^n do not 

^See Appendix ffl 
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have support outside the right, left Rindler wedge. The annihilation operators 
CkM'dkM define the Minkowski vacuum |0)p^ which must satisfy 

CkM |0)m = dk,M |0)m = 0, yk. (8.4.4) 

In the same fashion Cy j:,dy define the Rindler vacua in regions E = I,II 

Cj,n \0)^ = dj,n \0)^ = 0, V;, S = I, II. (8.4.5) 

The transformation between the Minkowski and Rindler modes is given by 

= X] [^]kKl + P]kUk,l + + PfkUk.u] . (8.4.6) 

k 

The coefficients which relate both set of modes are given by the inner produc^ 
coming from the continuity equation derived from the Dirac equation 

(uje,U;) = j d^xuluj, (8.4.7) 

so that he Bogoliubov coefficients are, after some elementary but lengthy algebra 



|6T]|72), 

a' = e'^^^ 1— , -.6ss', (8.4.8) 

jSj, = -e-^^-^^ , ^ Sss', (8.4.9) 

where is the energy of the Rindler mode k, is the energy of the Minkowski 
mode 7 and is a parameter defined such that it satisfies the condition Eq = 



mcoshQ and \kQ\ = msinhQ (see |61 ). One can verify that a" = (a')* and 



jS" = (jS')*. Defining tanr^ = e the coefficients become 



1 + i 

jS;, = -e-^'^^- sin 4s'. (8.4.10) 



Finally, taking into account that C;,m = {4>, u^m) Minkowski particle 

annihilation operator to be 

c,M = + P]ldlj + af*Ck,ii + PfkdlJ . (8.4.11) 



^Note that the Dirac inner product properties are slightly different from the Klein-Gordon 



inner product 2.3.12 . Namely, (ui,U2)* = (uj,^) = (u2,ui) 
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We now consider the transformations between states in different basis. For 
this we define an arbitrary element of the Dirac field Fock basis for each mode 
as 

|F,) = |F,)j,®|F,)l, (8.4.12) 

where 

\Fk)^ = \n)^ |m)„ , |Fje)L = \p){ |q)iJ . 

Here the ± indicates particle/antiparticle. Operating with the Bogoliubov coeffi- 
cients making this tensor product structure explicit we obtain 



where 



X = {i + i)e 



(8.4.13) 



(8.4.14) 



and the operators 



Ck,R s COS rje Ck,i - sin r^ „ , 



Ck,L = (^cosrjeCjeji - sinrjed^ ij (8.4.15) 
are the so-called Unruh operators. 

It can be shown jTS) that for a massless Dirac field the Unruh operators have 
the same form as Eq. ( 8.4.15 i however in this case tanr^j = e"^^°''°. 

In the massless case, to find the Minkowski vacuum in the Rindler basis we 
consider the following ansatz 



|0) 



M 



where 10^),^ = \0q)^ ® \0q)^. We find that 



{Fn,Q,s 



(8.4.16) 



-s/ll, 



(8.4.17) 



n,s 



where the label ± denotes particle/antiparticle modes and s labels the spin. The 
minus signs on the spin label in region II show explicitly that spin, as all the 
magnitudes which change under time reversal, is opposite in region I with respect 
to region II. 

We obtain the form of the coefficients Fn,Q,s, Gn,f2,s for the vacuum by impos- 
ing that the Minkowski vacuum is annihilated by the particle annihilator for all 
frequencies and values for the spin third component. 
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8.4.2 Grassmann scalars 

Since the simplest case that preserves the fundamental Dirac characteristics cor- 
responds to Grassmann scalars, we study them in what follows. Moreover, the 
entanglement in non-inertial frames between scalar fermionic fields has been 



extensively studied under the single mode approximation in the literature |11|. 
In this case, the Pauli exclusion principle limits the sums ( 8.4.17| and only the 
two following terms contribute 

ios^)l = Go|o^)-|OQ)i; + Gi|i^)niQ)i;. (8.4.18) 

Due to the anticommutation relations we must introduce the following sign con- 
ventions 

\ii2){\i^)n = dL,clMi\0^):, = -cl,,dLjW{Mu ■ (8.4.19) 

We obtain the form of the coefficients by imposing that c^^m \^q)m = which 
translates into Cq.rIOq);^ = C^x \Oq)i^ = 0. Therefore 

Cq,r(Fo|0^)i+|0^)„ + Fi|l^)i+|l^)„) = 0, 
C^,L{Go\On){\0^)u + G,\i^)~\i^)l,) = 0. (8.4.20) 

These conditions imply that 

Fi cos rQ - Fo sin vq = ^ Fi = Fq tan r^, 

Gicosr^ + Gosinr^ = 0^ Gi = -Gotanr^, (8.4.21) 

which together with the normalisation conditions (Oq|j^ 1^0.)^ = ^ ^ 
1 yield 

Fo = cosr^, Fi = sinrfi, (8.4.22) 
Go = cosr^ Gi = -sinr^. 

Therefore the vacuum state is given by, 

|0q) = (cosr^ \Oq)I |Oq)ii + sinr^ IIq)! \iQ)u) 

® (cosr^ |Ofi)i" 10^)+ - sinr^ 11^)+), (8.4.23) 

which is compatible with the result obtained with the Unruh modes. For con- 
venience, we introduce the following notation, 

\nn'n"n"% ^ \n^): \n'^);, \n'^); \n'X > (8-4.24) 
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in which the vacuum state is written as, 

\0q) = cos^r^ |0000)^-sinrQCOsrf2 |0011)^+sinrf2 cosr^ |1100)^-sin^ . 

(8.4.25) 

The Minkowskian one particle state is obtained by applying the creation op- 
erator to the vacuum state 11;)^ = Cqu \0)^, where the Unruh particle creator is 
a combination of the two Unruh operators Cq r and Cq l/ 

cl,u = qR(Ci,R ® 1l) + qL(lR ® cJ,l). (8.4.26) 

Since 

Cq,r = (cosr^cJi - sinrQdf2ji) , (8.4.27) 
Cq,l = (cos c Jj ii - sin d^j ) , 
with Qr, Ql complex numbers satisfying IqrI^ + \qi^f = 1, we obtain, 

and therefore, 

= Qn\^Q)R ® \Oq)l + Ql |Oq)r ® IIq)^ . (8.4.29) 
In the short notation we have introduced the state reads, 

\ik)^ = Qr [cosrje 1 1000)^ - sinr^ |1011)^] + qi [sinr^ IllOl)^^ + cosr^ |0001)^] . 

(8.4.30) 



8.4.3 Fermionic enf anglemenf be57ond the single mode approx- 
imation 

Let us now consider the following fermionic maximally entangled state 



V2 

which is the fermionic analog to ( |8.2.2| and where the modes labeled with U are 
Grassmann Unruh modes. To compute Alice-Rob partial density matrix we trace 
over region II in in |^)(^| and obtain, 

^ ^C^ |000)(000| + S2C2(|010)(010| + 1001)(001|)S^|011)(0111 
+ |qR|2(C2|110)(110| + S2|lll)(lll|) + |qL|2(s2|llO)(110| + C2|100)(100|) 
+ q^(C^|000)(110| + S2C|001)(111|) - q^(C2S|001)(100| + S^|011)(110|) 
- qRq*SC|lll)(100| ] + (H.c.)„^^_^,^^ (8.4.32) 
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in the basis were C = cos and S = sin r^. To compute the negativity, we first 
obtain the partial transpose density matrix (transpose only in the subspace of 
Alice or Rob) and find its negative eigenvalues. The partial transpose matrix is 
block diagonal and only the following two blocks contribute to negativity. 



{1100),|010),|111)} 



1 

2 



C2|qL|2 



S2C2 -QlS^ 



(8.4.33) 



(1000), |101), 1011)} 



1 

2 



/ C 
-QIC'S 

\ 





QrS^C 



\ 



(8.4.34) 



Rob 



were the basis used is = Notice that although the system is 

bipartite, the dimension of the partial Hilbert space for Alice is lower than the 
dimension of the Hilbert space for Rob, which includes particle and antiparticle 
modes. The eigenvalues only depend on \q^\ and not on the relative phase be- 
tween qr and ql. 

The density matrix for the Alice-AntiRob modes is obtained by tracing over 
region I in |^)(^|, 

Par = \ [<^^ |000)(000I + S2c2(1010)(010I + I001)(001I) + I011)(011I 

+ lqR|2(C2|100)(100| + |101)(101|) + |qL|^(S2|lll)(lll| + c2|101)(101|) 
+ q^(C^|000)(101| + S2C|010)(111|) + q^(C2S|010)(100| + S^|011)(101|) 

+ qRq^:SCI100)(lllI 1 + (H.c.)„o„.. (8.4.35) 

J diag. 

In this case the blocks of the partial transpose density matrix which contribute 
to the negativity are. 



{[111), 1001), 1100)} 



1 

2 



S^qR C^S^ qi^C^ 
\ q^lSC qlC^ \qnfC^ j 



(8.4.36) 
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{|011),|110),|000)} 



1 

2 



/ qi^S^C \ 

\ qnC^S / 

Anti-Rob 



(8.4.37) 



where we have considered the basis \iik) = |i)Mb')ii Once more, the ei- 

genvalues only depend on \q^\ and not on the relative phase between q^ and 



In Fig. 8.2 we plot the entanglement between Alice-Rob (solid line) and Alice- 
AntiRob (dashed line) modes quantified by the negativity as a function of accel- 
eration for different choices of |qR| (in the range 1 > \q^\ > 1/a/2). 




Figure 8.2: Grassmann field: negativity for the bipartition Alice-Rob (Blue continuous) and 
Alice-AntiRob (red dashed) as a function of = arctane"'^^°'° for various choices of \q^\. 
The blue continuous (red dashed) curves from top to bottom (from bottom to top) correspond, to 
IqrI = 1, 0.9, 0.8, 0.7 respectively. All the curves for Alice-AntiRob entanglement have a minimum, 
except from the extreme case \qR\ = 1. 

We confirm that the case |qR| = 1 reproduced the results reported in the 
literature |jTI]. The entanglement between Alice-Rob modes is degraded as the 
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acceleration parameter increases reaching a non-vanishing minimum value in 
the infinite acceleration limit a ^ oo. However, while the entanglement Alice-Rob 
decreases, entanglement between the Alice-AntiRob partition (dashed line) grows. 
Interestingly, the quantum correlations between the bipartitions Alice-Rob and 
Alice-AntiRob fulfill a conservation law Jsf (Alice-Rob) -I- (Alice-AntiRob) = 1/2. 
Note that the choice IqrI = corresponds to an exchange of the Alice-Rob and 
Alice-AntiRob bipartitions. In such case, the entanglement between Alice and 
Anti-Robs's modes degrades with acceleration while the entanglement between 
Alice and Rob's modes grows. In fact, regarding entanglement, the role of the 
Alice-Rob and Alice-AntiRob partitions are exchanged when \q^\ < \qi^\. This is 
because there is an explicit symmetry between field excitations in the Rindler 
wedges. Therefore, we will limit our analysis to |qR| > |qL|. 

In the fermionic case different choices of |qR| result in different degrees of 
entanglement between modes. In particular, the amount of entanglement in the 
limit of infinite acceleration depends on this choice. Therefore, we can find 
a special Unruh state which is more resilient to entanglement degradation. The 
total entanglement is maximal in the infinite acceleration limit in the case IqrI = 1 
(or IqlI = 1) in which Jsfoo (Alice-Rob) = Jsfoo (Alice-AntiRob) = 0.25. In this case, 
the entanglement lost between Alice-Rob modes is completely compensated by 
the creation of entanglement between Alice-AntiRob modes. 

In the case |qR| = |qL| = 1/^2 we see in Fig. 



8.2 



that the behaviour of both 



bipartitions is identical. The entanglement from the inertial perspective is equally 
distributed between between the Alice-Bob and Alice-AntiBob partitions and adds 
up to (Alice-Bob) -I- >r(Alice-AntiBob) = 0.5 which corresponds to the total en- 
tanglement between Alice-Bob when Iqr] = 1. In the infinite acceleration limit, 
the case |qR| = IqlI reaches the minimum total entanglement. To understand 
this we note that the entanglement in the Alice-Rob bipartition for IqrI > IqlI is 
always monotonic. However, this is not the case for the entanglement between 
the Alice-AntiRob modes. Consider the plot in Fig. 8.2 for the cases |qR| < 1, for 
small accelerations, entanglement is degraded in both bipartitons. However, as 
the acceleration increases, entanglement between Alice-AntiRob modes is created 
compensating the entanglement lost between Alice-Rob. The equilibrium point 
between degradation and creation is the minimum that Alice-AntiRob entangle- 
ment curves present. Therefore, if Iq^l < 1 the entanglement lost is not entirely 
compensated by the creation of entanglement between Alice-AntiRob resulting 
in a less entangled state in the infinite acceleration limit. 
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In the case {q^l = \qi\ = l/>/2 entanglement is always degraded between 
Alice-AntiRob modes resulting in the state, among all the possible elections of 
Unruh modes, with less entanglement in the infinite acceleration limit. 



8.5 Discussion 

We have shown here that the single-mode approximation used in the relativistic 
quantum information literature, especially to analyse entanglement between field 
modes from the perspective of observers in uniform acceleration, does not hold. 
The single-mode approximation attempts to relate a single Minkowski frequency 
mode (observed by inertial observers) with a single Rindler frequency mode 
(observed by uniformly accelerated observers). 

We show that the state canonically analysed in earlier literature corresponds 
to a maximally entangled state of a Minkowski mode and a very specific kind 
of Unruh mode (qr = 1). We analyse the entanglement between two bosonic 
or fermionic modes in the case when, from the inertial perspective, the state 
corresponds to a maximally entangled state between a Minkowski frequency 
mode and an arbitrary Unruh frequency mode. 

We find that the entanglement between modes described by an Unruh ob- 
server and a Rindler observer constrained to move in Rindler region I (Alice- 
Rob) is always degraded with acceleration. In the bosonic case, the entanglement 
between the inertial modes and region II Rindler modes (Alice-AntiRob) are also 
degraded with acceleration. We find that, in this case, the rate of entanglement 
degradation is independent of the choice of Unruh modes. 

For the fermionic case the entanglement between the inertial and region I 
Rindler modes (Alice-Rob) is degraded as the acceleration increases reaching a 
minimum value when it tends to infinity. There is, therefore, entanglement sur- 
vival in the limit of infinite acceleration for any choice of Unruh modes. However, 
we find an important difference with the bosonic case: the amount of surviving 
entanglement depends on the specific election of such modes. 

We also find that the entanglement between inertial and region II Rindler 
modes (Alice-AntiRob) can be created and degraded depending on the election 
of Unruh modes. This gives rise to different values of entanglement in the infinite 
acceleration limit. Interestingly, in the fermionic case one can find a state which 
is most resilient to entanglement degradation. This corresponds to the Unruh 
mode with [qui = 1 which is the Unruh mode considered in the canonical studies 
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of entanglement p] [T0)[TT[[67| - |69| . It could be argued that this is the most natural 
choice of Unruh modes since for this choice {\qR\ = 1) the entanglement for 
very small accelerations (a 0) is mainly contained in the subsystem Alice- 
Rob. In this case, there is nearly no entanglement between the Alice-AntiRob 
modes. However, other choices of Unruh modes become relevant if one wishes 
to consider an entangled state from the inertial perspective which involves only 
Minkowski frequencies. We have shown that a Minkowski wavepacket involving 
a superposition of general Unruh modes can be constructed in such way that the 
corresponding Rindler state involves a single frequency. This result is especially 
interesting since it presents an instance where the single-mode approximation 
can be considered recovering the standard results in the literature. 
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Chapter 9 



Particle and anti-particle 
entanglement in non-inertial 
framesE 

We have discussed in previous chapters that entanglement between modes of bo- 
sonic and fermionic fields is degraded from the perspective of observers moving 
in uniform acceleration. Interestingly, entanglement is completely degraded in 
the infinite acceleration limit in the bosonic case while for fermionic fields a finite 
amount of entanglement remains in the limit. However, the reasons for these 
differences were not completely clear. In this chapter we show that a redistribu- 
tion of entanglement between particle and anti-particle modes plays a key role 
for the preservation of fermionic field entanglement in the infinite acceleration 
limit. 

In our analysis we consider entangled states which involve particle and anti- 
particle field modes from the perspective of inertial observers. Previous studies 
considered entangled states involving exclusively particle modes from the iner- 
tial perspective. To study particle and antiparticle entangled states we develop 
a generalisation of the formalism introduced in the previous chapter which 
relates general Unruh and Rindler modes. This formalism refines the single- 
mode approximation |[3j[38| which has been extensively used in the literature. 
In particular, we will consider in our analysis a fermionic maximally entangled 
state which has no neutral bosonic analog. This state which is entangled in the 
particle/antiparticle degree of freedom can be produced, for example, in particle- 
antiparticle pair creation or in the production of Cooper pairs. The analysis of 

^E. Martin-Martinez and I. Fuentes. Phys. Rev. A 83, 052306 (2011) 
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such states is only possible under the mode transformations we introduce here 
since the single mode approximation does not hold in this case. 

Considering a more general set of states from the inertial perspective al- 
lows us to understand that, in non-inertial frames, entanglement redistributes 
between particle and anti-particle modes. This is a somewhat similar effect to 
that observed in the inertial case: entanglement redistributes between spin and 
position degrees of freedom from the perspective of different inertial observ- 
ers | 74][75| . Interestingly, one can conclude that fermionic entanglement remains 



finite in the infinite acceleration limit due to this redistribution of entanglement 
which does not occur in the bosonic case. Our results are in agreement with the 
results in previous chapters which show that main differences in the behaivour 
of entanglement in the bosonic and fermionic case are due to Fermi-Dirac and 
Bose-Einstein statistics, contrary to the idea that the dimension of the Hilbert 
space played an important role. 



9.1 Dirac field states for uniformly accelerated ob- 
servers 

We consider a Dirac field in 1 -1- 1 dimensions. The field can be expressed from 
the perspective of inertial and uniformly accelerated observers. In this section 
we introduce the transformations which relate the mode operators and states 
from both perspectives. Such transformations have been introduced in chapter 
|8] for particle states. Here we extend this results including transformations for 
anti-particle modes which will be needed in our analysis. 

Minkowski coordinates (f,x) are an appropriate choice of coordinates to ex- 
press the field from the perspective of inertial observers. However, in the uni- 
formly accelerated case Rindler coordinates (77,^;) must be employed. The co- 



ordinate transformation is given by (8.1.41 



The Dirac field (j) satisfies the equation {17^(9^ - F^) + m}(j) = where y'^ 
are the Dirac-Pauli matrices and F^ are spinorial affine connection^ The field 
expansion in terms of the Minkowski and Rindler solutions of the Dirac equation 



^See appendix [a| 
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was given in the previous chapter in equations ( 8.4.1| and (8.4.3 1 

k 



(9.1.1) 
(9.1.2) 



The transformation between the Minkowski and Rindler particle and antiparticle 
modes is given by 



As discussed in section |8.4| the coefficients which relate both set of modes are 
given by the Dirac inner product, so that he Bogoliubov coefficients yield |61j|72) . 



1 + i 



COS rQ6ss', 



Pi 



1 + i 

-iBEn sinr^^,,. 



a" = a 



iS" = (jsi)*, 7" = (r')*< V' = (V)*. 



(9.1.3) 



C;,M = + ^]ldlj + af^Ckji + ^fkdl ii 

k 



where tanr^ = e"'^^^, Eq is the energy of the Rindler mode k, E^^ is the energy 
of the Minkowski mode ; and is a parameter defined such that it satisfies the 
conditions Eq, = mcoshQ and |ltQ| = msinhQ (see ||61j). Finally, taking into 
account that c,-,m = u^m) 4m = ^i.u)' 



(9.1.4) 



We now consider the transformations between states in different basis. For 
this we define an arbitrary element of the Dirac field Fock basis for each mode 
as 

|F,) = |F,)j,®|F,)l, (9.1.5) 

where 

\F,)^ = \n)t |m)„ , |F,)l = \p){ \q)t, . (9.1.6) 
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In the same fashion as in the previous chapter, here the ± signs denote particle 
or antiparticle. It is now convenient to introduce a new basis for inertial observ- 
ers which corresponds to a superposition of Minkowski monocromatic modes. 
As seen in the previous chapter, the reason for this is that the new modes 
(Unruh modes), and Rindler modes have a simple Bogoliubov transformation: 
each Unruh mode transforms to a single frequency Rindler mode. This trans- 
formation is given by 



Ck,R = COS Vk Cfej - sin „ ] , 



Ck,L = [cosTkCkji - sin r^d; I j , 
dJ r = (sinrjeCjej + cosr^dJ n) , 



L = (sinr^Cfeji + cosr^dj ij , (9.1.7) 

were Ck,R,L and Dk,R,h sive the Unruh mode operators. 

The corresponding transformation between Minkowski and Unruh modes is 
given by 



k 



X*(Cje,R ® 1l) + ;^(1r ® Cjex) 



xiDl n ® 1l) + %*(1r ® dI^) 



where 



X = {^ + i)e 



(9.1.8) 



(9.1.9) 



(9.1.10) 



2v^' 

Here we have expressed the tensor product structure ( 9.1.5| explicitly. 

For massless fields it can be shown that the Unruh operators have the 



same form as Eq. (9.1.71 however in this case tanr^ = e 



In the massless case, to find the Minkowski vacuum in the Rindler basis we 
consider the same ansatz as in the previous chapter 

(9.1.11) 



Io>m = (X)|Oq)m' 



where \0q)^ = \0q)^ O \0q)^. We find that 



s \J^Q,s}i Pf2,-s/iij 



10, 



(9.1.12) 
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where the notation and sign conventions are the same as in chapter |8} 

For the case of Grassmann scalars, we recall expression |8.4.25 |, obtained 



after imposing that c^jm \^q)m = ^ for all w which is equivalent to Cq,r |Oq)j:^ = 
Cq,l \Oq)i = for all Q. The vacuum state then yields 

\0q) = [cosrQ \0q)^ |Oq)i~ + sinr^ 11^)+ 

® (cosrQ \0^)~ \0q)^, - sinr^ (9.1.13) 



Using equation ( 9.1.9 i we see that this vacuum state also satisfies d^^M \Oq.)m = ^ 
which is equivalent to DQji|OQ)j:j = Dq^i^\Oq)^ = yQ. For convenience, we 
introduce the following compact notation, 

\iiki)^^\i^);\i^)^\k^);,\i^)~,. (9.1.14) 

Notice that this notation for our basis is slightly different from the one em- 
ployed in the previous chapter (equation ( 8.4.24| ). We do this because it is more 



convenient for our purposes in this chapter. In this notation the vacuum state is 
written as, 

\0q) = cos^r^ |0000)^-sinr^ cosrQ |0110)^+sinrQ cosr^ |1001)^-sin^ lllll)^^ . 

(9.1.15) 



instead of (8.4.25 



The Minkowskian one particle/antiparticls state is obtained by applying the 
creation operator of particle or antiparticle to the vacuum state 11,)^^ = Cqu \0)^, 
|l;)u = u |0)m where the Unruh particle/antiparticle creator is a combination 
of the two Unruh operators 

Cf2,u =Qr(Cq,r ® 1l) + qL(lR ® Cj l), 

4,u =PR(Oi,R ® 1l) + Pl(1r ® dJ,l). (9.1.16) 

Qr/Ql/Pr/Pl are complex numbers satisfying |qR|^ + IqlI^ = 1, |pr|^ + |plP = 1- 

The parameters pn,L ai'e not independent of qn,L- VVe demand that the Unruh 
particle and antiparticle operators are referred to particle and antiparticle modes 
in the same Rindler wedges. Therefore to be coherent with a particular election 
of Qr and Ql, we have to choose Pl = Qr and pr = qL, 

civ =cIr{c1^r ® 1l) + qL(lR ® C^x)' 

<u =qL(D^2,R ® 1l) + qR(lR ® Dl^). (9.1.17) 
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The Unruh L and R field excitations are given by 

iM^ = 4,RioQ)H = iiQ)noo)„, 
iMi: = 4,Lio«)L = ioo)rM, 

and therefore, 

= qL |1q)r ® |Oq)l + qR |Oq)j, ® . (9.1.19) 
In the short notation we have introduced the state reads, 

= Qr [cosr^ 11000)^ - sinr^ |1110)^] + Ql [cosr^ |0010)^ + sinr^ |1011)^] , 

\U)v = [cosrfe 10001)^ - sinr^ [0111)^] + Qr [cosr^ [0100)^ + sinr^ [HOl)^] . 

(9.1.20) 

9.2 Particle and Anti-particle entanglement in non- 
inertial frames 

Having the expressions for the vacuum and single particle states in the Unruh and 
Rindler bases enables us to analyse the degradation of entanglement from the 
perspective of observers in uniform acceleration. Let us consider the following 
maximally entangled states from the inertial perspective 

I^.) = ^ (|0.)m |Oq)u + |1.)m ' (9.2.1) 

I^-) = ^ (IO.)m IOq)u + I1<.)m , (9.2.2) 

l^i) = ^ {n^Vu ll^)u + n^)M ' (9-2.3) 

where the modes labeled with U are Grassmann Unruh modes and the label 
O = ± denotes particle and antiparticle modes. The first two states correspond 
to entangled states with particle and antiparticle Unruh excitations, respectively. 
These two states are analogous to the bosonic state ^(|0)j^ [0)^ + |l)j^ |l)j;) which 
is entangled in the occupation number degree of freedom. The third state has 
no analog in the neutral bosonic scenario since in this case the state is entangled 
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in the particle/antiparticle degree of freedom. In spite of the fact that fermionic 
entanglement in non-inertial frames has been extensively studied in the literature 
ifTTI, states |9.2.2l and 19.2.31 have not been considered before. 



We consider Alice to be an inertial observer with a detector sensitive to a> 
modes while her partner Rob who is in uniform acceleration carries a detector 
sensitive to Q modes. To study the entanglement in the states from their perspect- 
ive we must rewrite the Q modes in terms of Rindler modes. Therefore, Unruh 
states must be transformed into the Rindler basis. The state in the Minkowski- 
Rinder basis becomes effectively a tri-partite system. As it is commonplace in 
the literature, we define the Alice-Rob bipartition as the Minkowski and region 
I Rindler modes, while the Alice-AntiRob bipartition corresponds to Minkowski 
and region II Rindler modes. To study distillable entanglement we will employ 
the negativity as in previous chapters. 

Two cases of interest will be considered. In the first case we assume that 
Alice and Rob have detectors which do not distinguish between particles and 
antiparticles. In this case, particles and antiparticles together are considered to be 
a subsystem. In the second case we consider that Rob and AntiRob have detectors 
which are only sensitive to particles (antiparticles) therefore, antiparticle (particle) 
states must be traced out. Our results will show that when Rob is accelerated, 
the entanglement redistributes between particles and antiparticles as a function 
of his acceleration. This effect is a unique feature of fermionic fields and plays 
an important role in the behaviour of fermionic entanglement in the infinite 
acceleration limit. 



9.2.1 Entanglement in states |^+) and |^_) 
Full sensitivity 

Let us revisit the results presented in the previous chapter where Rob was sensit- 
ive to both, particle and antiparticle modes. To compute Alice-Rob partial density 
matrix in |9.2.1| we trace over region II in |^+)(^+| and obtain. 



Par = i 



|000)(000| + S2C2(|010)(010| + |001)(001|) + |011)(011| 
+ IqnfiC^ |110)(110| + |111)(111|) + \qi^f{S'^\iiO){llO\ + C2|100)(100|) 
+ q^(C^|000)(110| + S2C1001)(111|) - q^(C2S|001)(100| + S^1011)(110|) 
- quq*SC|lll)(100| ] + (H.c.)„^„_^,^^ , (9.2.4) 
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where C = cosr^ and S = sinr^. 

The density matrix for the Alice-AntiRob modes is obtained by tracing over 
region I, 

1 



Par = 



1000)(0001 + S2C2(|001)(001| + |010)(0101) + 1011)(011I 



+ IqnfiC^ |100)(100| + 1110)(110|) + IqifiS'^ + C2|110)(110|) 



+ q^(C^|000)(110| + S2C|001)(111|) + q^(C2S|001)(100| + S^|011)(110|) 



+ qnqlSC\iOO){iii\ + (H.c.)„o„. 

J diag. 



(9.2.5) 



These are the same matrices |8.4.52 1 and (8.4.35 1 but with the different nota- 
tion employed in this chapter. Negativity for the bipartitions AR and AR were 
calculated in chapter 15] and are shown again in Figure [9T 




Figure 9.1: Full sensitivity Negativity for the Alice-Rob (Blue continuous) and Alice-AntiRob 
(red dashed) bipartitions as a function of tq = arctane""^'" for various choices of |qR|. The 
blue continuous (red dashed) curves from top to bottom (from bottom to top) correspond, to 
|qR| = 1,0.9,0.8,0.7 respectively. 



As discussed in the previous chapter, when the acceleration increases the en- 
tanglement between Alice-AntiRob modes is created compensating the entangle- 
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ment lost between Alice-Rob. An analysis of the quantum entanglement between 
Alice's modes and particle/antiparticle modes of Rob and AntiRob will be useful 
to disclose why correlations present this behaviour. 



Sensitivity to particles 

We now analyse the entanglement when Rob's and AntiRob's detectors are not 
able to detect antiparticles. In this case the entanglement is between their particle 
modes and Alice's subsystem. Since Rob cannot detect antiparticles we must trace 
over all antiparticle states in |9.2.4| : p'^^+ = Yln=o,i (^li Par 1^)1"- This yields 



Par- - 2 



|00)(00| + |01)(01| + q^C |00)(11|) + {\qnf + IqhfS^) 
+ \q^^fC'\iO){iO\)]+{H.c.l^^_^^^^, (9.2.6) 



which is the partial state of Alice and the particles sector of Rob. 

The partial transpose {p^^+)^'^ has only one block whose negative eigenvalue 
contributes to negativity 



Basis: f|10),|01)} 

1 / IqlI^C^ q*C 



(9.2.7) 



2 \ q^C 52 

The same procedure can be carried out for the system AR tracing over the 



antiparticle sector in ( 9.2.5 1 obtaining 

|00)(00| + 52 |01)(01| + q*C |00)(11| + (|qL|^ + IqRl^S^) 
+ \qufC'\iO){iO\]+{U.c.),,,_. (9.2.8) 

J diag. 



^AR^ 2 



The partial transpose ip^f^+Y'^ has only one block whose negative eigenvalue 
contributes to negativity 

• Basis: {|10),101); 



1 / \qn\'C' q*C 

2 \ qLC 52 

Entanglement for p^^+ and p^^+ is plotted in Fig. 



(9.2.9) 



9.2 
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Figure 9.2: Negativity in the particle sector (Rob and AntiRob can only detect particle modes) 
for the bipartition Alice-Rob (Blue continuous) and Alice-AntiRob (red dashed) for the state |9.2.1) 
as a function of tq = arctane""^'" for various choices of |qR|. The blue continuous (red dashed) 
curves from top to bottom (from bottom to top) correspond, to \q^\ = 1,0.9,0.8,0.71 respectively. 
For \qfi\ = 1 Alice-AntiRob curve is zero Va. 



Sensitivity to antiparticles 

A similar calculation can be carried out considering that Rob and AntiRob de- 
tectors are only sensitive to antiparticles, i.e. tracing over particle states. In this 
case we obtain that p^p^- = J]n=o,i (^Ii^Par therefore, from |9.2.4| , 



Par- - 2 



|00)(00| + |01)(01| - qlS |01)(10| + (|qL|^ + IqnfC^) |10)(10| 
+ IqupS2lll)(ll|)l +(H.c.)„„„_,,^^ (9.2.10) 



is the partial state of Alice and the particles sector of Rob. 
The only block giving negative eigenvalues is 

• Basis: {|11),|00)} 
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1 / IqrI^S^ -q*S 

2 \ -QlS C 



2 



(9.2.11) 



The density matrix for the Alice-AntiRob antiparticle modes is obtained by 
tracing over the particle sector in ( 9.2.5| 



|00)(00| + S2 |01)(01| + (IqRp + IqLpC^) |10)(10| 
+ lqLl's2|ll)(ll| + q*S |01)(10|)1 + (H.c.)„„„_. (9.2.12) 



diag. 

Again only one block of the density matrix contributes to negativity 
• Basis: {|11),|00)} 

QrS 



Entanglement for p^^^ and p^^^ is plotted in Fig, 




(9.2.13) 



The analysis of entanglement in the state |9.2.2t is done in a completely ana- 
logous way. We find that the entanglement behaves exactly the same way as in 
state ( 9.2.1 1 only that the role of particles is replaced by anti-particles. Therefore 



negativities are related in the following way: 



-^AR+ - 




^aV 


= ^a"r 


AR" 




^aV 


= ^a"r 


-'^AR = 




^A^R 


= ^Ir- 



(9.2.14) 



We see in Figure pA\ that the total entanglement between Alice and AntiRob 
starts decreasing and presents a minimum before starting to grow again for 
higher accelerations. If Iq^l < 1 the entanglement in the limit a ^ is distributed 
between the bipartitions AR and AR as shown in chapterjsj The entanglement lost 
in the bipartition AR is not entirely compensated by the creation of entanglement 
in AR and therefore, this results in a state containing less entanglement in the 
infinite acceleration limit. 

Interestingly, the correlations between Alice and the particle sector of Rob 
and AntiRob always decrease while the correlations between Alice and the anti- 
particle sector of Rob and AntiRob always grow. This behaviour explains why 
entanglement always survive the infinite acceleration limit for any election of q^ 
and qi. As Rob accelerates there is a process of entanglement transfer between 
the particle and antiparticle sector of his Hilbert space. The same happens with 
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Figure 9.3: Negativity in the antiparticle sector (Rob and AntiRob can only detect antiparticle 
modes) for the bipartition Alice-Rob (Blue continuous) and Alice-AntiRob (red dashed) for the 
state 9.2.1 1 as a function of tq = arctane""^'" for various choices of \q^\. The red dashed curves 
from top to bottom correspond, to |qR| = 1,0.9,0.8,0.71 respectively. The two blue curves seen 
correspond (from bottom to top) to \q^\ = 0.8,0.71 respectively. 



AntiRob, such that for neither AR nor AR the entanglement vanishes for any 
value of the acceleration. 

For the simplest case |qfi| = 1 we see that all the entanglement is initially 
(a 0) in the particle sector of the bipartition AR. As the acceleration increases 
the entanglement is transferred to the antiparticle sector of the bipartition AR 
such that, in the limit of infinite acceleration entanglement has been equally 
distributed between these two bipartitions. 

The tensor product structure of the particle and antiparticle sectors plays an 
important role in the behaviour of entanglement in the infinite acceleration limit. 
In the case of neutral scalar fields there are no antiparticles and entanglement 
is completely degraded. Note that in the case of charged bosonic fields there 
are indeed charged conjugate antiparticles. However, in this case the Hilbert 
space has a similar structure to the uncharged field ||T^. The existence of bo- 
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sonic antiparticles simply adds another copy of the same Hilbert space and no 
entanglement transfer is possible between particle and antiparticles. 

Now, if we move to less trivial cases where f 1 the situation gets more 
complicated. In these scenarios we initially start with some entanglement in the 
particle sector of AR, and there can also be an entanglement transfer between 
this sector and AR antiparticle sector. However no entanglement at all is trans- 
ferred to the antiparticle sector of the subsystem AR unless the acceleration 
reaches a threshold given by 

cos^r = 1^ = -\ - i. (9.2.15) 

\cir\^ IqRp 

The maximum value of cos [r{a)] is cos [r(a oo)] ilV2 therefore for \qR\^ > 
2/3 entanglement is not transferred to the antiparticle sector of Alice-Rob for 
any value of the acceleration while the opposite (transfer from AR to AR) always 
occurs. This explains why when Qr f 1 the entanglement loss in the bipartition 
AR in the limit a ^ oo (understood as the difference between the initial entan- 
glement in AR and the final entanglement) is smaller than in the extreme case 
Qr = 1- 

It is evident that the choice of Unruh modes influence the transfer of entangle- 
ment between particle and antiparticle sectors. When the acceleration is larger 
than ( 9.2.15 1, when |qR| grows closer to 1/v^ more entanglement is transferred 
from the particle sector of AR to the antiparticles of AR. In the limit Qr = l/\/2 
the same amount of entanglement is transferred to the antiparticle sector of both 
AR and AR. 

The particle entanglement (always monotonically decreasing) resembles the 
behaviour of bosonic entanglement studied in previous chapters. Bosonic en- 
tanglement is monotonically decreasing for both AR and AR subsystems. In 
the bosonic case there are not antiparticles and, hence, there is no possibility 
of entanglement transfer to antiparticle sectors of AR. This is the origin of the 
differences in entanglement behaviour for bosons and fermions. 



9.2.2 Entanglement in state 

This state has no neutral bosonic analog since it is entangled in the particle/antiparticle 
degree of freedom. Therefore, the analysis of entanglement in this state revels 
interesting features which are of genuinely fermionic nature. 

To study this type of state we employ the generalisation of the formalism 
developed in chapter |8] which relates general Unruh modes with Rindler modes. 
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This formalism refines the single-mode approximation introduced in pp8] which 



has been extensively used in the literature. For this type of state the single 
mode approximation used in |[TT) does not hold and attempting to use it may 
lead to misleading results: applied just as presented in ||TT] one would find the 
erroneous result that maximally entangled states from the inertial perspective 
appear disentangled from the accelerated perspective, irrespectively of the value 



of acceleration. Using the mode transformation introduced in section |9.1| leads 
to sensible results: acceleration behaves regularly for accelerated observers and 
approaches a maximally entangled state in the inertial limit. 

For convenience we will introduce a new notation for this case. For Alice, we 
denote the states by if they correspond to particles and |-) for antiparticles. 
Therefore the state is written as 

I^i) = ^(I + )m|1^)u + |-)m|1^)S) (9-2.16) 

The density matrix for the subsystem Alice-Rob is obtained from tracing 
over region II 

= \q^fC^ | + 10)( + 10| + Iqul^S^ | + + + Iq^^C^ | +00)(+00| 
+ |qL|^S2| + 10)( + 10| - SCquq^ 1 + 11)(+00| + IqLl^C^ | -00)(-00| 
+ IqLl^S^ 1-01)(-01| + IqnfS^ + SCq^qL | -00)(-ll| 

+ |qR|2c2|-01)(-01| + {\qnfC^ - IqLl'S^) | + 10)(-01| + (H.c.)„„„_, (9.2.17) 

diag. 

and for the Alice-AntiRob bipartition we obtain 

p^^ = IqRpC^ |+00)(+00| + Iqul^S^ | + 10)( + 10| + IqLl^S^ | + 11)( + 11| 
+ iQLfC^ | + 10)( + 10| + SCquq* I +00)( + 11 1 + IqLl^C^ | -01)(-01| 
+ IqLl^S^ |-11)(-11| + Iqj^pc^ |-00)(-00| + Iqul^S^ |-01)(-01| 
-SCq^qL |-11)(-00| + {\q^\^C^ - Iq^pS^) | + 10)(-01| + (H.c.)„„„_. (9.2.18) 

diag. 

Assuming that the observers cannot distinguish between particles and anti- 
particles yields matrices where only one block of the partial transpose density 
matrix gives negative eigenvalues 

• Basis: {|-10) , |+01)} 

1 / (IqupC^ - iQLpS^) , 
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In this case the negativity is given by 

Kn = l\\cinfC'-\ci.?S'\\. 

A similar result is obtained for the system Alice-AntiRob p^^^. In this case the 
only block of the partial transpose that contributes to negativity is 



Basis: {|-10) , |+01)} 

(9.2.20) 



(KfC^ - \qnfS^) 

(IqLl^C^ - |qRps2) 



resulting in 



Both negativities are shown in Fig. 9.4 



Interestingly, when Rob and AntiRob are not able to detect either particle or 
antiparticle modes the entanglement in the state vanishes. The partial density 
matrices for AR and AR in this case yield 

pV = ilQnf + |qL|'s2)| + l)( + l| + \q^fC' \+0){+0\ + {\q^f + \qnfc') \-0){-0\ 
+ lqR|2s2|-l)(-l| + (H.c.)„„„_, (9.2.21) 

diag. 



Plr = ^I^lI' + IqRl'S^) | + + + |qj,|2c2 |+0)(+0| + {\qnf + IqLl'C^) | -0)(-0| 
+ |qLpS2|-l)(-l| + (H.c.)„„„., 

diag. 



Pm- = (IQlP + |qR|'c2)|+0)(+0| + Iq^^c^ | _0)(-0| + {\qnf + IqLl'S^) | 

+ |qR|2s2 | + + + (H.c.)„„„_, (9.2.22) 

diag. 



Pin = (l^t^l' + |qL|'c2)|+0)(+0| + |qj,|2c2|-0)(-0| + {\q^f + [q^^l^S^) | 

+ |qLpS2| + l)( + l| + (H.c.)„„„_, (9.2.23) 

diag. 

for which negativity is strictly zero. The entanglement in this state is of a different 
nature as the entanglement in states |^+) and |^_), therefore a direct comparison 
of the behaviour of entanglement cannot be done. The total entanglement here 
is associated to correlations between particles and antiparticles and, therefore. 
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Figure 9.4; Particle-antiparticle maximally entangled state 9.2.3 : Negativity for the bipartition 
Alice-Rob (Blue continuous) and Alice- AntiRob (red dashed) as a function of tq = arctane""^'" 
for various choices of |qR|. The blue continuous (red dashed) curves from top to bottom (from 
bottom to top) correspond, to |qR| = 1,0.9,0.8,0.7 respectively. The curves for Alice-AntiRob 
entanglement have a minimum where the negativity vanishes. 



if we trace out either the particles or antiparticles we effectively remove all the 
correlations codified in this degree of freedom. 

In the case when the detectors do not distinguish between particles and anti- 
particles we found that the entanglement in the Alice-AntiRob bipartition is de- 
graded with acceleration vanishing at a critical point. For higher accelerations 
entanglement begins to grow again. Namely, the entanglement on the bipartition 
Alice-AntiRob vanishes for a specific value of the acceleration if IqrI < 1. This 
value of the acceleration is given by 

tan^r = -^-i. (9.2.24) 

What is more, the surviving entanglement in the limit a ^ oo is 

XUa ^ oo) = Kj,f,{a ^ oo) = ^{\qnf - \qLf), (9.2.25) 
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therefore, when IqrI = Iql] = I/a/2 no entanglement survives in the limit of 
infinite acceleration. 

This shows that entanglement has a non-vanishing minimum value in the in- 
finite acceleration limit (regardless of the election of Unruh modes) only when 
there is transfer of entanglement between particles and antiparticles. Otherwise, 
it is possible to find an Unruh mode whose entanglement vanishes in the infinite 
acceleration limit as in the bosonic case. We therefore conclude that the en- 
tanglement transfer between particle and antiparticle sectors plays a key role in 
explaining the behaviour of entanglement in the infinite acceleration limit. 



9.3 Discussion 

Including antiparticles in the study of fermionic entanglement allowed us to un- 
derstand key features which explain the difference in behaviour of entanglement 
in the fermionic and bosonic case. Namely, we have shown that there is an en- 
tanglement redistribution between the particle and antiparticle sectors when Rob 
is in uniform acceleration. This entanglement transfer is not possible in the bo- 
sonic case and, therefore, the differences between the bosonic and fermionic 
cases arise. In particular, we have shown that this entanglement tradeoff gives 
rise to a non-vanishing minimum value of fermionic entanglement in the infinite 
acceleration limit for any choice of Unruh modes. 

We also exhibit a special fermionic state for which entanglement transfer 
between particle and antiparticle states is not possible. Interestingly, in this case 
we can find a specific choice of Unruh modes such that entanglement vanishes 
in the infinite acceleration limit. Incidentally, this choice (|qR| = |qL| = i/V2) 
minimises the surviving entanglement of states (9.2.1 1 and |9.2.2 |. We showed 



that it is the tradeoff between the particles and antiparticles sector what protected 
them from a complete entanglement loss. 

Our analysis is based on an extension to antiparticles of the formalism in- 
troduced in chapter |8] which relates Unruh and Rindler modes. This allowed us 
to analyse a more general family of fermionic maximally entangled states for 
which the single-mode approximation does not hold. 

This study sheds light in the understanding of relativistic entanglement: the 
differences in bosonic and fermionic statistics give rise to differences in entangle- 
ment behaviour. This provides a deep insight on the mechanisms which makes 
fermionic entanglement more resilient to Unruh-Hawking radiation. 
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Chapter 10 



Entanglement amplification via the 
Unruh-Hawking effectj^ 



We have studied in previous chapters the influence of the so-called Unruh and 
Hawking effects on quantum entanglement. In all these previous studies it was 
shown how starting with entangled states from an inertial perspective we end 
up with a less entangled state when one of the observers is non-inertial. Due to 
those results, it has been always considered that the Unruh effect would only be 
able to degrade entanglement. 

This belief was reinforced by the intuitive argument that since the Unruh 
effect acts in a similar way to a thermal bath with T oc a, entanglement should 
be degraded in a similar way as by thermal decoherence. This argument is 
flawed because the Unruh thermal state is derived for the Minkowski vaccuum 
state, not for states containing excitations. Nevertheless, it was supported by the 
fact that all previous works under the single mode approximation (SMA) found 
that entanglement in the AR bipartition was a monotonically decreasing function 
of the acceleration. Also, for maximally entangled states beyond the SMA, the 



same monotonic behaviour of AR entanglement was found (see figures 8.1 and 



8i2) . So it still seemed true that acceleration tends to degrade entanglement. 



When studying non-maximally entangled states these trends would be expected 
to continue holding in principle. 

In this chapter we show an unexpected outcome of the Unruh and Hawking 
effects: the appearance of entanglement when one of the observers of a bipartite 
system undergoes a constant acceleration. We prove here that there are some 
states, shared by two observers, whose degree of entanglement increases as one 

^M. Montero and E. Marti'n-Marti'nez. arXiv:101 1.6540 
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of the observers accelerates. The phenomenon is thoroughly studied here for 
Grassmann scalar and bosonic scalar fields, it is thus not a peculiarity of fermionic 
statistics (as it was the entanglement survival in the infinite acceleration limit) but 
a universal phenomenon. 

This entanglement amplification is promising in order to detect quantum ef- 
fects due to acceleration (and therefore gravity). Entanglement, unlike other 
phenomena (such as thermal noise) does not admit a classical description. Thus, 
its observation would account for a pure quantum origin of the aforementioned 
effects. 

On the other hand entanglement is very sensitive to any interaction with 
the environment, which tends to degrade it. This made it very difficult for any 
experiment relying on entanglement degradation |[10j to find evidence for these 
effects. By the same token, experiments studying entanglement creation are safer 
from these flaws: if a small amount of entanglement is created, no matter how 
damped by decoherence it may be, the only possible origin is an acceleration- 
induced quantum effect. The entanglement amplification phenomenon provides 
a novel way to distinguish genuine quantum effects of gravity from classically 
induced ones, something worth considering when trying to detect the Unruh 
and Hawking effects in analog gravity set-ups |76|. 

The main reason why this phenomenon has gone unnoticed so far is the 
reliance in the single mode approximation (SMA) that many previous works 
assumed. And, on the other hand when going beyond the single mode ap- 
proximation, only maximally entangled states were studied. We need to study 
non-maximally entangled states beyond SMA to find the effect. 



10.1 The setting 

Let us consider a system composed of an inertial observer, Alice, who watches 
an inertial mode of a quantum field (either a Grassmann or bosonic scalar field) 
and a uniformly accelerated Rindler observer either in region I or II of Rindler 
spacetime. As in previous chapters we will call this observer Rob if he is in region 
I and AntiRob if he is in region II. Rob (or AntiRob) watches an Unruh mode of 
the quantum field (see chapter |8|, which is entangled with Alice's. As we saw in 
chapter |8] consideration of two different kinds of Unruh modes is necessary for 
a complete description of an arbitrary solution to the field equation. 

We will only consider Unruh modes of a given Rindler frequency o) as seen by 
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Rob or AntiRob (who moves with proper acceleration a) but which are arbitrary 
superpositions of left and right mover modes, so that the creation and annihilation 
operators that we are considering here are of the general form |8.1.14 i for a 

(10.1.1) 



scalar field and ( 8.4.26 1 for the Grassmann scalar field. This is to say 
where IqlI^ + IqrP = 1, Qr > Ql and C„,x for X = L, R are 



C„,R = cosh rb,„ a„,i - sinh rb,„ af^ „ , 



C, 



(i>,L 



cosh rb.o, a^,,!! - sinhrb,a,a^ i, 



(10.1.2) 
(10.1.3) 



where a,a^ are particle operators for the scalar field, and 



C, 



w,R 



cosrf,^c^j -sinrf,^dj,ii] , 



(0,1 ; ' 



(10.1.4) 



where c,c^ and d,d^ are respectively particle and antiparticle operators, for the 
Grassmann case. 

The family of bipartite states in which we will observe entanglament ampli- 
fication is of the form 

1^) = P|0)a \a\l) + Vi - a2 10)] + Vl - P2|i)^ + y^l -jS2|0)] . (10.1.5) 

Here, the subscript 'A' refers to Alice's inertial mode, and |1) = CI, |0) is the Unruh 
particle excitation. All these states have an implicit dependence on Rob's accel- 
eration a when expressed in the Rindler basis through the parameter defined 
by tanrf ^ = e"'^'^'^''" in the fermionic case, and tanhrb.oj = e"'^'^'^''" in the bosonic 
case. 

As usual | 10pT , we transform the state ( lO.l.S i into the Rindler basis following 
the same conventions as in chapter |8} Although the system is obviously bipartite, 
shifting to the Rindler basis for the second qubit the mathematical description of 
the system admits a straightforward tripartition: Minkowskian modes, Rindler 
region I modes, and Rindler region II modes. 

The density matrix for the state, which includes modes on both wedges of 
the spacetime along with Minkowskian modes, is built from ( 10.1.5 1. Namely, 

pARR ^ 

As discussed previously, an accelerated observer in region I is causally dis- 
connected from region II (and vice-versa). For this reason when we consider 
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the bipartite system Alice-Rob we need to trace over the modes that only have 
support in region II and to which Rob is causally disconnected. Equivalently, 
we would have to trace over modes in region I if we consider that the accel- 
erated observer is in region II. The density matrices for the bipartite systems 
Alice-Accelerated observer are 

p^^ = Tr„p^^^ = ^ (nliiP^^^ |n)ii , (10.1.6) 

n 
n 

The density matrix for the subsystem Alice-Rob is, therefore, given by 

p^'^ = Tr„(|>I^)(^|) = P2|0)^(0U [a2Tr„(|l^(l|J + (1 - a^) Tr„(|0) (0|) 

+ av/l^(Tr„(|l^ (0|) +Tr„(|0) (1| J)] + (1 -P2) (1| J 

+ (1 -iS2)Tr„(|0)(0|) + ig0:^(Tr„(|l)u(O|) +Tr„(|0)(l|J)" 

+ PVl-P2|i)^ (0|^ [ajSTr„(|l)u (1|J + V i - aW ^ - ^M\0) (0|) 

+ jSVl -a2Tr„(|l)u (0|) a^/T^ Tr„(|0) (l|u)] + (H.C.)A,ice-Nondiag (10.1.8) 

for both cases, scalar field and Grassmann field. The kets and bras labeled with 
an A correspond to Alice and those inside the traces correspond to Rob. by 
(H.c.)Aiice-Nonciiag we mean the Hermitian conjugate of the terms with different 
Alice indices. 



The relevant matrices in ( 10.1.8| are different for the scalar and the Grass- 



mann case. Specifically, for the Grassmann scalar case 

Tr„(|0) (0|) = |00)(00| + S2c2(|10)(10| + |01)(01|) + |11)(11| , 
Tr„(|l)u (1|J = q| [C^ |10)(10| + |11)(11|] + ql [S^ |10)(10| + |00)(00|] 

- qRqLSC(|ll)(00| + |00)(11|), (10.1.9) 

and 

Tr„(|l)u (0|) = qn [C^ |10)(00| + S^C |11)(01|] - Ql [S^ I10)(ll| + SC^ |00)(01|] . 

(10.1.10) 

Where we have defined for brevity S = sin rf,(^, C = cos f, o) and is a state with 
i particles and ; antiparticles in region I, obtained after tracing out the modes in 
region II. 

The partial transpose with respect to Alice can be obtained by simply swapping 



the Alice states in ( 10.1.8 1. The resultant matrix can be diagonalised numerically 



to compute the negativity. 
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We shall now compute the density matrix after tracing out region II for the 
scalar field. For a general state ( 10.1.5| , the traced density matrix is given again 
by flO.l.Sl, but now the relevant matrices have a different form, namely 



Trum{0\)=Y]finf\n){n\, 



n=0 



. oo 

Tr„(|l)u = Y.finfin + 1) {ql \n){n\ + q||n + l)(n + 1| 

cosh r,. ^ 



n=0 



+ qiqnf{n)f{n + iW{n + l){n + 2) {\n){n + 2| + |n + 2)(n|) 

(10.1.11) 

and 

. oo 

'^''"^'^^"^^'^ = ^^^E^L/(n)/(n + i)VW^)\n){n + 1| 

+ qnfinfVn + i\n + l)(n| (10.1.12) 
, where |n) are field modes in region I and 

fin) = (10.1.13) 
cosh Pq 

The resultant matrix is diagonalised numerically taking proper care of conver- 
gence issues to compute the negativity that we use to quantify the entanglement 
between Alice and Rob. Analogous operations would lead to Alice-AntiRob dens- 
ity matrix tracing over I instead of II as discussed in previous chapters (See for 
instance chapter |8f . 



10.2 Entanglement amplification 



For Qr f 1 and a rather simple choice of parameters in ( 10.1.5| (for instance, P = 



0.4, a = 0, jS = 1) the surprise appears: there can be entanglement amplification 



due to acceleration, as seen in fig. |10.1| Furthermore, this amplification becomes 
more evident as Qr approaches the extremal value qn = 1/v^. AR and AR behave 
the same way in this case since the symmetry between regions I and II is not 



explicitly broken (see eq. ( 10.1. 1| and chapter|8|. As Qr tends to 1 (limit analogous 



to the SMA), the effect vanishes. 

More importantly, it is also possible to obtain high entanglement amplification 
considering almost separable states. In some of these cases the negativity is a 
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increasing monotone function of (as for instance in ( 10.1.5 1 when P = 0.1, 
a = 0.8695, jS = 0.909). Therefore, there are states for which the Unruh effect 
does exactly the opposite of what was expected. That is to say, entanglement is 
monotonically created rather than being monotonically destroyed. 



0.25 
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Figure 10.1: Entanglement amplification in Alice-Rob and Alice- AntiRob bipartitions for the 
Grassmann scalar field. Negativity curves for AR (red continuous lines) and AR (blue dashed 
lines) as a function of r„ for = 0.85 and = l/\/2 (where both contributions are equal). The 
state considered is of the general form jl0.1.5( , with the choice of parameters P = 0.4, a = 0, 
JS = 1. 



The phenomenon of entanglement creation also shows up for the bosonic 
scalar field, much in the same way as it did in the Grassmann case. The main 
difference is that in the bosonic case entanglement is bound to vanish in the 
infinite acceleration limit, in concordance with previous results. Therefore, en- 
tanglement can be created only for a finite range of accelerations, as shown in 



Fig 10.2 For qr = 1/v^, Alice-Rob negativity attains a maximum of 0.127 at 
r^j = 0.191. This is 3.1 % above inertial level. Considering frequencies of or- 
der ~ 1 GHz, which correspond to reasonable experimental possibilities j77| the 
acceleration corresponding to this value of r,^ is a ~ lO^^g, much closer to ex- 
perimental feasibility than previous proposals ||39) which suggested accelerations 
of ~ 1025g. 
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In order to study the experimental implications of this phenomenon, let us 
introduce a specific scenario. Consider the family of states ( 10.1.5| for fixed P 
and jS > 0.2. This family shows an unbounded relative increase of entanglement 
as one approaches the limit a ^ jS (separable limit). This means that there 
are states for which an arbitrary small acceleration produces an arbitrary large 
relative increase in negativity. The same happens as we approach a separable 
state taking P ^ for certain values of a and jS. This behaviour is quite general 
and appears for both fermionic and bosonic fields. However the more relative 
entanglement increase (signal-to-background ratio) we want to achieve, the more 
separable the inertial states should be. Preparing and controlling these quasi- 
separable states would be the experimental challenge to detect the Unruh effect 
by means of these techniques. 

Any such experiment would be naturally interested in negativity behaviour in 
the vicinity of r^^ = 0, easier to obtain in laboratory conditions. This means that 
in order to maximise experimental feasibility we are interested in states whose 
negativity shows a quick growth for small r^^. We study the relative increase of 
AR negativity with respect to its inertial value for the family of states |10.1.5| at 



fixed r„. As an example we choose r^j = 0.15 which corresponds to accelerations 
from a ~ 5 • lO^^g to 5 • lO^^g for frequencies from 1 MHz to 1 GHz. This 



unbounded entanglement creation can be seen in Fig. 10.5 



We obtain huge 'signal-to-background' ratios and the better the negativity can 
be experimentally determined the bigger this ratio can become. If we relied on 
entanglement degradation to detect the Unruh effect |[10], the percental change in 
negativity would be bounded by 100 %. With the plethora of new states presented 
in this work, this relative change can be made arbitrarily high. 

The same analysis carried out for Unruh modes can be repeated if we consider 
that the excitations |1) are Gaussian wavepackets from the inertial perspective. 
As detailedly shown in section |8.5| Gaussian wavepackets of Minkowski modes 
transform into Gaussian wavepackets of Rindler modes. We can consider at the 
same time peaked wavepackets in the Minkowskian basis and in the Rindler basis 
such that the analysis would be completely analogous to the monochromatic case. 
In this case different choices of qR and Ql represent different spatial/momentum 
localisation of the Gaussian wavepackets. This means that in principle we can 
define two local bases (for Alice and Rob) in which this entanglement creation 
phenomenon is present. 
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Figure 10.2: Entanglement creation for the bosonic scalar field. Negativity for AR (red con- 
tinuous) and AR (blue dashed) as a function of r„ for qr = 0.85 and = l/\/2 (where both 
contributions are equal). The state considered is of the general form jlO.1.5 , with P = 0.4, a = 0, 
JS = 1. 



10.3 Discussion 



We have shown that the Unmh effect can not only degrade quantum entangle- 
ment but also amplify it, banishing previous fundamental misconceptions such 
as the belief that the Unruh and Hawking effects are sources of entanglement 
degradation. We have demonstrated that there are families of states whose en- 
tanglement can be increased by an arbitrarily high relative factor. 

One could ask why entanglement seems to be created in this case when the 
natural way of thinking may suggest that under partial tracing correlations can 
only be lost. This has to do with a mechanism related to the change of basis 
Unruh-Rindler. Observing an entangled state of the field from the perspective 
of an accelerated observer implies two processes: 1) a generation of entangle- 
ment due to the Bogoliubov relationships implied in the change of basis that was 
shadowed under the SMA and 2) an erasure of correlations due to the tracing 
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Figure 10.3: Relative (blue continuous) and absolute (red dashed) entanglement creation as a 
function of the inertial negativity for a Grassmann field state of the family 10.1.5 with P = 0.4, 
jS = 0.8 and different values of a for = l/\/2 and r^j = 0.15 (accelerations from a r; 5 ■ lO^^g 
to 5 ■ lO'^g for frequencies from 1 MHz to 1 GHz). Notice an unbounded growth of the 'signal- 
to-background' ratio. 



over one of the Rindler regions. We saw that going beyond the single mode 
approximation these competing trends explain why for a certain acceleration the 
amplification of entanglement is maximal. In previous works under the SMA it 
was simply not possible to see these two mechanisms in action. 

Furthermore, with these results we move the experimental difficulties from 
generating and sustaining high accelerations to the preparation and measure- 
ment of quasi-separable entangled states. Hence, we are presenting a new way 
to detect the Unruh effect. As a matter of fact, our results are independent of 
the specific implementation to detect the entanglement magnification, hence they 
can be exported to a huge variety of experimental set-ups as for instance analog 
gravity settings. 

Besides, these results can be readily exported to a setting consisting in an 
observer hovering at certain distance close to the event horizon of an Schwarz- 
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schild black hole, following chapter [7j and therefore the same conclusions drawn 
for the Unruh effect are also valid for the Hawking effect. 
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Chapter 11 



Quantum entanglement produced 
in the formation of a black hole^ 



In this chapter we analyse the issue of entanglement production in a dynamical 
gravitational collapse. With this aim, we consider both a bosonic (scalar) and a 
fermionic (Grassmann scalar) field which initially are in the vacuum state and 
compute their asymptotic time evolution under the gravitational interaction in a 
stellar collapse. The vacuum state evolves to an entangled state of modes in the 
future null infinity (which give rise to Hawking radiation |31|) and modes that do 
not reach it because they fall into the forming event horizon. 

We will argue that the initial vacuum state in the asymptotic past does not have 
any quantum entanglement with information about the future black hole, and that 
it evolves to a state that is physically entangled as a consequence of the creation 
of the event horizon. This entanglement depends on the mass of the black hole 
and the frequency of the field modes. In particular, for very small frequencies 
or very small black holes, a maximally entangled state can be produced. 

The entanglement generated in a gravitational collapse thus appears as a quan- 
tum resource for non-demolition methods aiming to extract information about 
the field modes which fall into the horizon from the outgoing Hawking radi- 
ation. These methods would be most relevant for cases such as the formation 
of micro-black holes and the final stages of an evaporating black hole when the 
mass is getting smaller and, therefore, quantum correlations generated between 
the Hawking radiation and the infalling modes grow to become even maximal, 
as we will show. 

We have seen that fermions and bosons have qualitatively different behaviours 
^E. Martin-Martinez, L. J. Garay, J. Leon. Phys. Rev. D, 82, 064028 (2010) 
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in phenomena such as the Unruh entanglement degradation. Here, we will show 
that for fermions the generation of entanglement due to gravitational collapse is 
more robust than for bosons. We will see that this robustness becomes more 
and more evident from the peak of the thermal spectrum of Hawking radiation 
towards the ultraviolet. 



Previous literature (see for example j21 78-80 among many others) showed 
that Hawking radiation is correlated with the field state falling into the collapsing 
star. However neither the analysis of the associated entanglement entropy as 
a function of the black hole parameters nor the comparison between fermio- 
nic and bosonic behaviour have been carried out so far. The study of these 
issues, the nature of the entanglement produced in a gravitational collapse and, 
more important, its dependence on the nature of the quantum field statistics (bo- 
sonic/fermionic) is decisive in order to gain a deeper understanding about quan- 
tum entanglement in general relativistic scenarios as it was proven for other 
setups such as acceleration horizons, eternal black holes and (as we will see in 
the next chapter) expanding universes. 

Since entanglement is a pure quantum effect, understanding its behaviour in 
these scenarios can well be relevant to discern the genuine quantum Hawking 
radiation from classical induced emission in black hole analogs ||8T] (see, for 
example, Ref. ||80|), where both classical and quantum perturbations obey the 
same evolution laws. It will also follow from our study that fermionic modes 
could be more suitable for this task since they are more reliable in encoding 
entanglement information. 

Finally, we will argue that the entanglement between the infalling and the 
Hawking radiation modes neither existed as a quantum information resource 
nor could have been acknowledged by any observer before the collapse occurs, 
namely in the asymptotic past. This is important in order to understand the dy- 
namics of the creation of correlations in the gravitational collapse scenario since 
these correlations are exclusively due to quantum entanglement, as discussed in 
the literature |2T]|78}§0|. 



11.1 Gravitational Collapse 

Gravitational collapse is the inward fall of a body due to the influence of its own 
gravity. In stars, gravitational force is counterbalanced by the internal pressure 
increased by the nuclear reactions taking place in their cores. If the inwards 
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pointing gravitational force, however, is stronger than all outward pointing forces, 
this equilibrium is disturbed and a collapse occurs until the internal pressure 
might rise sufficiently to counterbalance gravity again. 

When stars run out of nuclear fuel, thermodynamic pressure cannot stop the 
star from collapsing. If the star has a mass approximately M < 1.4 solar masses it 
will reach a point in which the electron degeneracy pressure counterbalances the 
gravitational collapse. These are the astrophysical objects called 'white dwarfs'. 
If the star has a mass between 1.4 and 3 solar masses, electron degeneracy is 
not enough to stop the gravitational collapse, then electrons and protons interact 
forming neutrons. Neutronic degeneracy pressure may be enough to counter- 
balance the gravitational pull. These are the so-called 'neutron stars'. If the star 
mass is above 3 solar masses no known force in nature can stop the collapse and 
then a black hole is formed. 

In order to analyse the entanglement production induced by gravitational col- 
lapse we will consider the Vaidya dynamical solution to Einstein equations (see 
e.g. Ref. |[21|) that, despite its simplicity, contains all the ingredients relevant to 
our study. Refinements of the model to make it more realistic only introduce sub- 



leading corrections. The Vaidya spacetime (Fig. 11.1 1, is conveniently described 



in terms of ingoing Eddington-Finkelstein coordinates by the metric 

^ - f 1 - ^M^) dy2 + 2dydr + r2 d^^^, (11.1.1) 



where r is the radial coordinate, y is the ingoing null coordinate, and M(v) = 
m6{v - vq). For vq < v this is nothing but the ingoing Eddington-Finkelstein 
representation for the Schwarzschild metric whereas for v < vq it is just Min- 
kowski spacetime. This metric represents a radial ingoing collapsing Shockwave 
of radiation. As it can be seen in Fig. |11.1| Vh = Vq - 4m represents the last null 



ray that can escape to the future null infinity J^^ and hence that will eventually 
form the event horizon. 

Let us now introduce two different bases of solutions to the Klein-Gordon 
equation in this collapsing spacetime. On the one hand, we shall define the 'in' 
Fock basis in terms of ingoing positive frequency modes, associated with the 
natural time parameter v at the null past infinity J^", which is a Cauchy surface: 

u!" ^e-*"\ (11.1.2) 



On the other hand, we can also consider an alternative Cauchy surface in the 
future to define another basis. In this case, the asymptotic future is not 
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Figure 11.1: Carter-Penrose diagrams for gravitational collapse: Stellar collapse (left) and Vaidya 
spacetime (right). 

enough and we also need the future event horizon The 'out' modes defined 
as being outgoing positive-frequency in terms of the natural time parameter 77ouf 
at are 

u°"* — e-'""-', (11.1.3) 



where 77out = v-2r*^^ and r*^, is the radial tortoise coordinate in the Schwarzschild 
region. It can be shown (see e.g. Ref. |21|) that, for late times 77ouf oo at 
these modes u°"* are concentrated near Vh at y~ and have the following 
behaviour: 



.out ^ ^ ~iw('vH-4mln t^^!-^ 



^ ^e~"^^^"-^"""^^0(yH - v). (11.1.4) 

47rrvw 

These modes have only support in the region v < Vh. This is evident as only the 
light rays that depart from v < Vh will reach the asymptotic region since the 
rest will fall into the forming horizon defined by v = Vh. This is the only relevant 
regime, as far as entanglement production is concerned. 

For the modes defined at ^+ (denoted 'hor'), there is no such natural time 
parameter. A simple way to choose these modes is defining them as the modes 
that in the asymptotic past J^" behave in the same way as u°"* but defined for 
V > Vh, that is to say, as modes that leave the asymptotic past but do not reach 
the asymptotic future since they will fall into the horizon. This criterion is the 
simplest that clearly shows the generation of quantum entanglement between the 
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field in the horizon and the asymptotic region. In any case, since we will trace 
over all modes at the horizon, the choice of such modes does not affect the result. 
Therefore, we define the incoming modes crossing the horizon by reversing the 
signs of Vh - v and a> in ( 11.1.4| so that near J^" these modes are 



hor 



i(i>[ VH-4m In ' 



47rrvtJ 



'0(V- Vh) 



(11.1.5) 



We are now ready to write the annihilation operators of bosonic field modes 
in the asymptotic past in terms of the corresponding creation and annihilation 
operators defined in terms of modes in the future: 



a'"? = / do) 



al,(ar -tanhr^a^-^) + a,,,e^'P(a;:°'^ - tanhr^a 



oufh 



(11.1.6) 



where tanhr^^ = e The vacuum \0)^^ is annihilated by (II.I.61 for all fre 



quencies o)', this is precisely the scenario described in section (2.5i. One sees 



that the precise values of cp and a^jw' are not relevant for this analysis and the 



'in' vacuum, of the form ( 2.5.14 1, is expanded as follows in terms of the 'out-hor' 
basis: 

.horf^out? 



\0\n = Nexp( X]tanh r.a^^ar' |0),„r |0)out ' 



(11.1.7) 



where JV = ( f^^coshr^^) is a normalisation constant. We can rewrite this state 
in terms of modes \n^) with frequency w and occupation number n as 



^ 00 

l^^i" = n rc^hr I](^anhr,)" |n,)h„r \n 



coshr,,. 



(11.1.8) 



11.2 Analysing entanglement 



The 'in' vacuum (1 1.1.8 1 in the 'out-hor' basis is a two-mode squeezed state. There- 
fore, it is a pure entangled state of the modes in the asymptotic future and the 
modes falling across the event horizon. Given the tensor product structure no 
entanglement is created between different frequency modes. Hence, we will con- 
centrate the analysis in one single arbitrary frequency o). 

We can compute the entropy of entanglement for this state, which is the nat- 
ural entanglement measure for a bipartite pure state, defined as the Von Neumann 
entropy of the reduced state obtained upon tracing over one of the subsystems 
of the bipartite state. To compute it we need the partial state pout = Trhor(10)jn(0|), 
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which turns out to be Pout = nwPout,^/ where 

1 



Pout, a 



(cosh r^, 



^(tanh 



(11.2.1) 



n=0 



This is, indeed, a thermal radiation state whose temperature is nothing but the 
Hawking temperature (87rm)"\ as it can be easily seen. However, this is only 
the partial state of the field, not the complete quantum state, which is globally 
entangled. If we compute the entropy of entanglement Se.o, = Tr(pouf,a) log2Pouf,a)) 
for each frequency, after some calculations, we obtain 



Se,c, = (coshr^) log2(coshr„) - (sinhr jMogg (sinhr. 



(11.2.2) 



which is displayed in Fig. 11.2 As fll.l.S l is a pure state, all the correlations 
between modes at the horizon and modes in the asymptotic region are due to 
quantum entanglement. 




Figure 11.2: Entanglement between bosonic (continuous blue) and fermionic (red dashed) field 
modes in J^^ and in The lesser the mass of the star or the mode frequency, the higher the 
entanglement reached. 

Analogously we can compute the entanglement for fermionic fields. If we 
consider a spinless Dirac field (either one dimensional or a Grassmann scalar), 
the analysis is entirely analogous considering now both particle and antiparticle 
modes. We assume again that the initial state of the field is the vacuum that, after 
some calculations completely analogous to those in chapter |8] can be expressed 
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in the Fock basis at the asymptotic future and the 'hor' modes: 
r sin 2/^ 



(sin r^^) I I 



(11.2.3) 



where tan r,^ = e Here, we are using the double Fock basis, the first figure 

inside each ket representing particles and the second antiparticles. 

We can compute the entropy of entanglement of this pure state. The partial 
density matrix in the asymptotic future Pout = Trhor(|0)in(0|) = HwPouf,*^/ is given 
by 



Pout. = (cosfJ^100)„„/00| + ^ li.oui.oi + 101„)„J01. 



sin 2f „,)^ 
T 

+ (sinf |1„1„)„J1„1„| , (11.2.4) 
which is again a thermal state with Hawking temperature (87rm)"\ and 

SE,a, = -2[(cosf j2log2(cosf J2 + (sinf j2log2(sinf (11.2.5) 



which is also displayed in Fig. 11.2 



Figure [TL2] shows that entanglement decreases as the mass of the black hole 
or the frequency of the mode increase. When comparing bosons with fermi- 
ons one must have in mind that the entropy of entanglement is bounded by (the 
logarithm of) the dimension of the partial Hilbert space ('out' Fock space in our 
case). Therefore, due to Pauli exclusion principle, the maximum entropy of en- 
tanglement for fermions is Se,. = 2, which corresponds to a maximally entangled 
state. On the other hand, for bosons, the entanglement is distributed among the 
superposition of all the occupation numbers and the entropy can grow unboun- 
dedly, reaching the maximally entangled state in the limit of infinite entropy. In 
this sense, the entanglement generated in the fermionic case is more useful and 
robust due to the limited dimension of the Fock space for each fermionic mode. 

This result can be traced back to the inherent differences between fermions 
and bosons. Specifically, it is Pauli exclusion principle which makes fermionic 
entanglement more reliable. Similar results about reliability of entanglement 
for fermions will be also found in the expanding universe scenarios in the next 
chapter. This responds to the high influence of statistics in entanglement beha- 
viour in general relativistic settings as it was investigated in part |T] of this thesis. 
On the other hand, Vaidya spacetime has all the fundamental features of a stellar 
collapse and shows how the entanglement is created by the appearance of an 
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event horizon. Hence, in other collapsing scenarios or including the sub-leading 
grey-body factor corrections, these fundamental statistical differences will not 
disappear. The qualitatively different behaviour of entanglement for bosons and 
fermions is not an artifact of choosing a particular collapse scenario but is due 
to fundamental statistical principles. 

In the above analysis we have considered plane wave modes, which are com- 
pletely delocalised. However, an entirely analogous analysis can be easily carried 
out using localised Gaussian states, with the same results about quantum entan- 
glement behaviour (see Chapter |8|. 

11.3 Discussion 

We have shown that the formation of an event horizon generates entanglement. 
If we start from the vacuum state in the asymptotic past, after the gravitational 
collapse process is complete we end up with a state in the asymptotic future 
which shares pure quantum correlations with the field modes which fall into the 
horizon. One could think that this entanglement was already present before the 
collapse, arguing that (as proved in |j82|) the vacuum state of a quantum field can 
be understood as an entangled state of space-like separated regions. In other 
words, if we artificially divided the Cauchy surface in which the vacuum state is 
determined into two parts, we would have a quantum correlated state between 
the two partitions. In principle we could have done a bipartition of the vacuum 
state in such that it would reflect entanglement between the partial state of 
the vacuum for v < Vh and the corresponding partial state for v > Vh. However, 
it is not until the collapse occurs that we have the information about what Vh is. 
So, achieving beforehand the right bipartition (trying to argue that the entan- 
glement was already in the vacuum state) would require a complete knowledge 
of the whole future and, consequently, there is no reason 'a priori' to do such 
bipartition. The entanglement, eventually generated by the collapse, will remain 
unnoticed to early observers, who are deprived of any means to acknowledge 
and use it for quantum information tasks. It is well known that if we introduce 
artificial bipartitions of a quantum system, its description can show entanglement 
as a consequence of the partition. However, not being associated with a physical 
bipartition this entanglement does not codify any physical information. (One ex- 
ample of this kind of non-useful entanglement is statistical entanglement between 
two undistinguishable fermions |65|). 

Gravitational collapse selects a specific partition of the initial vacuum state 



Doctoral Thesis 



226 



Eduardo Martin Martinez 



11.3. Discussion 



by means of the creation of an event horizon. In the asymptotic past there 
was no reason to consider a specific bipartition of the vacuum state, whereas 
in the future there is a clear physically meaningful bipartition: what in J^" was 
expressed as a separable state, now becomes expressed in terms of modes that 
correspond to the future null infinity and the ones which fall across the event 
horizon. This means that gravitational collapse defines a particular physical way 
to break the arbitrariness of bipartitioning the vacuum into different subsystems. 
This gravitational production of entanglement would be a physical realisation of 
the potentiality of the vacuum state to be an entangled state and is therefore a 
genuine entanglement creation process. 

We have computed the explicit functional form of this entanglement and its 
dependence on the mass of the black hole (which determines the surface gravity). 
For more complicated scenarios (with charge or angular momentum), it will 
depend on these parameters as well. 

For small black holes, the outgoing Hawking radiation tends to be maximally 
entangled with the state of the field falling into the horizon for both bosons and 
fermions. This means that if a hypothetical high energy process generates a 
micro-black hole, a projective measurement carried out on the emitted radiation 
(as, for instance, the detection of Hawking radiation) will 'collapse' the quantum 
state of the field that is falling into the event horizon and give us certainty about 
the outcome of possible measurements carried out in the vicinity of the horizon 
(even beyond it). Furthermore, at least theoretically speaking, the available quan- 
tum information resources would be maximum and, therefore, one could per- 
form quantum information tasks such as quantum teleportation with maximum 
fidelity from the infalling modes to the modes in the asymptotic future J^^ if the 
observer of the infalling modes managed to dispatch an outgoing classical signal 
before crossing the horizon. On the other hand, low frequency modes become 
more entangled than the higher ones. So, the infrared part of the Hawking 
spectrum would provide more information about the state at the horizon than 
the ultraviolet. 

Arguably, similar conclusions can be drawn for the final stages of an evapor- 
ating black hole: as the mass of the black hole diminishes, the temperature of 
the Hawking radiation spectrum increases, and therefore, the quantum state of 
the field tends to a maximally entangled state in the limit m ^ 0. 

We have seen that the entanglement generated in fermionic fields is more 
robust than for bosons. Although the entropy of entanglement in the zero mass 
limit is greater in the bosonic case due to the higher dimension of the partial 
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Hilbert space, we have argued that the information is more reliably encoded in 
the limited Fock space of fermionic fields. Furthermore, as we consider higher 
frequency modes, fermionic entanglement proves to be much more easily cre- 
ated by the collapse. What is more, the turning point in which the entropy of 
entanglement for fermions becomes numerically larger than for bosons is ac- 
tually near the peak of the thermal emission (Fig. 11.2| . This means, that, in 
general, a measurement carried out on Hawking radiation of fermionic particles 
will give us more information about the near-horizon field state. This might also 
be useful in analog gravity realisations as we have already discussed, specifically 
in systems where the field excitations are fermionic (see e.g. Ref. [|83J), which 
would be, as shown, at an advantage over the bosonic cases. To account for this 
quantum entanglement in analog experiments one should carry out measure- 
ments of the quantum correlations between the emitted thermal spectrum and 
the infalling modes and detect Bell inequalities violations. This is easier as it gets 
closer to the maximally entangled case. 
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Entanglement of Dirac fields in an 
expanding Universe^ 



In this chapter we study the creation of entanglement between Dirac modes due 
to the expansion of a Robertson- Walker spacetime. A general study of entangle- 
ment in curved spacetime is problematic because particle states cannot always 
be defined in a meaningful way. However, it has been possible to learn about 
certain aspects of entanglement in curved spacetimes that have asymptotically 
flat regions as discussed in section 2.5 ||8 12 64 84]. Such studies show that en- 



tanglement can be created by the dynamics of the underlying spacetime 
as well as destroyed by the loss of information in the presence of a spacetime 



horizon |10 64 1. 



Such investigations not only deepen our understanding of entanglement but 
also offer the prospect of employing entanglement as a tool to learn about curved 
spacetime. For example, the entanglement generated between bosonic modes 
due to the expansion of a model 2-dimensional universe was shown to contain 
information about its history |8J, affording the possibility of deducing cosmolo- 
gical parameters of the underlying spacetime from the entanglement. This novel 
way of obtaining information about cosmological parameters could provide new 
insight into the early universe both theoretically (incorporating into cosmology 
entanglement as a purely quantum effect produced by gravitational interactions 
in an expanding universe) and experimentally (either by development of meth- 
ods to measure entanglement between modes of the background fields or by 
measuring entanglement creation in condensed matter analogs of expanding 
spacetime ||85j,86J). Other interesting results show that entanglement plays a 

^I. Fuentes, R.B. Mann, E. Martin-Martinez, S. Moradi. Phys. Rev. D, 82, 045030 (2010) 
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role in the thermodynamic properties of Robertson-Walker type spacetimes 187 1 
and can in principle be used to distinguish between different spacetimes ||9] and 
probe spacetime fluctuations | |88) . 

Here we consider entanglement between modes of a Dirac field in a 2-dimensional 
Robertson-Walker universe. We find that the entanglement generated by the 
expansion of the universe for the same fixed conditions is lower than for the 
bosonic case |8|. However we also find that fermionic entanglement codifies 
more information about the underlying spacetime structure. These contrasts are 
commensurate with the flat spacetime case, in which entanglement in fermionic 
systems was found to be more robust against acceleration than that in bosonic 
systems as discussed in chapters above. 



12.1 Dirac field in a d-dimensional Robertson-Walker 
universe 

As we mentioned before, entanglement between modes of a quantum field in 
curved spacetime can be investigated in special cases where the spacetime has at 
least two asymptotically flat regions. Such is the case of a family of Robertson- 
Walker universes where spacetime is flat in the distant past and in the far future. 



In this section, following the work done by Bernard and Duncan |51 89 1, we find 
the state of a Dirac field in the far future that corresponds to a vacuum state in 
the remote past. 

Consider a Dirac field xp with mass m on a d-dimensional spatially flat Robertson- 
Walker spacetime with line element, 

ds^ = C(T?)(-dT?2 + dxidx'). (12.1.1) 

Xj are the spacial coordinates and the temporal coordinate 77 is called the con- 
formal time to distinguish it from the cosmological time t. The metric is con- 
formally flat, as are all Robertson-Walker metrics. The dynamics of the field is 
given by the covariant form of the Dirac equation on a curved backgrounc^ 

{i7^{d^-r^) + m}xp = 0, (12.1.2) 

where 7^ are the curved Dirac-Pauli matrices and are spinorial affine con- 
nections. The curved Dirac-Pauli matrices satisfy the condition, 

r^r' + 7^7^ = 2g^\ (12.1.3) 

^See appendix jXl 
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where g'^^ is the spacetime metric. In the flat case where the metric is given by 
Tj"^, the constant special relativistic matrices are defined by, 

7"7^ + 7^7" = 2t?«^. (12.1.4) 

The relation between curved and flat 7 matrices is given by 7^ = e^"7a where 
e^" is the vierbein (tetrad) field satisfying the relation e^^e/r/ajs = ffiiv 



In order to find the solutions to the Dirac equation Eq. ( 12.1.2 1 on this space- 
time, we note that C{r}) is independent of x. We exploit the resulting spatial 
translational invariance and separate the solutions into 

il)k{v.x) = e^J'-^cf^-rf)/^ [fd^ + 17 • fe - mC^'^) ^^(t/), (12.1.5) 

where k"^ = = Ylf=i ^f- Inserting this into the Dirac equation, we obtain the 
following coupled equations 

a? + m^C ± imCC-"^ + \kf) = 0, (12.1.6) 



using the fact that the eigenvalues of 7° are ±1. In order to quantise the field and 
express it in terms of creation and annihilation operators, positive and negative 
frequency modes must be identified. This cannot be done globally. However 
positive and negative frequency modes can be identified in the far past and future 
where the spacetime admits timelike Killing vector fields ±d/dri. Provided 0(77) is 
constant in the far past 77 -00 and far future 77 +00, the asymptotic solutions 



of (12.1.6 



will be ~ Q±mnv and ^g^J ~ Q^n^omv respectively, where 

(Oin = {\kf+^J^y^ (12.1.7) 

/lin = m^/C{-oo), 
jLiouf = my/C{+oo). 

The action of the Killing vector field on the asymptotic solutions allows us 
to identify and 4>l^* as negative frequency solutions. The sign flip is due 



to the explicit factor i in ( 12.1.6| . A consequence of the linear transformation 



properties of such functions is that the Bogolubov transformations associated 



with the transformation between in and out solutions take the simple form j51| 

</)S'(ie) = ai^VS(ie) + Pi^^&{k), (12.1.8) 
where and jS^ are Bogoliubov coefficients. 
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The curved-space spinor solutions of the Dirac equation are defined by (with 
corresponding Uout, Kut and Kout), 



idr^-ik-f - m^/C{^]) (/>; 



in{+)*{r]) ik-x 



v(0,A), 



where Kjn = -(l/|i?|)((Win - /iin)/2/iin)^'^^ and u(0,A), v(0,A) are flat space spinors 
satisfying 

7°u(0,A) = -iu(aA), 
7°v(0,A) = iv(aA), 

for 1 < A < 2'^'^^"^. The field in the 'in' region can then be expanded as, 



xp{x) = 



1 



1 d^-'k 


>in 







d/2-1 



^ [ain(ft. A) J7in(ft, A; x, t?) -i-bin(lt. A) Vin(lt, A; X, 77)] , 



J A=l 



(12.1.9) 

with a similar expression for the 'out' region. The 'in' and 'out' creation and anni- 
hilation operators for particles and anti-particles obey the usual anticommutation 
relations. Using the Bogoliubov transformation one can expand the out operators 
in terms of "in" operators 



aout(ft. A) 

t>out(ft/ A) 

where 
and 



ai"'ain(fe. A) + jSi"'* J]X;,;,,(-fe)bf„(-ft, A') ) , 

\ A' 

ai")bin(fe,A)jgi"'*^XAA'(-fe)a[„(-fe,AO ), (12.1.10) 



XxA-^) = -2/iLKL"ouf(-fe,A')v(0,A) 



K 



inlout 



lout out 
P-inlout 



1/2 



This yields the following relationship between Bogoliubov coefficients. 



a 



Wouf 



^ Mout Win / Kout 



(12.1.11) 

(12.1.12) 
(12.1.13) 



We consider the special solvable case presented in |[5l] C{r}) = (1 -I- e(l -i-tanh pr}))^, 
where e,p are positive real parameters controlling the total volume and rapidity 
of the expansion, respectively. This model reproduces the activation of a regime 
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of quick expansion of the Universe that asymptotically tends to a stationary one 
(can be regarded as basic model of inflation). In this case the solutions of the 
Dirac equation that in the remote past reduce to positive frequency modes are, 

i(x)^ 



exp -iw+77 



ln[2coshp77] 



, i(a>_ ± me) i(a>_ + me) itOm 1 + tanh(pT7)^ 
X 1 1 { 1 + , , 1 



(12.1.14) 



P P P 2 

where Fi is the ordinary hypergeometric function. Similarly, one may find a 
complete set of modes of the field behaving as positive and negative frequency 
modes in the far future. 



</>lul = exp ( -iw+T? - 



ln[2coshp77] 



, i(w„±me) i(w„ + me) iWout l-tanh(pT7)\ 
X ti { 1 -{ , , 1 H , — 



j r 



(12.1.15) 



where a>+ = (a»ouf ± Win)/2. The spacetime obtained by considering this special 
form of 0(77) was introduced by Duncan j 51 . It is easy to see that it corresponds 
to a Minkowskian spacetime in the far future and past, i.e., C ^ (1 + 2e)^ in the 
'out' region and C ^ 1 at the 'in' region. 



If we define \j' 



\7' 



|2 _ 



, for this spacetime we get that 



(a>„ + me){(jO+ + me) ^^^^ 


^((o_ - me) 


sinh 


^(a>_ + me) 


(w_ - me)(w+ - me)sij^h 


^((0+ + me) 


sinh 


^(w+ - me) 



(12.1.16) 



An analogous procedure can be followed for scalar fields |j8]. The time de- 
pendent Klein-Gordon equation in this spacetime is given by 

(a; + k^ + C(r?)m2) Xkiv) = 0. (12.1.17) 

After some algebra, the solutions of the Klein-Gordon equation behaving as pos- 
itive frequency modes as 77 ^ -oo{t -00), are found to be 



XM = exp -iw+T? ln[2cosh pr/] 



F 



1 i(i) i(o„ 1 i(i) i(jO^ 



2p ^ p ' 2 ^ 2p ^ p 



,1 -i 



Win 1 + tanh(p77) 



(12.1.18) 



Similarly we have 



Xouf(T?) = exp -i(i)+r} 



ln[2coshpT7] ] 



X F 



1 



l(x) 



1 



l(x) I(x>_ 



2p ^ p ' 2 ^ 2p ^ p 



,1 -i 



Wouf 1 - tanh (pr?) 



(12.1.19) 
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where co = (m^(2e + 1)^ - p^)^'^. Computing the quotient of the Bogoliubov 
coefficients for this bosonic case, we find 

cosh -0) + cosh — a»_ 

\7E\ = ^ • (12.1.20) 

cosh ^0) + cosh ^a>+ ' 

12.2 Entanglement generated due to the expansion 
of the Universe 

It is possible to find the state in the far future that corresponds to the vacuum 
state in the far past. By doing that we will show that the vacuum state of the 
field in the asymptotic past evolves to an entangled state in the asymptotic fu- 
ture. The entanglement generated by the expansion codifies information about 
the parameters of the expansion, this information is more easily obtained from 
fermionic fields than bosonic, as we will show below. 

Since we want to study fundamental behaviour we will consider the 2-dimensional 
case, which has all the fundamental features of the higher dimensional settings. 

Using the relationship between particle operators in asymptotic times, 

bin(fe) = [ai*hUk) + Pk*x{k)aU-k)] , (12.2.1) 

we can obtain the asymptotically past vacuum state in terms of the asymptotically 
future Fock basis. Demanding that bin(fe, A)|0)in = we can find the 'in' vacuum 
in terms of the 'out' modes. Due to the form of the Bogoliubov transformations 
the 'in' vacuum must be of the form 

10)i„ = n(^olO)out + Aillfel_fe)out), (12.2.2) 

k 

where to compress notation |l_fe) represents an antiparticle mode with mo- 
mentum -k and |lfe) a particle mode with momentum k. Here we wrote the 
state for each frequency in the Schmidt decomposition. Since different k do not 
mix it is enough to consider only one frequency. Imposing bin(fe)|0)in = we 
obtain the following condition on the vacuum coefficients 

a,-*AiIl_0 + ^^*x{k)Ao\l-k) = 0, (12.2.3) 

giving 



Ai = -'^x{k)Ao = -7-*x{k)Ao, (12.2.4) 
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where 



ft 



a. 



Now, imposing the vacuum normalisation we have that 

1 = i„(0|0)i„ = |Ao|2(l + |r"(ie)x(^)n. 
These results lead to the following expression for the vacuum state 

|0)ouf-r"*(fe)x(^)|llel-le)ouf 



io)in = n 



1 + \7-{k)xCk)\' 



(12.2.5) 



(12.2.6) 



(12.2.7) 



which, in the asymptotic future, is an entangled state of particle modes and anti- 
particle modes with opposite momenta. 

Since the state is pure, the entanglement is quantified by the von-Neumann 
entropy given by S{pk) = Tr(pjj \0g2Pk) where Pk is the reduced density matrix of 
the state for mode k. Tracing over the antiparticle modes with momentum -k 
(or alternatively, particle modes with momentum k) we obtain 

1 



Pk 



■(io)(oi + iJk'^immuKui). 



(1 + Ir.xim 

The von Neumann entropy of this state is simply 

|rrx(^)l'iog(|rrx(^)n 



(12.2.8) 



S(p,) = log(l + \7^x{k)f) - 
Using the following identity 



we rewrite the entanglement entropy as 



(1 + \7kX{kW 



(12.2.9) 



Mouf 



S{p,)=\og{l + ^(l "'""^ 



1 2 



(12.2.10) 
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(12.2.11) 



Using |12.2.11| we find that the fermionic entanglement entropy is 

1 + ItfI 



Sf = log 



2|7f|2 



l7f 



(12.2.12) 
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where Ijf] = Ij^xik)]- Note that for massless fields (m = 0) the entanglement 
vanishes since a>„ = and 7"=0. Comparing our result to the bosonic case 
studied in [8J we finc0 



Sb = log 





2|7b|2 






1 - 





(12.2.13) 



The difference between the bosonic and fermionic cases means that the re- 
sponse of entanglement to the dynamics of the expansion of the Universe de- 



pends on the nature of the quantum field. We see from |12.2.7t that each fer- 
mionic field mode is always in a qubit state (the exclusion principle imposes a 
dimension-2 Hilbert space for the partial state). However in the bosonic case ||8| 
the Hilbert space for each mode is of infinite dimension, as every occupation 
number state of the 'out' Fock basis participates in the 'in' vacuum. In both cases 
the entanglement increases monotonically with the expansion rate p and the total 
volume expansion parameter e. It is possible to find analytically the asymptotic 
values that both fermionic and bosonic entanglement reach at infinity. For ex- 
ample, when k = m = p = i we find that as e ^ 00 



V2 



7s - e-^, rr - e-^^^^ (12.2.14) 



respectively yielding 

Sb{€ ^ 00) ~ 0.0913, Sf{€ ^ 00) ~ 0.0048. (12.2.15) 



To interpret these results one must realise that the entanglement entropy is 
bounded by Se < log2 N where N is the Hilbert space dimension of the partial 
state. The fermionic upper limit Se = 1 corresponds to a maximally entangled 
state. For bosons the unbounded dimension of the Hilbert space implies the 
entropy of entanglement is not bounded by unity fS). This means that ( 12.2.14| 



does not guarantee that we can extract more information from bosons than from 
fermions. In fact, we shall now demonstrate that it is exactly the opposite. 



3, 



where the expression for in |12.1.20) differs from that in ref. due to the different scale 



factor of the FLRW metric used to compute it. 
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12.3 Fermionic entanglement and the expansion of 
the Universe 



As seen in figures |12.1| and |12.2| the entanglement behaviour is completely dif- 
ferent for bosons (Fig. 12.1 1 and fermions (Fig. |12.2| . Although the behaviour 
as the mass of the field varies seems qualitatively similar, the variation with the 
frequency of the mode is completely different. 

The entanglement dependence on |ft| for bosons is monotonically decreasing 
whereas for fermions, the global spacetime structure 'selects' one value of for 
which the expansion of the spacetime generates a larger amount of entanglement 
(peak in Figure 12.2 1. We shall see that this choice of a privileged mode is 
sensitive to the expansion parameters. This may be related to the fermionic 
nature of the field insofar as the exclusion principle impedes entanglement for 
too small |ff|. 

Regardless of its origin, we can take advantage of this special behaviour 
for fermionic fields to use the expansion-generated entanglement to engineer 
a method to obtain information about the underlying spacetime more efficiently 
than for bosons. 




Figure 12.1: Bosonic field: Se for a fixed mass m = 1 as a function of |lf| (left) and for a fixed 
|lf| = 1 as a function of m (right) for different rapidities p = 1, . . . , 100. An asymptotic regime Is 
reached when p ^ oo. e Is fixed e = 1 
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Figure 12.2: Fermionic field: Sg for a fixed mass m = 1 as a function of (top) and for a fixed 
I If I = 1 as a function of m (bottom) for different rapidities p = 1, . . . , 100. e is fixed e = 1. The 
behaviour as |lf| varies is radically different from the bosonic case. 



12.3.1 Using fermionic fields to extract information from the 
ST structure 

Doing a conjoint analysis of the mass and momentum dependence of the entropy 
we can exploit the characteristic peak that SE{m,\k\) presents for fermionic fields 
to obtain information from the underlying structure of the spacetime better than 
we can do with a bosonic field. Let us first show both dependences simultan- 



eously. Figure 12.5 shows the entropy of entanglement as a function of our field 
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parameters and mass) for different values of the rapidity. 





Figure 12.3: SE(m, |lf|) for e = l,p = 1 (top)p = 100 (bottom). Red is higher 



We see from figure [T23| that there is no saturation as p ^ oo. Instead, as p is 
increased the plot is just rescaled. This is crucial in order to be able to trace back 
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the metric parameters from entanglement creation. We also see from Figure [123 



that, for a given field mass, there is an optimal value of that maximises the 
entropy. In Figure 12.4 we represent this optimal |ft| as a function of the mass 
for different values of p, showing how the mode which gets the most entangled 
as a result of the spacetime expansion changes with the mass field for different 
rapidities. 

From the figure we can readily notice two important features 



• The optimal |fe| curve is very sensitive to p variations and there is no satur- 
ation (no accumulation of these lines) as p is increased. 

• There is always a field mass for which the optimal clearly distinguishes 
arbitrarily large values of p. 




Figure 12.4: e = 1, optimal |lf| curves (maximum entanglement mode) as a function of the field 
mass for p = 2, 10 2000 



In Figure 12.5 we can see a consequence of the re-scaling (instead of satur- 
ation) of SE{nrL,\k\) when p varies. In this figure we show simultaneously the 
entropy in the optimal curve and the value of the optimal as a function of the 
mass of the field for two different values of p, showing that if p results to be very 
large, entanglement decays more slowly for higher masses. 

The relationship between mass and the optimal frequency is very sensitive to 
variations in p, presenting no saturation. Conversely Figure [T2.6| shows that the 
optimal curve is almost completely insensitive to e. 
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mass 



4O 200 400 600 800 lO W), 




mass 

Figure 12.5: Se (blue continuous) and k (red dashed) in the line of optimal as a function of 
mass for p = 10 (top) and p = 1500 (bottom), e is fixed as e = 1 



All the different e curves are very close to each other. We can take advant- 
age of this to estimate the rapidity independently of the value of e using the 
entanglement induced by the expansion on fermionic fields. 
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10 20 30 40 50 60 70 80 



mass 



Figure 12.6: Optimal |lf| as a function of the mass of the field for different vlues of e = 
6, 9, 12, . . . , 99 and for p = 10, 100, 1000 showing rapid saturation in e. For higher e this curves 
are completely insensitive to e variations, being very little sensitive for smaller values e < 10 



12.3.2 Optimal \k\ tuning method 

Part I: Rapidity estimation protocol 

Given a field of fixed mass, we obtain the entanglement for different modes 
ki, . . . ,kn of the field. Then the mode ki that returns the maximum entropy will 



codify information about the rapidity p, as seen in Figure |12.4[ One advantage of 
this method is that there is no need to assume a fixed e to estimate p, since the 
tuning curves (Fig. 12.4| have low sensitivity to e (Fig. 12.6| . Furthermore this 



method does not saturate for higher values of p since we can use heavier fields 



to overcome the saturation observed in Figure [TZ2| While one might expect that 
heavier masses would mean smaller maximum entropy, Figure [TZS] shows that if 
p is high enough to force us to look at heavier fields to improve its estimation, the 
amount of entanglement will also be high enough due to the scaling properties 
of SE{\k\,m). We can therefore safely use more massive fields to do estimate p 
since they better codify its value. 
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Hence we have a method for extracting information about p that is not affected 
by the value of e. Information about p is quite clearly encoded in the optimal 
curve, which is a direct consequence of the peaked behaviour of SE(|fe|,m). 

Part 11: Lower bound for e via optimal \k\ tuning 



We can see from Figure |12.5| that for different values of p the maximum value 



for the entanglement at the optimal point (optimal k and optimal m) is always 
S™^^ ~ 0.35. However, this is only for e = i. Consider now e f 1. In Figure 12.7 
we can see how the maximum entanglement that can be achieved for optimal 
frequency and mass varies with the volume parameter e. Indeed, the maximum 
possible entanglement that the optimal mode can achieve is a function of only e 
and is independent of p. Hence information about e is encoded in the maximum 



o 
> 



X 
c3 




Figure 12.7: S™''(e): Maximum entanglement achievable (optimal m and |lf|) as a function of e. 
It does not depend at all on p 

achievable fermionic entanglement. Consequently we can find a method for 
obtaining a lower bound for the total volume of the expansion of the spacetime 
regardless of the value of the rapidity. 
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In this fashion we obtain a lower bound for e since the entanglement meas- 
ured for the optimal mode is never larger than the maximum achievable entan- 
glement represented in Figure 12.7 SE(|fe|,m) < S™^^. For instance if the entan- 
glement in the optimal mode is Sg > 0.35 this will tell us that e > 1, whereas 
if Se > 0.87 then we can infer that e > 10. Note that as e increases the entan- 
glement in the optimal \k\ mode for the optimal mass field approaches that of a 
maximally entangled state when € ^ 00 . 

Although this method presents saturation when e ^ 00 (being most effective 
for € < 20) its insensitivity to p means that the optimal |ft| method gives us two 
independent methods for estimating p and e. In other words, all the information 
about the parameters of the expansion (both volume and rapidity) is encoded in 
the entanglement for the optimal frequency |ff|. 



12.3.3 Interpretation for the dependence of Se on \k\ 



We have seen (Figure 12.1| that for bosons a monotonically decreasing entangle- 



ment is observed as |ft| increases. By contrast in the fermionic case we see that 
there are privileged for which entanglement creation is maximum. These 
modes are far more prone to entanglement than any others. 

To interpret this we can regard the optimal value of |ft| as being associated 
with a characteristic wavelength (proportional to |ft|"^) that is increasingly cor- 
related with the characteristic length of the Universe. As p increases the peak of 
the entanglement entropy shifts towards higher with smaller characteristic 
lengths. Intuitively, fermion modes with higher characteristic lengths are less 
sensitive to the underlying spacetime because the exclusion principle impedes 
the excitation of 'very long' modes (those whose 0). 

What about small |ft| modes? As shown in |8| and in Figure 12.1 the entangle- 
ment generation for bosons is higher when 0. This makes sense because 
modes of smaller |ft| are more easily excited as the spacetime expands (it is ener- 
getically much 'cheaper' to excite smaller modes). Entanglement generation 
for fermions, somewhat counterintuitively, decreases for 0. However if 
we naively think of fermionic and bosonic excitations in a box we can appre- 
ciate the distinction. We can put an infinite number of bosons with the same 
quantum numbers into the box. Conversely, we cannot put an infinite number 
of fermions in the box due to the Pauli exclusion principle. This 'degeneracy 
pressure' impedes those 'very long' modes (of small |fe|) from being entangled 
by the underlying structure of the spacetime. 
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12.4 Discussion 



We have shown that the expansion of the Universe (in a model 2-dimensional 
setting) generates an entanglement in quantum fields that is qualitatively different 
for fermions and bosons. This result is commensurate with previous studies 
demonstrating significant differences between the entanglement of bosonic and 
fermionic fields |j7][T0][TT| and the ones found in previous chapters. 

We find that the entanglement generated by the expansion of the Universe 
as a function of the frequency of the mode peaks in the fermionic case, while 
it decreases monotonically in the bosonic case. For bosons the most sensitive 
modes are those whose is close to zero. However for fermions modes of 
low I It I are insensitive to the underlying metric. There is an optimal value of |ltl 
that is most prone to expansion-generated entanglement. This feature may be a 
consequence of the Pauli exclusion principle, though we have no definitive proof 
of this. 

We have also demonstrated that information about the spacetime expansion 
parameters is encoded in the entanglement between fermionic particle and anti- 
particle modes of opposite momenta. This can be extracted from the peaked 
behaviour of the entanglement shown in Figure |12.2| a feature absent in the bo- 
sonic case. Information about the rapidity of the expansion (p) is codified in the 
frequency of the maximally entangled mode, whereas the information about the 
volume of the expansion (e) is codified in the amount of entanglement generated 
for this optimal mode. As e tends to infinity the maximum possible S™^'^ in the 
optimal mode approaches the maximally entangled state. 

Hence the expansion parameters of spacetime are better estimated from cos- 
mologically generated fermionic entanglement. Furthermore, these results show 
that fermionic entanglement is affected by the underlying spacetime structure in 
a very counterintuitive way and in a radically different manner than in the bosonic 
case. The manner and extent to which these results carry over to d-dimensional 
spacetime remains a subject for future study. 
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Chapter 13 



Berry's phase-based Unruh effect 
detection at lower accelerations!!] 



Finding indisputable corroboration of the Unruh effect is one of the main exper- 
imental goals of our time | 29][90 |. The effect is one of the best known predictions 
of quantum field theory incorporating general relativity. However, its very exist- 
ence has been object of a lengthy controversy [91 1. Its observation would provide 
not only an end to such discussion but also experimental support for the Hawk- 
ing radiation and black hole evaporation given the deep connection between 
these phenomena j31 92]. Detection of the Unruh effect would therefore have 
an immediate impact in many fields such as astrophysics p5][94) , cosmology p5) , 
black hole physics p6|, particle physics pT], quantum gravity ||98| and relativistic 



quantum information p 10 99|. 



As seen along this thesis, in the Unruh effect |[27][2^ the vacuum state of 
a quantum field corresponds to a thermal state when described by uniformly 
accelerated observers. Its direct detection is unfeasible with current technology 
since the Unruh temperature is smaller than 1 Kelvin even for accelerations as 
high as 10^^ m/s^. Sustained accelerations higher than 10^^ m/s^ are required in 
the best proposal so far to diretcly detect the effect p9][59) . 

Efforts on finding evidence of the Unruh and Hawking effects also include 
proposals in analog systems such as fluids ||8T], Bose-Einstein condensates | [76) , 
optical fibers | 100) , slow light | 101| , superconducting circuits | 102) and trapped 
ions |105) . Even in such systems, analog effects produce temperatures of the 
order of nanokelvin that remain difficult to detect. 

In this chapter we show that the state of an accelerated detector coupled to 

^E. Martm-Martmez, I. Fuentes and R. B. Mann. arXiv:1012.2208 
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the field acquires a Berry phase |104|105) due to its movement in spacetime. This 
geometric phase, which is a function of the detector's trajectory, encodes inform- 
ation about the Unruh temperature and it is observable for accelerations as low as 
10^^ m/s^. Such acceleration must be sustained only for a few nanoseconds. Our 
results enormously simplify the challenge of measuring the Unruh effect with 
present technology since producing extremely high accelerations and measur- 
ing low temperatures were the main obstacles involved in its detection and we 
reduce the accelerations needed by a factor 10^. The results presented here are 
independent of specific experimental implementations; however, we propose a 
possible scheme for the detection of this phase. 

Interestingly, it has gone unnoticed that Berry's phase can be employed to 
detect the Unruh effect. Berry showed that an eigenstate of a quantum system 
acquires a phase, in addition to the usual dynamical phase, when the parameters 
of its Hamiltonian are varied in a cyclic and adiabatic fashion |104|. In the case 
of a point-like detector interacting with a quantum field, the movement of the 
detector in spacetime produces, under certain conditions, the cyclic and adiabatic 
evolution that gives rise to Berry's phase. In what follows we will show that 
the Berry phase for an inertial detector differs from that of an accelerated one. 
This difference arises due to the Unruh effect: one detector interacts with the 
vacuum state while the second interacts with a thermal state. The Berry phase 
of an accelerated detector depends on the Unruh temperature. Surprisingly, 
we find that this phase is observable for detectors moving with relatively low 
accelerations, making the detection of the Unruh effect accessible with current 
technology. 



13.1 The setting 

In our analysis, we consider a massless scalar field in the vacuum state from the 
perspective of inertial observers moving in a flat (1 -1- l)-dimensional spacetime. 
The same state of the field corresponds to a thermal state from the perspective of 
uniformly accelerated observers. The temperature of this thermal state is the so- 
called Unruh temperature Tu = ha/{27rca)) where a is the observer's acceleration. 
In order to show evidence of this effect we consider a point-like detector endowed 
with an internal structure which couples linearly to a scalar field ^(x(f)) at a point 
x(f) corresponding to the world line of the detector. The interaction Hamiltonian 
is of the form Hj oc m(f)^(x(f)) where m(f) is the monopole momentum of the 
detector. We have chosen the detector to be modeled by a harmonic oscillator 
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with frequency ^^5. In this case the operator m oc (b^ + b) corresponds to the 
detector's position quadrature where b^ and b are ladder operators . 

Considering that the detector couples only to a single mode of the field with 
frequency \k\ = Qa, the field operator takes the form 



Ux{t)) ^ ^,(x(f)) oc 



(13.1.1) 



where and a are creation and anihilation operators associated to the field 
mode k. The Hamiltonian is therefore 



Ht = Qaa^a + Q5 b^b + A(b + bO(aV*'+ ae' 



(13.1.2) 



where a, are creation and annihilation operators for the field and b, b^ are 
ladder operators of the harmonic oscillator's internal degrees of freedom. The 
phase (p in |13.1.2 | is a function of time corresponding to the trajectory of the 
detector in spacetime. Although calculations involving Unruh-DeWitt detectors 
usually employ the interaction or the Heisenberg pictures (as transition probab- 



ilities are more conveniently calculated), in ( 13.1.2 1 we employ a mixed picture 
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where the detector's operators are time independent. This situation is mathem- 
atically more convenient for Berry phase calculations; the results are, of course, 
picture independent. 

Note that, in the particular case in which the detector models an atom, our 
interaction Hamiltonian corresponds to an Unruh-DeWitt-type detector ||29], with 
the proviso that the coupling A is such that the atom couples only to one mode 
of the field. In a realistic scenario the coupling X{Qa,^b) can be considered as a 
peaked distribution. In the case that this function can be contrived to approach 
a delta function, we can assume that only one mode of the field is coupled to the 
detector. 

This situation can be engineered, for instance, employing a cavity. Consider- 
ing that the cavity field modes have very different frequencies and one of them 
is close to the detector's natural frequency, the detector effectively interacts only 
with this single mode. It is well known that introducing a cavity is problematic 
since the boundary conditions inhibit the Unruh effect. However, this problem 
is solved by allowing the cavity to be transparent to the field mode the detector 
couples to. Therefore this single mode is a global mode. In a realistic situation, 
the cavity would be transparent to a frequency window which is experimentally 
controllable. It is then an experimental task to reduce the window's width as 
required. 

The Hamiltonian |15.1.2 i can be diagonalised analytically. The eigenstates are 



given by U^NaNb) where U = Sa{u,ea)Sb{v,6b)Dab{s,(l))Sb{p)Ra{(p) and IJVaJVb) 
are eigenstates of the diagonal Hamiltoniarj^ Ho((Oa, Wb) = a>a a^a -I- h^b which 
determines the energy spectrum of the system. The operators 

Dab =Dab{x) = exp {xa^b - x*ab^), 
5a =Sa{a) = exp (a*a^^ - aa^), 
S5 =Sf,OS) = exp (jS*b^'-jSb2), 
S5=S5(p) = exp [p (b^'-b^)], 

Ra =Ra{(p) = exp ( - i(pa^a) (13.1.3) 

are well-known in quantum optics and called two-mode displacement (beam- 
splitter), single-mode squeezing and phase rotation operator, respectively. We 
define x = ^ s"^' oc = e'^°, jS = | v e'^''. To verify that these are the eigenstates of 
the Hamiltonian one must act on the diagonal Hamiltonian Ho(a>a,a>5) 



(Obb^b with the unitary U and identify terms with the Hamiltonian |13.1.2f. By 



^Note that Ho is not the free part of the Hamiltonian Hj. The free part of Hx is a^a + Qb b^b. 



Doctoral Thesis 



250 



Eduardo Martin Martinez 



13.1. The setting 



doing this we find constraints that fix the parameters u,s,p,^,0a,9b, obtaining 
the dependence of the coupling constant A and the frequencies Qa and Q5 on 
the parameters v, coa.cob- 

Specifically, in order to satisfy the equation 

HT{(i)a,(i)b,a,p,X.^) = U^HqU 
the following constraints must be satisfied 



/(Uasmh2u , a n a r> 

s = atan a / . , , , (j) = 9a=0, 9b =tc, u = C -v, 

(jOb smh2v 

where C = (1/2) In {(Oa/iOb) with iOalcOb > e^^. The dependence of the Hamiltonian 
parameters on the parameters in the unitaries which diagonalise it are given by 



sinh 2v 



cosh[2(C-v)] + 5i5|M 



a>-i sinh 2v + co^^ sinh [2(C - v)] ' 



(13.1.4) 



Qb = V^Q|-4Z2, 

^ ^/(^}a(i)b sinh[2(C - v)] sinh2v 
(Ob sinh2v + (Oa sinh[2(C - v)] 

q) = kx -Qat 
where 2p = atanh [ - 2Z/^25] and 

sinh 2v 



(13.1.5) 

[a)a cosh [2(C - v)] - Wb cosh 2v] , (13.1.6) 

(13.1.7) 



Qh = 



<^V^^^^ + <^1 cosh2v 



(j)b sinh2v + a>a sinh[2(C - v)] 



Z = 



. sinh 2v ( _ 2 i h 2y 

1 \ sinh2v o 

2 (i)b sinh2v + cOa sinh[2(C - v)] 



[(i)a cosh [2(C - u)] - (i)b cosh 2u] , 

(13.1.8) 

(13.1.9) 



The phase parameter (p varies as a function of time, due to the time evolution 
along the detector's trajectory. In the case of an inertial detector, (p = |^2a|x/c - 
Qat where Minkowski coordinates {t,x) are a convenient choice in this case. 
Note that the movement of the detector in spacetime generates a change in the 
interaction Hamiltonian between the field and the atom. The change is cyclic- 
after a time At ~ the parameter q) completes a 27t cycle completing a closed 
trajectory in parameter space. 
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Note that here we have considered the world line of an inertial observer in 
Minkowski coordinates (f,x). For the accelerated case, the world line of the 
detector is given in Rindler coordinates and therefore, (p = - Qai^- The 
unitary U has the same form in the Minkowski and Rindler basis, however, the 
operators involved must be considered in the appropriate basis. We will make 
this distinction explicit by naming Um and Ur the unitaries involving Minkowski 
and Rindler operators, respectively. 

Different choices of the parameters v,(x)a,(^b will produce specific values of 
^a(v, (jt}a,(i)b), ^b(v, a>a, Wb)/ M"^ , Wq/ W5). In principle any desired experimental set- 
up can be attained for any values of Qa , Qb and A. 

We consider that before the interaction between the field and the detector is 
switched on, the field is in the vacuum state and the detector in the ground state. 
Therefore, the system is in the state 10/Od). Employing the sudden approximation, 
we find that after the coupling is suddenly switched on|^the state of the system is 



In the coupling regimes we consider {nfirid 1^^100) = (n/md| SaSbDabSbRa |00) ~ 
SnfO^nidO- Therefore, in this case, turning on the interaction does not excite the 
atom and the state of the system is [/^|0/Otj). 

This fundamental eigenstate does not become degenerate and the energy gap 
between the ground and first excited state is time-independent. For small but 
realistic coupling constant A, energy conservation ensures a negligible probability 
for the system to evolve into an excited state. In this case, the evolution due to 
the movement of the detector in spacetime can be easily proven to be adiabatic 
since, if the field is initially in the vacuum state, for realistic couplings the ground 
state of the Hamiltonian H(fo), will evolve, after a time f - fo to the ground state 
of the Hamiltonian H{tf\ 



^Suddenly switching on the coupling is known to be problematic since it can give rise to 
divergent results. However, in this case such problems are avoided by considering that the atom 
couples to a single mode of the field. 

^Conservation of energy guarantees that the probability of excitation of the detector in this 
case is virtually zero given small A, so the adiabatic approximation that we need here (the vacuum 
evolves to the vacuum very approximately) holds very well. 
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(13.1.10) 



n,m 



13.2. Berry phase acquired hy inertial detectors 



13.2 Berry phase acquired by inertial defectors 



After the coupling is suddenly switched on and the state of the system is |0/0d), 
the movement of the detector in spacetime, which can be considered cyclic and 
adiabatic, generates a Berry phase. 

The Berry phase acquired by the eigenstate \xp{t)) of a system whose Hamilto- 
nian depends on k cyclicly and adiabatically varying parameters Ri{t), . . . , Rk{t) 
is given by 

(13.2.1) 



= (j) A- dR, 



where 



A = 



(13.2.2) 



and R is a closed trajectory in the parameter spacej^ 



We calculate the Berry phase acquired by an eigenstate of the Hamiltonian 
|13.1.2 | under cyclic and adiabatic evolution of parameters (v, (p, a>a, Wb)- A^ sim- 
plifies to A<p = {NfNd\ SaSbDabRadv{RLDlb^b^a) |N/iVd) and it is the only non-zero 
component of A. Therefore, 



iji = (bA-dR= / d(pA^. 

Jipe[0,27r) Jo 

The Berry phase acquired by an eigenstate t/^|JV/JVd) is 



(13.2.3) 



where 



(jJa Nd cosh(2v) sinh[2(C - v)] a>5 Nf sinh(2v) cosh[2(C - v)] ^ 
a)a sinh[2(v)] -i- 0)^ sinh(2v) a>a sinh[2(C - v)] -i- a)b sinh(2v) °° 

(13.2.4) 



(i)a sin^ vsinh[2(C - v)] -i- (U5 sinh(2v) sinh^(C - v) 



too 



(Oa sinh[2(C - v)] -1- (05 sinh(2v) 
In the specific case of the ground state|^(]V/ = = 0). 

T/oo = 27r Too- 



(13.2.5) 



(13.2.6) 



^See references (104 105 or, among many others, B. R. Hoist ein, American Journal of Physics. 
57, 1079 (1989) 

^One should be careful with the adiabatic approximation if the state considered were not the 
ground + vacuum 
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Note that the ground state is non-degenerate and the gaps between energy levels 
are independent of time. 

The Berry phase acquired by the state U^OO) after a cyclic and adiabatic 
evolution of q) for a given coupling frequency A is given by (See |104|) 

jigg a)a sin^ vsinh[2(C - v)] -I- 0*5 sinh(2v) sinh^(C - v) 



2jt (jOa sinh[2(C - v)] -1- (05 sinh(2v) 



(13.2.7) 



Here the label I denotes that the phase corresponds to the inertial detector. 
Note that the phase is identical for all inertial trajectories. In what follows, we 
show that, as a direct consequence of the Unruh effect, the phase is different for 
accelerated detectors. 



13.3 Berry phase acquired by accelerated defectors 

Computing the Berry phase in the accelerated case is slightly more involved. 
A convenient choice of coordinates for the accelerated detector are Rindler co- 
ordinates (t, ^). In this case q) = \Qa\^ - and the evolution is cyclic after a 
time At = ^a^- Adiabaticity can also be ensured in this case since the probability 



of excitation is negligible for the accelerations we will later consider j29 106 1. 

We assume that it is exactly the same detector which couples to the field 
in the inertial and accelerated cases. Therefore, the detector couples to the 
same proper frequency (the frequency in the reference frame of the detector). 
It is important to point out that these frequencies are not the same from the 



perspective of any inertial observer. As mentioned above, the Hamiltonian ( 15.1.2| 



has the same form in both scenarios, only that in the inertial case a,a^ are 
the Minkowski operators while for the accelerated detector, they correspond to 
Rindler operators. For accelerated observers the state of the field is not pure but 
mixed, a key distinction from the inertial case. Expressing the state of the field 
and detector in the basis of an accelerated observer, the state |0/)(0/| transforms 



to the thermal Unruh state Pf j 10 27] . 

Therefore, before turning on the interaction between the field and the de- 
tector, the system is in the mixed state p/ ® |0d)(0d|. When the interaction is 
suddenly switched on, a general state \NfOd) evolves, in our coupling regime, 
very close to a superposition of eigenstates [/^ |i/jfd) where Nf = if + j^. If im- 
mediately after switching on the interaction we verify that the detector is still in 
its ground state (by making a projective measurement) we can assure that the 
state of the joint system is pr = t/^ (p/ ® |0d)(0d|) Ur. We are now interested in 
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the Berry phase acquired by the same detector if it follows a uniformly acceler- 
ated trajectory. If the state of the field is in the vacuum state |0/)(0/| from the 
perspective of inertial observers, the corresponding state from the perspective 



of an accelerated observer is a thermal state (See section 2.4 1 



Pf = -^-^Y.tanh'" r\nf){nf\ (13.3.1) 
cosh r ^ — ' 

n 

where r = arctanh ^e"^^°'^''°) and a is the proper acceleration of the detector. 

We now use the formalism developed to compute the Berry phase acquired 
by mixed states | 107| . Let us consider a non-pure state of the form p = Yli^i\^){^\ 



where |i) are eigenstates of the Hamiltonian. After a cyclic and adiabatic evolution 
the state acquires a geometric phase 7 = Re 77 where 



= Y^a)ie'^\ (13.3.2) 



Here is the Berry phase acquired by the eigenstate 

Considering the state px under cyclic and adiabatic evolution 

e'" = ^ V tanh^" r e'^'-o = (13.3.3) 

cosh r ^ cosh r - e^^ ginh r 

where 

^ ^ (Ob sinh(2y) cosh[2(C - v)] (13 3 4) 

(jL)a sinh[2(C - v)] -1- a>5 sinh(2v) 
depends on the characteristics of the detector and the coupling. Hence, the Berry 
phase acquired by the state of the accelerated detector is 

7a = 7/00 - Arg (cosh^ r - e^^*^ sinh^ r) , (13.3.5) 

where 7/ is the inertial Berry phase and we recall r = arctan (^Q-^^aciay Notice 
that ja is the same no matter the sign of the acceleration. 



13.4 Measuring the phase. Detecting the Unruh ef- 
fect 

We now compare the Berry phase acquired by the detector in the inertial and 
accelerated cases. After a complete cycle in the parameter space (with a proper 
time Q"^) the phase difference between an inertial and an accelerated detector 
is 6 = 7/ - 7a. 
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In Figure [13^ we plot the phase difference (5 as a function of the acceleration 
corresponding to choosing physically relevant frequencies of atom transitions 
1 106 108| coupled to the electromagnetic field (in resonance with the field mode 



they are coupled to) for three different coupling strengths: 

• Qa- 2.0 GHz - 2.0 GHz A ~ 34 Hz. 

• Qa- 2.0 GHz - 2.0 GHz A ~ 0.10 KHz. 

• Qa- 2.0 GHz Qb - 2.0 GHz A ~ 0.25 KHz. 

The third case, where the coupling frequency A ~ 10"^ Q^, corresponds to typ- 
ical values for atoms in free space with dipolar coupling to the field |108]. For 
a single cycle (after 3.1 nanoseconds) the phase difference is large enough to 
be detected. The visibility of the interference pattern in this case is given by 
V = Y^Tr [|0/0d)(0/0d| (p/ ® |0d)(0d|)] = cosh"^ r ~ 1. Note that the visibility is 
approximately unity in all the situations we consider due to the relatively low 
accelerations considered. 

Since the Berry phase accumulates, we can enhance the phase difference by 
evolving the system through more cycles. By allowing the system to evolve for 
the right amount of time, it is possible to produce a maximal phase difference 
of S = TV (destructive interference). For example, considering an acceleration of 
a ~ 4.5 • 10^^ m/s^ a maximal phase difference would be produced after 30000 
cycles. Therefore, given the frequencies considered in our examples, one must 
allow the system to evolve for 95 microseconds. 

Note that for an acceleration of a ~ 10^^ m/s^ the atom reaches speeds of 
0.15c after a time t ~ ^a^- If we do not vary the acceleration then the longer 
we allow the system to evolve in order to obtain a larger phase difference, the 
more relativistic the atom becomes. Therefore, depending on the particular ex- 
perimental implementation considered to measure the effect, a compromise be- 
tween the desired phase difference and feasibility of handling relativistic atoms 
must be considered. This is indeed an experimental challenge that can be over- 
come by means of different techniques. For example, since the phase accumu- 
lates independently of the sign of the acceleration, one could consider alternating 
periods of positive and negative acceleration in order to reduce the final speed 
reached by the atom. 

The Berry phase acquired by an eigenstate of a system is always a global 
phase. In order to detect the phase, it is necessary to prepare an interferometric 
experiment. Indeed, considering a detector in a superposition of an inertial and 
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Acceleration [m/s^] xlO^'^ 



Figure 13.2: 6 for each cycle as a function of the acceleration for three different scenarios. First 
scenario (top): Qa - 2.0 GHz Qi, ~ 2.0 GHz A ~ 34 Hz. Second scenario (middle): Qa - 2.0 GHz 
Qb - 2.0 GHz A ~ 0.10 KHz. Third scenario (bottom): Qa - 2.0 GHz - 2.0 GHz A ~ 0.25 KHz. 



accelerated trajectory would allow for the detection of the phase. In this con- 
text, any experimental set-up in which such a superposition can be implemented 
would serve our purposes. A possible scenario can be found in the context of 
atomic interferometry, technology that has already been successfully employed 
to measure with great precision general relativistic effects such as time dilation 
due to Earth's gravitational field |109| . 

Consider the detector to be an atom which is introduced into an atomic in- 
terferometer after being prepared in its ground state. In one arm of the inter- 
ferometer we let the atom move inertially while in the other arm we consider 
a mechanism which produces a uniform acceleration of the atom. Such mech- 
anism could consist of laser pulses that should be prolonged for fractions of 
nanoseconds. Such laser technology to produce high accelerations is already 
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available |110| . Reaching the desired accelerations is technologically feasible - 
however the detector must survive such accelerations, at least long enough to 
conclude the interference experiment. For this, the laser pulses must be engin- 
eered to create the deep potential wells necessary to accelerate the atom trans- 
ferring only kinetic energy without exciting it. As long as the atom does not 
collide with other atoms this seems feasible [111] . An alternative to this is to 
consider ions or atomic nuclei as detectors which can be accelerated by applying 
a potential difference in one arm of the interferometer. Although the sugges- 
ted experimental set-up is obviously not exempt from technical difficulties, the 
problems derived from the experimental challenges involved are expected to be 
solvable with present or near-future technology. 



13.5 Dynamical phase control 

To measure the Berry phase the relative dynamical phase between the inertial 
and accelerated paths must be cancelled. In principle the dynamical phase can be 
controlled and cancelled in any experimental setup. The way to do this depends 
on the specific experiment considered. Fortunately, there is considerable exper- 
imental freedom to engineer ways of canceling these phases. In this section we 
discuss, as an example, the case of an atomic interferometry experiment. 

The control of the dynamical phase boils down to adjusting the relative path 
length of the interferometer. Using commercial length metrology equipment it 
is possible to measure lengths with a precision of AL ~ 10"^^ m Q A detector 
acquires different dynamical phases when its trajectory is inertial or accelerated, 
therefore the path lengths must be adjusted such that the relative dynamical 
phase difference cancels or is an integer multiple of 27t. 

Since dynamical phases oscillate and geometric ones accumulate, it becomes 
convenient to let the system evolve through many cycles. In this way one can 
make sure that the Berry phase becomes much larger than any precision limit 
imposed on the length adjustment. If in a given situation the Berry and the dy- 
namical phase differences are of the same order of magnitude, one can consider 
paths n times longer such that the resulting Berry phase is multiplied by a factor 
of n. 

One can alternatively consider controlling the fly time in the accelerated path 

^Magnetscale Corporation Laserscale® http://www.gebotech.de/pdf/ 
LaserscaleGeneralCatalog_en_2010_04.pdf 
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by changing the relative velocity of the atoms through the two paths alternat- 
ing periods of positive and negative acceleration. In this case, the Berry phase 
difference adds up (since it always has positive sign). 

In what follows we calculate explicitly with what precision the relative dynam- 
ical phase can be controlled. Consider an atom moving with speed v (in the 
laboratory frame) along an inertial trajectory of length L. In the case v « c the 
fly time is T = LI v. Changing the path length with a precision of AL translates 
to changing the fly time with a precision of 



AT = 



dT 
dL 



AL 



AL 

V 



Since the dynamical phase (j) is proportional to QT, the resulting precision in 
adjusting the dynamical phase is given by 



A(j> = QAT = 



QAL 



V 



Considering for example, v ^ 100 m/s, Q ~ 2 GHz, and AL ^ 1 • 10"" m we 
obtain A^ = 2 • 10""^. This precision is enough to distinguish this phase from 
the Berry phase in a single cycle. The precision can further be increased by 
adjusting the path length of the accelerated atom. 

The speed of the accelerated atom (in the laboratory frame) as a function of 
proper time is given by v = c tanh ( ^ ) . The path length for the accelerated 
atom in the laboratory frame La is given by the integral of the speed over proper 
fly time T, 



1 



c tanh 



c 



dr = — In 
a 



cosh 



aT 

c 



Therefore, the proper fly time as a function of the path length La is 



T = ca ^ arccosh 



exp 



La a 



The precision to control the proper fly time becomes 

ALa exp(^) 



AT = 



^ y^expT^y^y^xpT^yn 

resulting in a precision to adjusting the dynamical phase of 

ALa exp(^) 



A</) = QAT = Q 



^exp(^) -l^exp(^) +1 
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For accelerations of 10^^ m/s^, Q ^ 2 GHz, AL = 10 m and proper lengths 
La = 1 /im. La = 10 cm we obtain, respectively 

A</)i,„=i;zm = 2.25 -10-8, (13.5.1) 

A</)i,„=iocm = 1.49 -10-10. (13.5.2) 

We therefore conclude that it is possible to adjust the dynamical phase to several 
orders of magnitude greater in precision than that of the Berry phase acquired 
in a single cycle of adiabatic evolution. 



13.6 Discussion 

With this proposal to detect the Unruh effect we overcome the difficulties asso- 
ciated with measuring temperatures as small as 10"^ K. We have shown that the 
Unruh effect leaves its footprint in the geometric phase acquired by the the joint 
state of the field and the detector for time scales of about 5 x 10"^° s. The effect is 
observable for accelerations as low as 10^^ m/s^ and can be maximally enhanced 
by allowing the system to evolve a few microseconds. 

Notice that the Berry phase accumulates in each cycle of adiabatic evolution, 
and that this is true regardless the sign of the acceleration. This means that in any 
experiment we could alternate periods of positive and negative acceleration and 
still the Berry phase will grow, solving the problems of the high relative velocities 
between atoms going through the two different paths of the interferometer. 

Our theoretical setting is general and independent of any particular imple- 
mentation, paving the way for future experimental proposals. For instance, by 
considering detector frequencies in the MHz regime, the method would allow 
detection of the Unruh effect for accelerations as low as lO^^"^ m/s^ . For this, 
other multilevel harmonic systems could be employed as detectors, such as fine 
structure transitions where frequencies are closer to MHz regime. 
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This thesis is centred in the study of entanglement and quantum information 
problems in the background of general relativistic settings. In our exploration 
of this brand new field called relativistic quantum information we have obtained 
results in three different categories: 

- On the fundamental side, analysing the impact of statistics (fermionic or bo- 
sonic) on the behaviour of field entanglement in non-inertial frames; build- 
ing the formalism to deal with entanglement of different degrees of freedom 
(spin, occupation number, ...) and studying how correlations behave in the 
proximities of an event horizon. 

- On the applied side, showing how entanglement can be useful to study the 
expansion of the Universe, the process of stellar collapse or to serve as a 
witness of the Unruh and Hawking effect which have not been detected yet. 

- On the experimental proposals side, using the knowledge gained in quan- 
tum information to suggest experiments to detect quantum effects provoked 
by gravity: in analog gravity experiments, proposing ways to use entan- 
glement to distinguish between quantum and classical Hawking effect; or 
taking advantage of the geometric phases acquired by moving detectors 
to directly measure the Unruh effect for accelerations much smaller than 
previous proposals. 

Specific outcomes 

• We have shown the relationship between statistics and entanglement beha- 
viour in non-inertial frames. We have studied fermionic cases beyond those 
in the literature (which only focused on spinless Grassmannian fields). We 
have formulated questions about the differences between fermionic and bo- 
sonic entanglement that helped us understand the origin of such differences. 
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As a result of these studies we have disproved previous beliefs concerning the 
reason for the differences between bosonic and fermionic entanglement in 
non-inertial frames, showing that the Hilbert space dimension of the system 
has nothing to do with those differences. 

- We have extended the study of entanglement behaviour in non-inertial 
frames to spin 1/2 fields, analysing entanglement of spin Bell states from 
the perspective of non-inertial observers and comparing it with occupation 
number entanglement. 

- A method to consistently erase the spin information from field states has 
been presented. With this method occupation number entanglement can 
be studied independently of the spin of the field considered. 

- We have analysed entanglement behaviour in different kinds of states of 
fermionic fields, different spins and different dimension of the Hilbert 
space. We obtained universal laws for entanglement and mutual informa- 
tion that show that the Hilbert space dimension does not play any role in 
the entanglement behaviour between inertial and accelerated observers. 

- A comparative study between fermions and bosons in non-inertial frames 
has been presented, clearly exposing the differences between these two 
statistics not only for entanglement but also for the rest of correlations, 
classical and quantum, investigated by means of the mutual information. 
We payed special attention to all the possible bipartite systems that emerge 
from a spacetime with apparent horizons. 

- Non-inertial bosonic field entanglement has been analysed in a scenario 
where we impose a bound on occupation number. We have seen that 
limiting the Hilbert space dimension has no qualitative effect on bosonic 
entanglement. We have compared a limited dimension bosonic field en- 
tangled state with its fermionic analog, showing that statistics (which im- 
poses certain structure in the density matrix for the fermionic case via 
Pauli exclusion principle) is responsible for the differences between fer- 
mions and bosons. 

• We introduced a formalism to rigorously analyse entanglement behaviour be- 
tween free-falling observers and observers resisting at a finite distance from 
the event horizon of a Schwarzschild black hole. We have shown at what dis- 
tance from the event horizon of a typical solar mass black hole the Hawking 
effect starts to seriously disturb our ability to perform quantum information 
tasks. 
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• The problems of the so-called 'single mode approximation', used for years in all 
the literature on relativistic quantum information, have been exposed. We have 
proved that it is not valid in general and that its meaning was misunderstood in 
those cases in which it is valid. We have shown and discussed the appropriate 
physical interpretation of such an approximation. 

• The first non-trivial results beyond the single mode approximation have been 
presented: 

- We have shown that for fermionic field entangled states there is an en- 
tanglement tradeoff between the particle and antiparticle sector of the 
different regions of the spacetime which is crucial to understand the phe- 
nomenon of fermionic entanglement survival in the limit of infinite Unruh 
temperature. 

- Contrary to the extended belief in the whole field of relativistic quantum 
information, we have shown that beyond the single mode approximation 
and for certain states of both fermionic and bosonic fields entanglement 
can be amplified instead of degraded. 

• We have analysed two dynamical scenarios in which the gravitational interac- 
tion generates quantum entanglement in the fields dwelling in the background 
of some interesting non-stationary spacetimes: 

- It has been shown how a stellar collapse generates entanglement. We have 
analysed the differences between fermionic and bosonic fields, showing 
that the former are better candidates to serve as a tool to detect genuine 
Hawking radiation in analog gravity experiments. We have also shown 
that for extremal black holes (microblackholes or the final stages of an 
evaporating black hole) the Hawking radiation emitted by the event ho- 
rizon is in a maximally entangled state with the radiation falling into the 
black hole. 

- The fact that the expansion of the Universe generates entanglement in 
quantum fields has been analysed. Specifically we have analysed the dif- 
ferences between the bosonic and the fermionic case, showing that the 
entanglement created in fermionic fields contains more information about 
the history of the expansion and it is more reliable for a hypothetical ex- 
periment to obtain information about the parameters of the expansion. 
We have analysed a specific solvable model of inflationary-type expansion 
showing a protocol to extract complete information about the volume and 
rapidity of the expansion by means of fermionic entanglement. 



Doctoral Thesis 



265 



Eduardo Martin Martinez 



CONCLUSIONS 



• We have proved that a single mode detector moving through spacetime (even 
if it is at rest) acquires a geometric phase. We have shown that the phase is 
the same for any inertial detector but due to the Unruh effect it depends on 
the acceleration of the detector. As a consequence of this result we propose a 
generic way to use this geometric phase to detect the Unruh effect for accel- 
erations as small as 10"^ times previous proposals. We conclude presenting a 
concrete experimental setup based on atomic interferometry using present-day 
technology. 
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Appendix: Klein-Gordon and Dirac 
equations in curved spacetimes 



In this brief appendix we introduce the Klein-Gordon and Dirac equations in the 
background of curved spacetimes. We also present the basis to understand what 
is a Grassmann field as a 1 + 1 Dirac field. 

A.l Klein Gordon equation in curved spacetimes 

In flat spacetime the Klein-gordon equation has the well-known form 



where the D'Alembert operator is defined as □ = df^d^. 

To extend this equation to general spacetimes the first step would be promot- 
ing the partial derivatives in the D'Alembert operator to covariant derivatives, we 
define such a general version of this operator as 



where g is the determinant of the metric tensor. 

One can consider a free scalar field minimally coupled (one which does not 
transform under change of coordinates: 4>'{x') = </)(x) and therefore the field 
equation can be simply be written as 



(□ - m^)(l> = 0. 



(A.1.1) 




(A.1.2) 



(□^ - m^)(f> = 0. 



(A.1.3) 
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However, this is not the most general kind of field one could have considered. 
This equation is a particular case of the Euler-Lagrange equations coming from 
the more general Klein-Gordon Langrangian density 

X = l^/\g\ (g^"ap(/)a.0 + m^^^ - ^rcj,^) , (a.i.4) 

where the dimensionless constant ^ couples the field to the scalar curvature. The 
more general Klein-Gordon equation is of the form 

(□g - + ^R)(/) = 0. (A.1.5) 

The inclusion of this extra term, coupling the field with the curvature, is often 
included in the Lagrangian as a counter-term necessary to renormalise the the- 
ory when we include interaction terms such as y/\g]X(j)^. In principle there is no 
physical reason to include such a term in the free case. Notice, as a curiosity, that 
for 4 dimensions and when m = if we chose ^ = 1/6 (conformal coupling) the 
field equations are invariant under conformal transformation^ The case ^ = 
is known as 'minimal coupling', and it is the case we adhere to. 

Notice also that there are physical reasons to induce that the constant ^ cannot 
be large because if ^ f then the Lagrangian being proportional to R(j)^ would 
cause the effective gravitational constant to vary with time and position as a result 
of the variations in (j). In any case, the introduction of such term would act as 
an effective mass term (although dependent on spacetime). To describe all the 
casuistics we study here this is irrelevant. 



A.2 Dirac equation in curved spacefimes 

Let us define the flat spacetime Dirac matrices (7°, 7^7^, 7^} which have the 
following properties 

{7^7'} = 2^?"^ (A.2.1) 

where r}"'^ is the usual flat Minkowskian metric. Then the Dirac equation in 
Minkowski spacetime can be written as 

(i7°a„ + m)xl) = 0, (A.2.2) 

To write the Dirac equation in curved spacetimes we need to introduce the 
vierbein. Namely, an orthonormal set of four vector fields that serve as a local 

^The conformally related actions differ only by a surface term 
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reference frame of the tangent Lorentzian manifold in each point of spacetime 
such that 

= e^elT]"^ (A.2.3) 
The vierbein enables us to convert local Lorentz indices to general indices. 

With the help of the vierbein we can write the Dirac matrices in a general 
spacetime as a function of the local gamma matrices 

7^ = e^7". (A.2.4) 

This curved spacetime gamma matrices fulfil 

7^7" + 7^7^ = 2g^\ (A.2.5) 

Now we have to be careful when defining the covariant derivative: we have a 
spinor bundle defined over the spacetime manifold. The spin connection can be 
expressed in terms of the Levi-Civita connection f as 

cof = e^^d^e^' + e^e^'tl^ (A.2.6) 
Now we want to define the covariant derivative that satisfies 

Dt^e^] = d^e^^ + <[^e^] = (A.2.7) 
with that covariant derivative we write the Dirac equation as 

{i7^D^ + m)il) = (A.2.8) 

or explicitly 

[17^^(3^ + r^) + m]i/) = (A.2.9) 

where 

r;. = ^<[7a,75]. (A.2.10) 

A.3 Grassmann fields 

The so-called Grassmann scalar field has been very often considered in relativ- 
istic quantum information literature . This is a fermionic field with no internal 
degrees of freedom that captures the essence of fermionic entanglement be- 
haviour in general relativistic scenarios. This kind of field has been extremely 
useful to study the general features of entanglement in fermionic fields. This is 
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because it is the simplest field that capture all the characteristics of the entan- 
glement behaviour of fermionic field. However, as seen in this thesis, there is 
a universality principle that guarantees that all the results for Grassmann fields 
are exportable to Dirac fields which Grassmannian analogs. 

However, such field is not free from problems when trying to trace it back to 
a Lorentz-covariant field theory. This is so because the only covariant equation 
of motion for scalar fields is the Klein-Gordon equation which, when quantised, 
results in bosonic statistics. This fact might result somehow confusing when one 
reflects about its use and physical meaning in relativistic quantum information 
settings. 

There are, however, some physical scenarios in which Grassmann fields have 
complete physical meaning. Maybe the most obvious is considering quantisation 
of a Dirac field in one spatial dimension. The Lorentz group representation 
SO(l, 1) consists of only one boost and have no rotations. In this context there are 
no internal degrees of freedom and the resulting theory is a Grassmann scalar 
field. This is particularly relevant for analog gravity and quantum simulation 
implementations on experimental setups such as trapped ions |112|. 

Indeed, a Dirac field in l-i-l dimensions is naturally spinless, a possible gamma 
matrices representation in this case takes the form 

/ = (y. / = -i(yy (A.3.1) 

where cf; are the usual Pauli matrices and the Dirac equation takes the usual 
form 

(17° a„ + m)xp = 0, (A.3.2) 

where now ^ is a two component spinor, one for the positive and one for negative 
energy solutions branch. 

There are some other scenarios in which the use of Grassmann fields can 
be mathematically acceptable and a useful tool: we could regard the Grassmann 
scalar field as a Dirac field with a fixed spin-z component. Thomas precession 
prevents this setup from being Lorentz-covariant, but if we choose the accelera- 
tion to be in the spin quantisation direction this phenomenon does not occur. 
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